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SUBCENTRIC LINKING SYSTEMS

ELLEN HENKE

ABSTRACT. We propose a definition of a linking system which is slightly more general than the
one currently in the literature. Whereas the objects of linking systems in the current definition
are always quasicentric, the objects of our linking systems only need to satisfy a weaker condition.
This leads to the definition of subcentric subgroups of fusion systems. We prove that there is a
unique linking system associated to each fusion system whose objects are the subcentric subgroups.
Furthermore, the nerve of such a subcentric linking system is homotopy equivalent to the nerve
of the centric linking system. The existence of subcentric linking systems seems to be of interest
for a classification of fusion systems of characteristic p-type. The various results we prove about
subcentric subgroups indicate furthermore that the concept is of interest for studying extensions
of linking system and fusion systems.

1. INTRODUCTION

Centric linking systems associated to fusion systems were introduced by Broto, Levi and Oliver
[9] to be able to study p-completed classifying spaces of fusion systems. It presents a problem in
many contexts that centric linking systems do not form a category in a meaningful way. Different
notions of linking systems were introduced to allow a more flexible choice of objects making it at
least in special cases possible to define maps between linking systems in a useful way. So Broto,
Castellana, Grodal, Levi and Oliver [7] introduced quasicentric linking systems and, much later,
Oliver [16] introduced a general notion of a linking system providing an axiomatic setup for the
full subcategories of quasicentric linking systems studied before. Transporter systems, as defined
by Oliver and Ventura [I7] give an even more general framework. To summarize: Centric linking
systems are full subcategories of quasicentric linking systems; centric and quasicentric linking
systems are special cases of linking systems; every linking system is a transporter system. The
main purpose of this paper is to suggest a new notion of a linking system, allowing a more flexible
choice of objects than in the existing notion.

Throughout, p is a prime, S is a finite p-group, and F is a saturated fusion system
on S.

Recall that a subgroup @ < S is called quasicentric if, for any fully centralized F-conjugate P
of @, Cr(P) = Fey(p)(Cs(P)). The set of quasicentric subgroups is denoted by F?. The objects
of a linking system associated to F in the sense of Oliver are always quasicentric subgroups. The
objects of linking systems in our new definition are subcentric subgroups as defined next.

Definition 1. A subgroup @ < S is said to be subcentric in F if, for any fully normalized F-
conjugate P of Q, Op(Nz(P)) is centric in F. Write F* for the set of subcentric subgroups of
F.

Recall that F is called constrained if Cs(Op(F)) < Op(F). As we show in detail in Lemma [3.1]
a subgroup @ < S is subcentric if and only if for some (and thus for any) fully normalized F-
conjugate P of @), Nx(P) is constrained. Similarly, @ is subcentric if and only if for some (and
thus for any) fully centralized F-conjugate P of @), Cx(P) is constrained. It follows that every
quasicentric subgroup is subcentric. Thus we have the following inclusions:
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FrCFCCFICF?

Even though originally the main motivation for the definition of linking systems came from
homotopy theory, it can be hoped that linking systems are also useful from an algebraic point
of view. Andrew Chermak [10] introduced with localities a concept which in a certain sense is
equivalent to the concept of a transporter systems, but has a more group-like flavour. While he
defined localities first in the context of his proof of the existence and uniqueness of centric linking
systems, he is currently developing a local theory of localities; see [II]. Our results are mostly
formulated in terms of localities. We say that a locality (£, A, S) is a locality for F, if F = Fs(L).
We now introduce the second main definition of this paper:

Definition 2.

e A finite group G is said to be of characteristic p if Cq(Op(G)) < On(G).

e A locality (£, A,S) is called a linking locality, if Fs(£)™ C A and, for any P € A, the
group N (P) is of characteristic p.

e Let T be a transporter system associated to F. Then T is called a linking system, if
F¢ C A and Auty(P) is a group of characteristic p for every object P of 7.

e A subcentric linking locality for F is a linking locality (£, F*,S) for F. Similarly, we call
a linking system 7 associated to F a subcentric linking system if ob(T) = F?*.

Given a locality (£,A,S), we denote the transporter system corresponding to (£, A,S) by
T(L,A); see [10, Remark 2.8(1)]. The objects of T (£, A) are the elements of A, and a morphism
between objects P, Q € A is a triple (f, P, Q) with f € £ and P/ < Q. Composition of morphisms
corresponds to multiplication in the locality £. Note that Auty( a)(P) = Ng(P). In the fol-
lowing remark, we summarize some basic but important properties of linking systems and linking
localities. Moreover, we explain the connection between our notion of a linking system and the
one currently in the literature.

Remark 1. Let (£, A, S) be a locality for F, and let 7 be a transporter system associated to F.
Then the following hold.

(a) T(L,A) is a linking system if and only (£, A, S) is a linking locality.

(b) If (£,A,S) is a linking locality, then A C F*. Moreover, for any P € AN F/, N.(P)
is a model for Nz(P). Similarly, if 7 is a linking system then ob(7) C F* and for any
P € ob(T) N F7, the group Auty(P) is isomorphic to a model for Nxz(P).

(c) If A C F9 then C(P) = Cg(P) x Oy (Cr(P)) for every P € A. So in this case, (£, A, S)
is a linking locality if and only if Cz(P) is a p-group for every P € A. If ob(T) C F4,
then 7 is a linking system in the sense defined above if and only if it is a linking system
in the sense of Oliver [16, Definition 3].

(d) If A C F¢ then (£, A, S) is a linking locality if and only if (£, A, S) is a A-linking system
in the sense of Chermak [10], meaning Cr(P) < P for every P € A. If ob(T) = F¢,
then 7 is a linking system if and only if it is a centric linking system in the sense of [9]
Definition 1.7].

Here a model for the fusion system F is a finite group G of characteristic p such that S € Syl,(G)
and Fg(G) = F. As shown in [7], there exists a model for F if and only if F is constrained.

Given a set of subgroups A C F? closed under F-conjugation and with respect to overgroups, it
follows from the existence and uniqueness of centric linking systems combined with [7, Theorem A,
Proposition 3.12] that there is a linking system with object set A associated to F, and that such
a linking system is unique up to isomorphism. Moreover, the nerve of the linking system does not
depend on the object set A. In particular, quasicentric linking systems exist and are unique up to
isomorphism, and the nerve of a quasicentric linking system is homotopy equivalent to the nerve of
a centric linking system. Except for the statement about nerves, a formulation of these results and
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an algebraic proof using the methods in [10] was given by Andrew Chermak in unpublished notes
before the idea to define subcentric subgroups arose. We similarly give a version for subcentric
linking systems. We also include a statement about nerves, which follows from a result of Oliver
and Ventura [17, Proposition 4.7] generalizing the arguments in [7]. The crucial property is that
the radical objects of a linking system 7 (i.e. the objects P of T with Op(Aut7(P)) = P) are
precisely the elements of F7°.

Theorem A. Let F be a saturated fusion system on a finite p-group S.

(a) Let F'© C A C F* such that A is closed under F-conjugation and with respect to over-
groups. Then there exists a linking locality for F with object set A, which is unique up to
a rigid isomorphism. Similarly, there exists a linking system T for F whose set of objects
is A, and such a linking system is unique up to an isomorphism of transporter systems.
Moreover, the nerve |T| is homotopy equivalent to the nerve of a centric linking system
associated to F.

(a) The set F* is closed under F-conjugation and with respect to overgroups. In particular,
there exists a subcentric linking locality associated to F which is unique up to a rigid
isomorphism, and a subcentric linking system associated to F which is unique up to an
isomorphism of transporter systems.

Recall here that a rigid isomorphism between localities (£, A, S) and (£*, A, S) with the same
set of objects is a homomorphism £ — L* of partial groups which restricts to the identity on S.

We believe that the existence of subcentric linking localities and of subcentric linking systems
is important, mainly for two reasons: Firstly, subcentric linking localities seem to provide a useful
setup for a classification of fusion systems of characteristic p-type. Secondly, there is some evidence
that the more flexible choice of objects facilitates the study of extensions and of “maps” between
linking systems in the spirit of [8], [16], [L7], [1]. We explain the first point before we state some
results supporting our second point.

Recall that a finite group G is said to be of characteristic p-type (or of local characteristic p),
if every p-local subgroup (i.e. every normalizer of a non-trivial p-subgroup) is of characteristic p.
Similarly, the fusion system JF is said to be of characteristic p-type if, for every non-trivial fully
F-normalized subgroup P < S, Nx(P) is constrained. Since a subgroup is subcentric if and only
if the normalizer of every fully F-normalized F-conjugate is constrained, F is of characteristic p-
type if and only if every non-trivial subgroup of S is subcentric. So provided F is of characteristic
p-type and (£, A, S) is a linking locality for F, the normalizer N (P) of any non-trivial subgroup
P of S is a finite group of characteristic p. Hence, “locally” it looks very much like a finite group
of characteristic p-type. On the other hand, every group of characteristic p-type leads easily to a
linking locality of this kind:

Example 1. Let G be a group of characteristic p-type and S € Syl,(G). Let A be the set
of non-trivial subgroups of G. Write LA(G) for the partial group introduced in [I0, Exam-
ple/Lemma 2.10]. That is, LA(G) consists of all elements g € G with SN SY # 1, and the
product in LA (G) is the restriction of the product in G to all tuples (g1, ..., gn) such that there
exist elements Py, ..., P, € A with P, = P; for i = 1,...,n. Then Nz, ) (P) = Ng(P) is of
characteristic p for all P € A. Hence, (LA(G), A, S) is a subcentric linking locality for Fs(G)

Previous treatments of fusion systems of characteristic p-type (as for example in [2], [4], [5]
and [12]) have used the existence of models for normalizers of fully normalized subgroups. When
looking at arbitrary subgroups of S, this involves moving on to a fully normalized F-conjugate,
which often complicates the arguments. Moreover, the connections between models of different
p-local subsystems become more transparent in a subcentric linking locality, where these models
can all be seen as subgroups and thus have a set-theoretic intersection. We thus believe that
subcentric linking localities allow a much more canonical translation of the arguments used to
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classify groups of characteristic p-type. Building on the ongoing programme of Meierfrankenfeld,
Stellmacher, Stroth (short: MSS-programme) to classify groups of local characteristic p, one can
hope to achieve a classification of fusion systems of characteristic p-type. If one prefers a more
group-like language and wants to avoid the language of fusion systems, in view of Example [I] a
unifying approach to the classification of fusion systems of characteristic p-type and of groups of
local characteristic p might be possible as follows: In a first step one classifies localities (£, A, S)
where A is the set of non-trivial subgroups of S, and N, (P) is of characteristic p for every
1 # P < S. Then one separately deduces a classification of fusion systems of characteristic p-type
and of groups of local characteristic p from that. To implement in subcentric linking localities the
amalgam method, which is widely used in the MSS-programme, one presumably needs to work
with free amalgamated products of suitable subgroups of £ amalgamated over their set-theoretic
intersection in £. A similar approach should be possible for groups and fusion systems of parabolic
characteristic p; see Remark for details.

We continue by listing some elementary properties of subcentric linking systems which we prove
in Section [3] In particular, we work out some relations between the subcentric subgroups of F
and subcentric subgroups of certain subsystems.

Proposition 1. The following hold:

(a) Let RIF and P < S. Then PR € F* if and only if P € F*.

(b) Let Z < Z(F) and P < S. Then P € F* if and only if PZ/Z is subcentric in F/Z.

(c) If Q € Ff and P € Nx(Q)® then PQ € F*. More generally, if Q € F and K < Autx(Q)
such that Q is fully K-normalized, then PQ € F* for every P € N]I_f(Q)s.

(d) For any Q € F/, we have {P € F*: P < Ns(Q)} € Nx(Q)*. More generally, for any
Q < S and any K S Autz(Q), {P € F*: P < NF(Q)} € N£(Q)*.

Property (b) holds accordingly for quasicentric subgroups as proved by Broto, Castellana, Gro-
dal, Levi and Oliver in [8, Lemma 6.4(b)]. Building on that, the authors show that a quasicentric
linking system for F/Z (Z < Z(F)) can be constructed as a “quotient” of a quasicentric linking
system associated to F. A similar construction can be carried out in the world of localities, both
for quasicentric and subcentric linking systems. We provide details on that in Remark[8.3] Results
corresponding to (c) and (d) are also true for centric and quasicentric subgroups. As we explain
in more detail in Remark property (c) leads to a kind of inclusion map from the subcentric
linking system (respectively, the subcentric linking locality) of N ][_f (Q) to the subcentric linking
system (respectively, the subcentric linking locality) of F. We now turn attention to weakly
normal subsystems.

Proposition 2. Let £ be a weakly normal subsystem of F on T. Then the following hold:

(a) The set E° is invariant under F-conjugation.
(b) For every P € F* with P<T, P € &°.

(c

(d

)
) If € is normal in F of index prime to p, then £5 = F*.
) If € is normal in F of p-power index, then £ ={P € F*: P < T}.
(e) If R F and K < Autz(R) then NE(R)* = {P € F*: P < NE(R)}. In particular,
Cr(R)* ={P € F*: P<Cgs(R)}.

Corresponding statements to (a) and (b) are also true for centric and quasicentric subgroups.
Property (c) is clearly also true if one considers centric subgroups rather than subcentric sub-
groups, and a statement corresponding to (d) is true for quasicentric subgroups by [8, Theo-
rem 4.3]. It is shown in [§ Theorem 5.5] that, given a subsystem & of index prime to p, a centric
linking system associated to £ can be naturally constructed from the centric linking system as-
sociated to F. Similarly, it is shown in [8, Theorem 4.4] that a quasicentric linking system of a
subsystem of p-power index can be obtained from a quasicentric linking system associated to F.
Property (e) fails for centric and quasicentric subgroups as it is stated, but if Inn(R) < K, it is true



SUBCENTRIC LINKING SYSTEMS 5

that every centric or quasicentric subgroup of N ]I_f (R) which contains R is centric or quasicentric
respectively, which is enough for many purposes. In [I, Definition 1.27], Andersen, Oliver and
Ventura define normal linking systems. The results we just stated enable them to associate normal
pairs of linking systems to (€, F) if £ is a weakly normal subsystem of F of index prime to p, or
of p-power index, or if & = NX(R) for some normal subgroup R < F and Inn(R) < K < Aut(Q);
see [I, Proposition 1.31]. Andersen, Oliver and Ventura [I] define also the reduction of a fusion
system F. The reduction of F is taken by setting Fy := Cr(O,(F))/Z(Op(F)) and then alter-
nately taking F; = OP(F;—1) and F; = or' (Fi—1) until the process terminates. The connection
between the linking system of the reduction and the linking system of F is complicated by the
fact that one alternately needs to work with quasicentric and centric subgroups when alternating
between taking subsystems of p-power index and index prime to p. We believe that it could be
an advantage to work with subcentric subgroups instead, since Proposition (b) together with
Proposition [[c),(d),(e) gives a clear connection between the subcentric subgroups of F and the
subcentric subgroups of the reduction of F.

We now turn attention to arbitrary normal subsystems. It is work in progress of Andrew
Chermak to show that, for linking localities with a delicate choice of subcentric objects, there is a
one-to-one correspondence between subnormal subsystems of fusion systems and partial subnormal
subgroups of these linking localities. We state and prove here two results which point already into
that direction. For an arbitrary normal subsystem &£ of F, we prove the following connection
between the subcentric subgroups of £ and the subcentric subgroups of F.

Theorem B. Let F be a saturated fusion system on a finite p-group S, and let £ be a normal
subsystem of F. Then for every subcentric subgroup P of £, PCs(E) is subcentric in F.

Here Cg(&) is the subgroup introduced by Aschbacher [3, Chapter 6]. It is the largest subgroup
X of § with £ C Cx(X). In the above mentioned work in progress, Andrew Chermak shows that
every normal subsystem of a linking locality is realized by a partial normal subgroup. In this
situation we prove:

Proposition 3. Let £ be a normal subsystem of F on T and let (L, A, S) be a linking locality for
F. Suppose there exists a partial normal subgroup N of L such that SON =T and €& = Fr(N).
Then Cs(€) = Cg(N).

Assuming that £ is realized by a partial normal subgroup A as above, Theorem [B] and Propo-
sition (3] allow to get a sort of inclusion map from the linking system (respectively the linking
locality) of £ to the linking system (respectively the linking locality) of F. We provide details on
that in Remark [R.5

The connection between the normal p-subgroups of a fusion system and between the normal p-
subgroups of the linking locality is given in the following proposition, which is short and elementary
to prove:

Proposition 4. Let (£,A,S) be a linking locality for F. Then a subgroup @Q < S is normal in F
if and only if L= N,(Q). Similarly, Q < Z(F) if and only if L = Cr(R).

Finally, a word about our proofs: Since there is some hope that the theory of fusion systems
can be revisited using linking localities, we seek to keep the proofs of the results on subcentric
subgroups of fusion systems as elementary as possible. In particular, we reprove some known
results on constrained systems in Section [2] without using the theory of components of fusion
systems. However, it should be pointed out that this theory and Aschbacher’s version of the
L-balance theorem for fusion systems is required for the proof of Theorem

Acknowledgement. The idea for this project arose during discussions with Andrew Chermak and
Jesper Grodal. My heartfelt thanks go to both of them. It was Jesper Grodal who first conjectured
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that subcentric linking systems should exist. He also pointed out that the nerve of a subcentric
linking system would be homotopy equivalent to the nerve of a centric linking system. It was
Andrew Chermak who suggested to me using the iterative procedure introduced in [10] to construct
subcentric linking systems. He applied this method before in an unpublished preprint to prove
similar results about localities whose object sets are quasicentric subgroups.

2. GROUPS OF CHARACTERISTIC p AND CONSTRAINED FUSION SYSTEMS

Throughout, this text, we continue to assume that F is a saturated fusion system
on a finite p-group S. Given a subsystem &£ of F we write T'= NS to express that £
is a subsystem on T < S.

Recall that F is called constrained if Cs(Op(F)) < Op(F), and a finite group G is said to be
of characteristic p if Cq(Op(G)) < Oy(G) (or equivalently, Cq(O,(G)) = Z(0p(G))). If G has
characteristic p then Oy (G) = 1 as [Op(G),0p(G)] < O,(G) N Oy (G) = 1 and Cg(0p(G)) =
Z(0p(@G)) does not contain any non-trivial p’-elements. A finite group G is called a model for
Fif § € Syl (G), F = Fs(G) and G has characteristic p. The following lemma summarizes the
connection between constrained fusion systems and groups of characteristic p which was basically
established in [7].

Theorem 2.1. (a) F is constrained if and only if there exists a model for F. In this case, a
model is unique up to an isomorphism which is the identity on S.
(b) If F is constrained and G is a model for F then a subgroup of S is normal in F if and only
if it is normal in G. If Q < S is normal and centric in F, then in addition Cq(Q) < Q.

Proof. If G is a model for F then clearly any normal subgroup of G is normal in F, so in particular,
F is constrained. Thus, (a) follows from [6, Theorem 5.10]. Let now F be constrained and G a
model for F. If @) is a normal centric subgroup of F then it follows again from [6, Theorem 5.10)
that @ <G and Cg(Q) < Q. In particular, Op(F) <G. So if g € G then ¢4lo,(r) € Autz(Op(F))
and thus PY = P for any normal subgroup P of F. This shows that any normal subgroup of F is
normal in G completing the proof. O

We continue by listing some properties of groups of characteristic p.

Lemma 2.2. Let G be a finite group of characteristic p. Then the following hold:

(a) Ng(P) and Cq(P) have characteristic p for all non-trivial p-subgroups P of G.
(b) Every subnormal subgroup of G has characteristic p.

Proof. By Part (c) of [I5, Lemma 1.2], Ng(P) has characteristic p and by Part (a) of the same
lemma, (b) holds. As Cq(P) < Ng(P), it follows now that C¢(P) has characteristic p. O

Lemma 2.3. Let G be a finite group of characteristic p and Z < Z(G) N O,(G). Then G/Z has
characteristic p.

Proof. As Z is central, every p’-element of C(Op,(G)/Z) centralizes Op(G). As Cq(Op(Q))
Op(G), this implies that Cq(O,(G)/Z) is a p-group. As C(O,(G)/Z)<G, it follows Cq (O, (G)/
Op(G) and thus Cg/z(0p(G )/Z) < 0p(G)/Z. This shows that G/Z has characteristic p.

<

oA

Lemma 2.4. Let G be a finite group with a normal p-subgroup P such that Feypy(Ca(P)) =
Fos(p)(Cs(P)). Then G = Cs(P) x Oy (Cg(P)), and G has characteristic p if and only if Ca(P)
18 a p-group.

Proof. By the Theorem of Frobenius [14, Theorem 1.4], Cq(P) = Cs(P)Oy(Cq(P)). If G has
characteristic p, then O, (Cq(P)) < Oy (G) =1 and thus Cg(P) = Cs(P) is a p-group. On the
other hand, if Cg(P) is a p-group then Cg(P) < O,(G) as Cg(P) < G. Hence, as P < Oy(G),
Cq(0p(G)) < Cg(P) < 0Op(G) and G has characteristic p. O
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In the remainder of this section we explore some connections between F being constrained and
certain subsystems or factor systems of F being constrained. We start with factor systems:

Lemma 2.5. Let Z < Z(F). Then F is constrained if and only if F/Z is constrained. Moreover,
if G is a model for F, then Z I G and G/Z is a model for F/Z.

Proof. Suppose first that F is constrained and that G is a model for F. Note that, by Theo-
rem [2.1)(a), a model G always exists if F is constrained. By Theorem [2.1[b), Z is normal in G.
So every g € GG induces an F-automorphism of Z which then has to be the identity, as Z < Z(F).
Hence, Z < Z(G). Hence, G/Z has characteristic p by Lemma By [6, Example I1.5.6],
F|Z = Fg/z(G/Z) and so G/Z is a model for F/Z. Hence, by Theorem (a), F/Z is con-
strained. Assume now that F/Z is constrained and let Z < Q < S with Q/Z = O,(F/Z). Then
Cs(Q) <Qas Cg/2(Q/Z) < Q/Z. So it is sufficient to show that @ is normal in F. Observe that
Q@ is strongly closed in F, since Q/Z is strongly closed in F/Z and every morphism in F induces
a morphism in F/Z. By [0, Proposition 1.4.5], a subgroup of a fusion system is normal if and only
if it is strongly closed and contained in every centric radical subgroup. So Q/Z is contained in
every element of (F/Z)" and it is sufficient to show that @ is contained in every element of F"°.
As shown in [I3], Proposition 3.1], we have R/Z € (F/Z)" for every R € F"°. So @ is contained
in every element of F7¢ as required. O

We now turn attention to subsystems of F, in particular to p-local subsystems and (weakly)
normal subsystems.

Lemma 2.6. Let F be constrained and P € F/. Then Nx(P) and Cx(P) are constrained.
Moreover, if G is a model for F, then Ng(P) is a model for Nr(P) and Cq(P) is a model for

Cr(P).

Proof. Let F be a constrained fusion system on a finite p-group S and G a model for F. Note that
G always exists by Theorem (a). By [6, Proposition 1.5.4], Ns(P) € Syl,(Ng(P)), Cs(P) €
Syl,(Ca(P)), Ne(P) = Fngp)(Na(P)) and Cr(P) = Fogp)(Ca(P)). By Lemma N¢g(P)
and Cg(P) have characteristic p, so Ng(P) is a model for Nz(P) and Cg(P) is a model for
Cr(P). In particular, by Theorem [2.1(a), Nz(P) and Cr(P) are constrained. O

We continue with a general lemma needed afterwards to prove results about constrained fusion
systems. It could be obtained as a consequence of [3, (7.4)] and the fact that for any P € F,
P < F if and only if Fp(P) < F. We give however an elementary direct proof.

Lemma 2.7. Let £ be a weakly normal subsystem of F. Then Op(E) is normal in F.

Proof. Let T'=ENS. As £ is normal in F, every element of Autz(7") induces an automorphism
of £. Thus O,(€) is Autz(T)-invariant. Since O,(€) is normal and thus strongly closed in &, it
follows now from the Frattini condition as stated in [0, Definition 1.6.1] that O,(&) is strongly
closed in F. Hence, by [6, Theorem I1.4.5], it is sufficient to prove that O,(€) is contained in
any element of F¢. Let R € F" and set Ry := RN T. Recall that T is strongly closed
and so Ry is Autz(R) invariant. As Op(€) is normal in &, Autp,g)(Ro) < Autg(Ro). Thus,
Autp,(g)(Ro) < Op(Aute(Ro)) < Op(Autz(Rp)) since Autg(Ro) < Autz(Rp). It follows that the
restriction of every element of X := (Autop(g)(R)A“tf (B)) to Ry lies in O,(Autr(Ry)). Hence,
[Ro, OP(X)] = 1. Since [R, No,¢)(R)] < [R, Nr(R)] <T'N R = Ry, we have [R, X] < Ry. Thus,
OP(X) = 1 meaning that X is a normal p-subgroup of Autz(R). Consequently, as R is centric
radical, Autp,g)(R) < X < Inn(R) and Op(€) < R. O

Lemma 2.8. Let Q € F/. Then Nx(Q) is constrained if and only if Cx(Q) is constrained.

Proof. If Nz(Q) is constrained, then it follows from Lemma applied to Nz(Q) in place of F
that C'z(Q) is constrained. Assume now Cr(Q) is constrained. By [I, 1.25], Cx(Q) is weakly
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normal in Nz(Q)). It follows now from Lemma [2.7|that R := QO,(Cr(Q)) < Nx(Q). Moreover,
Crg(@)(R) = Cog@)(0p(Cr(Q))) < Op(Cr(Q)) < R as Cx(Q) is constrained. Thus, Nz(Q) is
constrained. O

The reader is referred to [0, Section 1.7] for definitions and properties of subsystems of index
prime to p and of subsystems of p-power index.

Lemma 2.9. Let £ be a normal subsystem of F of index prime to p. Then & is constrained if
and only if F is constrained.

Proof. Clearly, Op(F) is normal in &, so Op(€) = Op(F) by Lemma2.7 As £ENS =S, it follows
that £ is a constrained if and only if Cs(Op(F)) < Op(F), which is the case if and only if F is
constrained. g

Lemma 2.10. Let F be constrained and let £ be a weakly normal subsystem of F. Then & is
constrained.

Proof. By Lemma & is constrained if and only if O (€) is constrained. By a theorem of
Craven [6, Theorem 1.7.8], O (£) is normal in F. So replacing & by O (£), we may assume that
& is normal in F. Let G be a model for F, which exist by Theorem [2.1[a). By [6, Lemma I1.7.4],
there exists a normal subgroup N of G such that 7:= NS = NNS € Syl,(N) and &€ = Fr(N).
By Lemma[2.2(b), N is of characteristic p and thus € is constrained by Theorem [2.1f(a). O

The following lemma is a version of [15, Lemma 1.3] for fusion systems, except that we do not
require the subsystem £ to be normal in F. A different proof could be given using the theory of
components of fusion systems as developed in [2], but we prefer to keep the proof as elementary
as possible.

Lemma 2.11. Let £ be a subsystem of F of p-power index. Then £ is constrained if and only if
F is constrained.

Proof. Let T =ENS. Let T =Ty<IT1 <...T,, = S be a chain of subgroups such that |T;/T;—1| = p
fori=1,...,n. By [6, Theorem 1.7.4], there is a unique subsystem Fr, = (Inn(7;), Autz(P): P <
T;) of F of p-power index on T; for every ¢ = 1,...,n. In particular, Fr = Fp, = £. Again by
[0, Theorem 1.7.4], Fr,_, is a normal subsystem of Fr, of p-power index for ¢ = 1,...,n. Hence,
we can reduce to the case that |[S : T| = p and £ is normal in 7. By Lemma Q = 0,(€)
is normal in F. It is sufficient to show that P := QCgs(Q) is normal in F. As & is constrained,
Cr(Q) < @ and thus |P: Q] < |S :T| =p. As Q is normal in F, P is weakly closed in F.
We prove now that P is strongly closed. Let X < P and ¢ € Homz(X,S). If X < @ then
X< Q<P If XL£Qthen P=QX as |P: Q| < p. Since Q I F, ¢ extends in this case
to an element Homx(P,S). As P is weakly closed in F, it follows X¢ < P. So P is strongly
closed. By [6, Proposition 1.4.6], there exists a series 1 = Py < P; < ... P, = Q of subgroups
strongly closed in F such that [P;,Q] < P;_y fori =1,...,n. Since P = QCg(P) < QCs(F;), it
follows [P;,, P] < P,y fori=1,...,n. As |P: Q| < p, we have [P, P] < Q. Hence, P < F by [0,
Proposition 1.4.6]. As Cg(P) < Cg(Q) < P, it follows that F is constrained. O

3. PROPERTIES OF SUBCENTRIC SUBGROUPS

Lemma 3.1. For any Q € F, the following conditions are equivalent:

(al) The subgroup Q is subcentric in F.
) For some fully normalized F-conjugate P of Q, Op(Nx(P)) is centric in F.
1) For any fully normalized F-conjugate P of Q, Nx(P) is constrained.
2) For some fully normalized F-conjugate P of Q, Nx(P) is constrained.
1) For any fully centralized F-conjugate P of F, Cr(P) is constrained.
2) For some fully centralized F-conjugate P of F, Cr(P) is constrained.
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Proof. If P, P* € Q7 are both fully normalized, then it follows from [6, Lemma I.2.6(c)] that there
exists an isomorphism ¢ € Homg(Ng(P), Ng(P*)) such that Py = P*. It is straightforward
to check that any such ¢ induces an isomorphism from Nz(P) to Nz(P*) and thus Nx(P) is
constrained if and only if Nx(P*) is constrained. Moreover, O,(Nx(P))p = Op(Nx(P*)). Thus,
conditions (bl) and (b2) are equivalent, and conditions (al) and (a2) are equivalent. Similarly,
if P,P* € Q7 are both fully centralized in F, then by the extension axiom, there exists ¢ €
Homz(Cs(P)P,Cs(P*)P*) with Po = P* and ¢|c(p) induces and isomorphism from Cx(P) to
Cx(P*). This proves that conditions (c1) and (c2) are equivalent. Let now P € Q7 be fully
normalized. By Lemma N£(P) is constrained if and only if Cx(P) is constrained. Since
every fully normalized subgroup if fully centralized, this shows that (b2) implies (c2) and that
(c1) implies (b1). Set now R := O,(Nx(P)). If Q is subcentric, then Cnyp)(R) = Cs(R) < R
and so Nx(P) is constrained. Hence, (al) implies (b1l). Assume now Nx(P) is constrained. By
[6, Lemma 1.2.6(c)], there exists ¢ € Homz(Ng(R),S) such that Ry € Ff. As Ng(P) < Ns(R)
and P is fully normalized, it follows Ng(P)yp = Ng(Py) and Py € F/. Again, ¢|ng(p) induces an
isomorphism from Nz (P) to Nr(Py) and thus Ry = Op(Nr(Py)) and Nr(Py) is constrained.
Hence, Cs(Ryp) = Cng(py)(Ry) < Rp. So Ry and thus R is centric as Ry is fully normalized.
Hence, (b2) implies (a2). O

Proposition 3.2. The set F° of subcentric subgroups of F is closed under taking F-conjugates
and overgroups.

Proof. Note first that the set of subcentric subgroups is by definition closed under F-conjugation.
Let Q € F® and R an overgroup of (). We need to show that R is subcentric. By induction on the
length of a subnormal series of @) in R, we reduce to the case that Q < R. Since every F-conjugate
of @) is subcentric, and any JF-conjugate of R contains an JF-conjugate of ), we can and will
furthermore assume from now on that R € F/. Replacing Q be a suitable conjugate of Q in Nx(R)
we will also assume that Q € Nz(R)!. By [6, 1.2.6(c)], there exists o € Homz(Ng(Q), S) such that
Qo € F/. Then by [2, (2.2)(1),(2)], (Ns(Q) N Ns(R))a = Ns(Qa) N Ns(Ra), Ra € Nr(Qa)/,
and « induces an isomorphism from N := Ny, (g)(Q) to N2 := Ny (9a)(Ra). As Q is subcentric
and Qa € F/, Nx(Qa) is constrained. Therefore, by Lemma applied with Nz(Qa«) in place
of F, Cn,(Ra) = Cn,(Qa)(Ra) is constrained. So since a induces an isomorphism N7 — N,
Cr(R) = Cn;(R) is constrained. Now by Lemma R is subcentric. O

Lemma 3.3. Let R<IF and P € F. Then RP € F* if and only if P € F*.

Proof. If P € F* then by Proposition PR € F?. From now on we assume that RP € F° and
want to show that P € F*. Since F? is closed under F-conjugation, we can assume without loss of
generality that RP € F/. As RP € F* this means that Nz(RP) is a constrained fusion system.
If @ is a fully normalized F-conjugate of P then an isomorphism ¢ € Homz(Q, P) extends to
¢ € Homr(QR,S) with Rp = R. Hence, as QR = PR € F/, there exists by [6 1.2.6(c)] a
morphism o € Homz(Ng(QR), S) such that (Qa)R = (QR)a = PR. As Ng(Q) < Ng(QR) and
Q@ is fully normalized, it follows that Qo is fully normalized. So replacing P by Qa, we may
assume that P is fully normalized in F. Then P is also fully normalized in Nz(PR) and thus
Ny, (pr)(P) is constrained by Lemma One easily observes that Nz(P) = Ny, (pr)(P), as R
is normal in F. So Nx(P) is constrained and P is subcentric by Lemma (]

Lemma 3.4. Let Z < Z(F) and P < S. Then P € F* if and only if PZ/Z is subcentric in F/Z.

Proof. By Lemma we may assume that Z < P. Moreover, we can assume P € F/. Since Z <
P, we have Z < Q and Ng,7(Q/Z) = Ns(Q)/Z for every Q € P7. Hence, P/Z is fully normalized
in F/Z. Clearly, Nr(Q)/Z = Nz;z(Q/Z) and Z < Z(Nx(Q)). Therefore, by Lemma
Nz(Q) is constrained if and only if Nz,z(Q/Z) is constrained. The assertion follows now from
Lemma 3.1 O



10 E. HENKE

Lemma 3.5. Let F be a saturated fusion system on a p-groupNS and o : S — S a group somor-
phism which induces an isomorphism of fusion systems F — F. Then F* = {Pa: P € F*}.

Proof. Note that Ng(Q)a = Ng(Qa) for any @Q < S. Moreover, for P < S and ¥ € Homz(P, S),
Piya = Pala""a) € (Poz)f', since a~lia is a morphism in F as « induces an isomorphism of
fusion systems. Hence, {Qa : Q € P7} = (Pa)ﬁ and Q € P7 is fully F-normalized if and only
if Qo is fully F-normalized. Let now Q € P7 be fully F-normalized. Then a|ng(Q) : Ns(Q) —
Ng(Qa) induces an isomorphism from Nz (Q) to Nz(Qa). In particular, Nr(Q) is constrained if
and only if Nz(Qa) is constrained. Hence, by Lemma P € F* if and only if Pa € F*. O

Lemma 3.6. Let £ be weakly normal in F, P € £ and ¢ € Homx(P,S). Then Py € £°.

Proof. Let T = €N S. Note that Po < T as T is strongly closed. By the Frattini condition [,
Definition 1.6.1], there are o € Autz(T") and @9 € Homg(P,T') such that ¢ = gpa. As ¢ is a
morphism in &, Pyg € £%. As & is normal in F, a induces and automorphism of £. Hence, by
Lemma applied with £ in the role of 7 and F, Py = (Py)a € E°. O

Before we continue proving properties of subcentric subgroups we need two general lemmas.

Lemma 3.7. Let £ be an F-invariant subsystem of F and T = ENS. Let P € £ and o €
Homz(N7(P),S). Then Pa € &/, Np(P)a = Np(Pa) and o induces an isomorphism from
Ng(P) to Ng(Pa).

Proof. By the Frattini condition [0, Definition 1.6.1] there are oy € Homg (N7 (P),T) and 3 €
Autxz(T) such that a = apf. Clearly, Np(P)ay < Np(Pap) because T is strongly closed in F.
As P € &7, it follows Np(P)ag = Np(Pag). Since 3 is an automorphism of T, Np(Pag)B =
Nr(PapB) = Np(Pa). Hence, Np(P)a = Np(P)agf = Nrp(Pag)B = Nr(Pa). Since & is
F-invariant, it is now straightforward to check that a induces an isomorphism from Ng¢(P) to
Ne(Pa). O

Lemma 3.8. Let £ be an F-invariant subsystem of F, T =&ENS, and P < T. If P € Ff then
pPegl.

Proof. Suppose P € F/ and choose a fully £-normalized &-conjugate @ of P. By [6 1.2.6(c)],
there exists a € Homr(Ng(Q), S) such that Qo = P. Applying Lemma with @ in place of P
yields then |N7(Q)| = |[Np(P)| and thus P € &7, 0

Lemma 3.9. Let & be a weakly normal subsystem of F on T < S. Then P € £° for any P € F*
with P <T.

Proof. By Lemma [3.6], we may replace P by any JF-conjugate of P and can thus assume that
P € F/. Then by Lemma P € &f. So Nx(P) and Ng(P) are saturated. It is now easy to
see that Ng(P) is weakly normal in Nz(P). Since P € F°, Nz(P) is constrained by Lemma
Hence, by Lemma Ng(P) is constrained and P € £% again by Lemma [3.1] O

Lemma 3.10. Let Q € F and K < Aut(Q). If Q is fully K -normalized and NX(Q) is constrained
then Q is subcentric.

Proof. Since @ is fully K-normalized, @ is fully centralized by [6, Proposition 1.5.2]. In particular,
Cr(Q) is saturated. Now it is straightforward to check that Cx(Q) is weakly normal in NX(Q).
If NE(Q) is constrained, it follows therefore from Lemma that Cr(Q) is constrained and @
is subcentric by Lemma [3.1] O

Lemma 3.11. Let R be a subgroup of S normal in F and K < Autz(R). Then NE(R)* ={P €
Fs: P < NE(R)}. In particular, Cr(R)* = {P € F*: P < Cs(R)}.
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Proof. 1t is straightforward to check that N ]I_-( (R) is weakly normal in F, the proof is the same as
the one of [I, Proposition 1.25(c)]. Hence, by Lemma every P € F* with P < NX(R) is a
member of NX(R)S. Let now P € NX(R)S. We want to show that P € F°. For that we may
assume P € NE(R)/. Set

K :={a € Aut(RP): a|g € K, Pa = P}.

Choose ¢ € Homz(RP,S) such that \Ng(w((RP)w)\ is maximal. Then (RP)y is fully K¥-
normalized. Hence, by [6, 1.5.2], there exists ¢ € Homz(NX (PR)R,S) and x € Aut[f(w((PR)d))

such that ¢|pr = ¥y. Note that Ng(P) N NX(R) = NK(PR). By Lemma [3.7] applied with
NE(R) in place of €, Nyx (r) (P) = NNJg(R)(Pcp). So as P is subcentric in N& (R), it follows using

Lemma that NN}((R) (Py) is constrained. As yx € Aut?b((PR)z/J) < K% and K <9 Autr(R),
we have
KY = K% = {a € Aut(R(Py)): a|g € K, (Pp)a = Py}.

Hence, N § “(R(Pg)) = N NE(R) (Py) is constrained. As R(Py) is fully K¥-normalized, it follows
from Lemma that R(Py) € F*. Now by Lemma Py and thus P is subcentric in F
proving the assertion. O

Lemma 3.12. Let £ be a normal subsystem of F of index prime to p. Then £% = F%.

Proof. By Lemma [3.9] we only need to prove that £ C F®. By Lemma [3.6] it is sufficient to
prove 5N FI C F5. Let P € &N F/. By Lemma P c &/, Thus Nx(P) and Ng(P) are
saturated subsystems and one sees easily that Ng(P) is a normal subsystem of Nz(P). As they
are both fusion systems on Ng(P), it follows that Ng(P) is a normal subsystem of Nz (P) of index
prime to p. As P € £%, N¢(P) is constrained by Lemma Hence, by Lemma Ng(P) is
constrained and P € F° again by Lemma (3.1 U

Lemma 3.13. Let £ be a normal subsystem of F of p-power index and T = £ NS. Then
Es={PeF*: P<T}.

Proof. By Lemma [3.9] it remains only to prove that £° C F°. By Lemma [3.6] it is sufficient
to prove £ N Ff C F5. Let P € & nF/. By Lemma P € &f. Hence, Nx(P) and
Ng(P) are saturated. It follows directly from the definition of the hyperfocal subgroup that
hyp(N£(P)) < byp(F) < T and thus hyp(Nx(P)) < Np(P). For any R < Np(P), a p'-element
a € Auty,(p)(R) extends to a p’-element & € Autz(PR) normalizing R. As & is a subsystem of F
of p-power index, & € OP(Autz(PR)) < Autg(PR). Hence, o extends to an element of Autg(PR)
normalizing R, which means o € Auty,(py(R). This shows that Ng(P) is a subsystem of Nx(P)
of p-power index. As P € £°, Ng(P) is constrained by Lemma Hence, by Lemma it
follows that Nz (P) is constrained and P € F* by Lemma [3.1] O

Lemma 3.14. Let Q € ! and P € Nx(Q)®. Then PQ € F*.

Proof. By Lemma PQ € Nx(Q)®. Thus, we can assume from now on @) < P and need to show
that P € F*°. Replacing P by a fully Nz(Q)-normalized Nx(Q)-conjugate, we can furthermore
assume P € Nz(Q)’. Then by Lemma Cr(P) = Cn,(@)(P) is constrained. So by the same
lemma, it is sufficient to prove that P is fully centralized in F. By [0, 1.2.6(c)], there exists a
morphism o € Homz(Ng(P),S) such that Pa € F/. In particular, Pa is fully centralized. By
[2, (2.2)(1),(2)], (Ns(P) N Ns(Q))a = Ng(Pa) N Ng(Qcr). Hence, as Cs(P) < Ng(P) N Ng(Q)
and Cg(Pa) < Ng(Pa) N Ng(Qa), it follows Cg(P)a = Cg(Pa). So P is fully centralized as Pa
is fully centralized. This completes the proof. O

Lemma 3.15. Let Q € F/ and P € F* with P < Ng(Q). Then P € Nx(Q)®.
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Proof. By Lemma PQ € F*. Moreover, by Lemma P € Nr(Q)* if PQ € Nr(Q)*.
Hence, replacing P by PQ, we may assume Q < P. Moreover, replacing P by a fully Nx(Q)-
normalized Nr(Q)-conjugate, we may assume P € Nr(Q)/. By [6, 1.2.6(c)], we can pick a
morphism a € Homz(Ng(P),S) such that Pa € Ff. By [2 (2.2)(1),(2)], (Ns(P) N Ng(Q))a =
Ns(Pa) N Ns(Qa), Qo € Nx(Pa)f and | Ng(P)nNg(Q) induces an isomorphism from Ny, (q)(P)
to Ny, (pa)(Qa). As Pa € Fsf, Nz(Pa) is constrained by Lemma Hence, Ny, (pa)(Qa) is
constrained by Lemma Thus, Ny (@)(P) is constrained and P € Nx(Q)* by Lemma O

Lemma 3.16. Let Q € F and K < Autz(Q) such that Q is fully K-normalized. Then PQ € F*
for every P € NE(Q)*. Moreover, {P € F*: P < NI (Q)} C NE(Q)*.

Proof. By [6], 1.2.6(c)], there exists a morphism o € Homz(Ng(Q), S) such that Qa € Ff. Notice
that for any s € NI (Q) and any = € Q, (za)** = (2%)a = (za)alcsa = (za)(cs|g)®. So as
czlg € K, csalga = (czlg)® € K. Hence, NEK(Q)a < NE*(Qa). As Q is fully K-normalized, it
follows that Qa is fully K®-normalized and N (Q)a = NE”(Qa). It is straightforward to check
that o induces an isomorphism NX(Q) to NA”(Qa) and thus, by Lemma given P < NX(Q),
we have Pa € Nfa(Qoz)s if and only if P € Nf(Q)S. Moreover, PQ € F? if and only if
(Pa)(Qa) = (PQ)a € F°. Hence, as F* is invariant under F-conjugation, replacing @ by Qa, we
may assume that @ € F/. Then Nx(Q) is saturated and as NX(Q) = N]I\[(f(Q)(Q), it follows from
Lemma [3.11] that NX(Q)* = {P € Nr(Q)*: P < NX(Q)}. So if P € NX(Q)® then P € Nx(Q)*
and PQ € F* by Lemma If P < NE(Q) with P € F°, then P € N#(Q)* by Lemma
and then P € N ]I:{ (Q)? by the property stated before. This proves the assertion. O

Lemma 3.17. Let Q € F/* such that Q = Op(Nz(Q)). Then Q € F/™.

Proof. As Q € F/*, Nx(Q) is constrained and so Q = O,(N#(Q)) € F¢. By Theorem there
exists a model G for Nx(Q) and O,(G) = Op(N#(Q)) = Q. Note Autz(Q) = Auty, ()(Q) =
G/Ca(Q) = G/Z(Q). Then O,(Autr(Q)) = 0,(G/Z(Q)) = Q/Z(Q) = Inn(Q) and so Q is
radical. m

Proof of Proposition [ This follows from Lemma [3.3] Lemma[3.4 and Lemma[3.10] Compare also
Lemma [3.74 and Lemma [3.T5 O

Proof of Proposition[J The proposition follows from Lemmal3.6] Lemma[3.9] Lemma Lemmal(3.13]
and Lemma [B.111 O

4. THE PROOF OF THEOREM [Bl

Throughout this section, let £ be a normal subsystem of F and T = £ N S. The subgroup
Cs(&) was introduced in [3, Chapter 6]. We will use throughout the following characterization of
Cs(€): The subgroup Cg(€) is the largest subgroup X of Cs(T') such that £ C C'x(X).

Lemma 4.1. The subsystem & is also a normal subsystem of Nr(Cs(E)).

Proof. Recall €& C Cr(E) C Nx(€). It is straightforward to see that £ is weakly normal in
Nr(Cs(€)). Set T =ENS. As EIF, every element ¢ € Autg(T) extends to g € Autz(TCs(T))
such that [Cs(T'), ] < T. Since Cg(E) < Cs(T') and Cs(E) is strongly closed in F by [3] (6.7)(2)],
we have Cs(€)p = Cs(£). Hence, B € Auty . (cge)) (TCs(T)). This shows the assertion. O

Lemma 4.2. Let Q € F7/ such that Q = (QNT)Cs(E). Then QNT € E7.

Proof. Set P := QNT. Let oy € Homg(P,T) such that Pag is fully E-normalized. By the
characterization of Cg(€), ag extends to a € Homz(Q,S) such that « fixes every element of
Cs(&). In particular, Cs(€)a = Cs(€) and Qo = (Pa)Cs(E). Moreover, Pa = (QNT)a < QanT
and (QaNT)(alg)™ <QNT,s0 QaNT = (QNT)a = Pa. Hence, QaNT = Pa.
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As @Q = PCg(€) and Cg(€) < Cs(T), we have Np(P) < Nr(Q). As P =QNT, Nr(Q) <
Nr(P). Hence, Np(P) = Np(Q). Similarly, N7(Qa) = Nr(Pa). By [0, Lemma 1.2.6(c)], there
exists 8 € Homx(Ng(Qa), S) such that Qa8 = Q. For such 3, we have Np(Qa)8 < Nr(Q) and
thus | N7(Pag)| = |[Np(Pa)| = |[N7(Qa)| < |N7(Q)| = |Np(P)|. Hence, P € £F as Pag € £F. O

Lemma 4.3. Let £ be a normal subsystem of F on T. Let Q € FI such that Q = (QNT)Cs(E).
Then Ng(Q NT) is weakly normal in Nr(Q).

Proof. Set P := Q@ NT. By Lemma P ¢ &/. By assumption Q € F/, so both Ng(P)
and Nr(Q) are saturated. Every morphism o € Homy,p)(A,B) (A,B < Np(P)) extends
to an element of Homg(AP, BP) normalizing P, which then by definition of Cg(€) extends
to @ € Homz(APCs(E), BPCg(E)) centralizing Cg(E). As Q = PCg(E), it follows Qo = Q
and so « is a morphism in Nz(Q). This shows that Ng(P) is a subsystem of Nx(Q). Hence,
it remains to prove only that Ng(P) is invariant in Nx(P). We prove the strong invariance
condition as stated in [6, Proposition 6.4(d)]. Let A < B < Nr(P), ¢ € Hompy,(p)(4,B)
and ¢ € Homy(q)(B, Nr(P)). We need to prove that (Wla) Loy € Homy, p) (A%, By). By
definition of the normalizer subsystems, ¢ extends to ¥ € Homg(AP, BP) and v extends to
1 € Homz(BQ, N7(P)Q) with Qi = Q. As T is strongly closed and, by assumption, P = QNT,
we have Py = P and thus ¢) := ¢|gp € Homz(BP, Np(P)). Since the strong invariance condition
holds for (£, F), we have that (¢)| 4p) '@ is a morphism in . Moreover, P(¢)|4p) '@t = P and

(| ap) " Y@eh extends (¥]4) L1, so (¥|4) Lt is a morphism in Ng(P) as required. O

Lemma 4.4. Let £ be a normal subsystem of F and C a component of F. Then C C &£ or
CNS <Cg(é).

Proof. By the construction of central products in [3, Chapter 2], if F is the central product of two
subsystems F; and Fa, then F; NS < Cg(F2). Hence, the assertion follows from [3 (9.13)]. O

Proof of Theorem|[B. Let £ be a normal subsystem of F on T < S. Let P € £° and set Q :=
PCs(E).
Step 1: We show that it is enough to prove the assertion in the case that Q € Ff and P =QNT.
For that take ¢ € Homx(Q, S) such that Q¢ is fully F-normalized. Then by Lemma Py e &°.
Moreover, as Cg(€) is strongly closed by [3, (6.7)(2)], Cs(€)p = Cs(€) and thus Q¢ = (Pyp)Cs(E).
So replacing (P, Q) by (Py,Qyp), we may assume that @ is fully F-normalized. Note also that
P <QNT, so by Proposition QNT is subcentric in €. Moreover, Q = (QNT)Cg(E). Hence,
replacing P with Q N'T', we may assume that P =Q NT.

From now on we assume that Q € ¥ and P=QNT.
Step 2: We show that E(Nz(Cgs(€))) C E. Let C be a component of Nx(Cg(€)). Then by [3],
(9.6)], C C Cx(Cs(&)). By Lemma € is normal in Nz(Cg(€)). Therefore, by Lemma
CCEorC:=CNS <Cq(€). Assume C < Cg(€). As C C Cr(Cg(€)) this means that C is
abelian, contradicting [3 (9.1)(2)] and the fact that C is quasisimple. This proves C C £ and, as
C was arbitrary, F(Nx(Cg(€))) C €£.
Step 3: We complete the proof by showing that () is subcentric in F. Suppose this is not true.
As we assume that @ is fully normalized, this means that Nx(Q) is not constrained. Thus, by [3],
(14.2)], E(N#(Q)) # 1. As Cg(&) is strongly closed and contained in @, N7(Q) = Ny, (cq(e)) (Q)-
Since @ is fully normalized in F and Cg(E) < S, Nx(Cs(E)) is saturated and @ is fully normalized
in Nr(Cg(€)). Thus, by Aschbacher’s version of the L-balance Theorem for fusion systems [3|
Theorem 7], E(N]:(Q)) = E<NN]:(C'5(8))(Q)) - E(N]:(Cs(g))) So by Step 2, E(N]:(Q)) - E. Let
D be a component of Nz(Q) and D = SND. By Step 1 and Lemma P is fully £-normalized
and, by Lemmal[4.3] Ng(P) is weakly normal in Nz(Q). It follows from Lemmal[2.7that O,(Ng(P))
is normal in Nx(Q). Thus, by [3 (9.6)], D C Cn,()(Op(Ne(P))) and so [D, Op(Ne(P))] = 1. As
E(Nr(Q)) C &, wehave D <T. Hence, D < Cr(Op(Ng(P))) = Z(Op(Ne(P))) as P is subcentric
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and fully normalized in €. Thus, D is abelian, again contradicting [3, (9.1)(2)] and the fact that
D is quasisimple. O

5. PROPERTIES OF LINKING LOCALITIES

Lemma 5.1. Let (£, A,S) be a locality for F. Then Nz(P) = Fyyp)(Nc(P)) and Cx(P) =
Fes(p)(Ce(P)).

Proof. Clearly Fyy(py(Nz(P)) € Nz(P). To show the converse inclusion let ¢ € Homy, (p) (A, B).
We may assume without loss of generality that P < AN B so that Pp = P. As F = Fs(L),
¢ = cy for some f € L. Then P < D(f) and P/ = Po = P, so f € N(P) and ¢ is morphism in
Fng(Py(Nc(P)). This proves Nz(P) = Fngp)(Ne(P)). Similarly, Cx(P) = Fogp)(Ce(P)). O

Lemma 5.2. Let (£, A, S) be a linking locality for F. If P € AN F7 then Nz(P) is a model for
Nz(P). In particular, A C F*.

Proof. Clearly, Nz (P) is a subgroup of £ and by [10, Proposition 2.18(c)], Ns(P) € Syl,(Nz(P)).
Hence, it follows from Lemma that Nz (P) is a model for Nz(P) for any P € F/. In particular,
by Theorem (a), Nz(P) is constrained for every P € ANFf. Hence, A C F* by Lemma O

If (£,A,S) is alocality, define P € A to be L-radical if O,(Nz(P)) = P.

Lemma 5.3. Let (£,A,S) be a linking locality for F and P € A. Then P is L-radical if and
only if P € F°.

Proof. Tt follows from [10, Lemma 2.7] that the set of L-radical subgroups is closed under F-
conjugation. The set F¢ is closed under F-conjugation as well. Hence, we may assume that
P € F/. Then by Lemma G := Nz(P) is a model for Ng(P). Note G/Cg(P) = Autg(P).
Hence, if Cq(P) = Z(P) then Op(Auty(P)) = Inn(P) if and only if P = O,(G). If P € F"° then
P € Nz(P)¢ and so by Theorem [2.1(b), Ca(P) = Z(P). Hence, P = Op(G) and P is L-radical by
what we just stated. On the other hand, assuming that P is L-radical, Cq(P) = Z(P) as G has
characteristic p. So again by what we stated before, P € F". Moreover, Cs(P) = Cny(p)(P) <

Ng(P) < P. So P € F¢as P € F/. This proves the assertion. O
Proof of Proposition[{ Clearly, @ < F if £L = Ng(Q) and Q < Z(F) if £L = C,(Q). Moreover,

if @ < Z(F) and £ = Nz(Q) then clearly, £ = Cr(Q). Hence, it is sufficient to prove that
L= Ng(Q)if Q<F. Assume now @ < F and £ # N.(Q). Choose f € L\N.(Q) such that |Sy|

is maximal. Since Q < F it follows @@ £ Sy. In particular, Sy < S and thus S}c < NS(S}C). By [6l
Lemma 1.2.6(c)], there exists h € £ such that NS(SJ];) < S5}, and S]J:h € F/. Then (f,h,h™1) €D
via Sy. By the maximality of |S¢|, h € N£(Q). So if fh € Ng(Q) then f = (fh)h™ € N£(Q) as
N.(Q) is a partial subgroup of £. Hence, fh ¢ Nz(Q) and by the maximality of |S¢|, Sy = Syh.
So replacing f by fh, we may assume that S]J: e F1.

Since ¢y : Sy — SJ{ is a morphism in F and @ < F, there exists g € £ such that SyQ < S,
¢gls; = ¢y and Q9 = Q. Then (f~',g) € D via S}c and f~lg e C(S%) C Nc(S}v). Since Q £ Sy,
S¢ & F by [6 Proposition 1.4.5]. So S}c ¢ F° and thus, by Lemma S]J: < R:= Op(Ng(S}c)).
As S}c € F7, it follows from [10, Proposition 2.18(c)] that R < S. So the maximality of |Sy| = \SJ]:|
yields f~1g € N£(Q). As (f~1,9,971) € D via ST it follows f~1 = (f7'g9)g € N.(Q). This yields
a contradiction to f & N, (Q). O
Lemma 5.4. Let (£, A,S) be a locality for F.

(a) If P € AN F'e, then Np(P) is a model for Nx(P) if and only if Cz(Q) < Q for any
Q€ P,



SUBCENTRIC LINKING SYSTEMS 15

(b) If P € AN F/4, then Cr(P) = Cs(P) x Oy (Cr(P)). Moreover, Nz(P) is a model for
Nz(P) if and only if Cr(Q) is a p-group for any Q € P*.

Proof. Let P € ANF7/. Then by Lemma and [10, Proposition 2.18(c)], G := Nz (P) is a finite
group with Ng(P) € Syl,(G), Nx(P) = Fngp)(G) and Cr(P) = Feoyp)(Ca(P)). Note that
every F-morphism between elements of A can be realized as a conjugation map by an element of
L. So by [10, Lemma 2.8(b)], Cz(P) = Cr(Q) for any Q € P7. Hence, Cz(P) < P if and only if
Cr(Q) < Qforany Q € P, and Cz(P) is a p-subgroup if and only if C(Q) is a p-subgroup for any
Q € P7. If P is F-centric then P is also centric in Nz(P). Hence, in this case by Theorem b),
G is a model for Nz(P) if and only if Cg(P) < P. If P is quasicentric then Cey(p)(Cs(P)) =
Cr(P) = Coyp)(Ca(P)). So by Lemma Cr(P)=Cg(P) =Cs(P) x Oy (Cg(P)) and G is a
model for Nz(P) if and only if Cz(P) = C¢(P) is a p-group. This proves (b). O

Proof of Remark[1 We use that, by [10, Proposition A.13, Lemma A.14], every transporter system
(T,€,p) is isomorphic one realized by a locality (£, A, S) with A = ob(7) in the sense explained
in [I0, Definition A.2]. Assume (7 ,¢,p) is of this form. It follows directly from the construction
that Nz (P) = Auty(P) and E(P) = ker(ppp: Auty(P) — Autz(P)) = C(P) for every P € A.
In particular, N (P) is of characteristic p if and only if Auty(P) is of characteristic p, proving (a).
Property (b) follows now from Lemma Comparing the definitions of a transporter system in
[17, Definition 3.1] and of a linking system in the sense of Oliver [16], Definition 3], one sees that
the transporter system (7, €, p) is a linking system in the sense of Oliver if and only if 7" C ob(7)
and E(P) is a p-group for every P € A = ob(T). Moreover, if T is a linking system in the sense
of Oliver, then 7 is a centric linking system if and only if A = F¢. Hence, it suffices to show the
claims about (£, A, S) stated in (c) and (d). These properties follow however from Lemma O

6. CONSTRUCTION OF LINKING LOCALITIES

Lemma 6.1. Let A be a set of subcentric subgroups, which is closed under F-conjugation and
with respect overgroups. Suppose (L,A,S) is a linking locality for F. Let T € Ff such that any
proper overgroup of T is in A and Op(Nz(T)) € A. Then Ng(T') is a subgroup of L which is a
model for Nx(T).

Proof. As every proper overgroup of T is in A, Ap == {Np(T): T < Pec A} ={Pe A: T <
P < Ng(T)} C A. By [10, Lemma 2.19(c)] and Lemma (Nz(T), Ar, Ng(T)) is a locality for
Nz(T). If P € Ap then Nz (P) is a group of characteristic p, as P € A and (£, A, S) is a linking
locality. In particular, Ny, 1y (P) = Ny, (p)(T) is a group of characteristic p by Lemma (a).
Hence, (N.(T),Ar,Ng(T)) is a linking locality for Nx(T'). Hence, by Proposition 4, we have
Ne(T) = Ny, (1)(Q) for Q = Op(N£(T)). As Q € A by assumption, @ € Az and so Ng(T) is a
linking locality for Nz(T) with a normal object. Thus, N, (T') is a group of characteristic p and,
using Lemma [5.2) with Nz (T") and @ in place of £ and P, we conclude that N, (T) is a model for
N£(T). O

Theorem 6.2. Let A and AT be collections of subgroups of S which are both closed under F-
congugation and with respect to overgroups. Suppose that F© C A C AT C F5, and let (L, A, S)
be a linking locality over F.

(a) There exists a linking locality (LT, A%, S) such that L is the restriction L1|a of LT to
A and Fs(LT) = F. The inclusion of nerves |T(L,A)] C |T(LY,AT)| is a homotopy
equivalence. N

(b) If (L*, A", S) is another linking locality for F with object set A" and B : L — LT|a is
a rigid isomorphism, then 3 extends to a rigid isomorphism LT — L£t. Soin particular,
LT is unique up to an isomorphism that restricts to the identity on L.

(c) If AT\A is a single F-conjugacy class then Nz(R) = N+ (R) for every R € AT\A which

18 fully F-normalized.
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Proof of Theorem[6.4 We may assume A # A*T. Choose T' € AT\A such that T is maximal
with respect to inclusion. Since AT is closed under taking overgroups, it follows that every proper
overgroup of T is in A. Therefore, as A is closed under F-conjugation, every proper overgroup of
an F-conjugate of T is in A. Hence, A UT7 is closed under taking overgroups. By construction,
this set is closed under taking F-conjugates. Furthermore, AUTS C A*, as AT is closed under
taking F-conjugates. Now by induction on |AT\A|, we may assume AT = A UT7. Replacing T
by a suitable F-conjugate, we may assume T € F/. As F* C Aand T € A, T ¢ F"°. Then by
Lemma T < Op(N#(T)) and thus O,(N£(T)) € A, as every proper overgroup of T is in A.
Hence, by Lemma M := N (T) is a subgroup of £ which is a model for Nz(T"). Now clearly
properties (1)-(4) of [10, Hypothesis 5.3] hold. By Theorem [2.1{(b), O,(M) = O,(N£z(T)) € A. So
setting Ap := {P € A: T < P}, the locality La, (M) introduced in [I0, Example/Lemma 2.10]
is just the group M and A = idys can be considered as a rigid isomorphism Nz (T') — La,.(M).
So Hypothesis 5.3 in [10] is fulfilled. So by [10, Theorem 5.14], there exists a locality (LT, AT, S9)
such that £ is the restriction LT |a of LT to A and Fs(£1) = F. Furthermore, £* can be taken
to be the locality £1(\) constructed in [I0]. So the first part of (a) holds. To prove (b) let
(LT, A, S) be another linking locality for F with object set A* and let 8 : £ — LT|a be a
rigid isomorphism. Then L= ENﬂ A is a linking locality as well and has thus the same properties
we proved above for £. In particular, Nz(T') is a subgroup of £ which is a model for N (7).
Then Br = By : M — Nz(T) will be an isomorphism of groups which restricts to the identity on
Ng(T), as 8 is a rigid isomorphism. As (£+, AT, S) is a linking locality and T € AT NF/, Nz (T)
is a model for Nz(T) by Lemma Clearly, N;(T) € Nz (T) and thus Nz(T') = Nz, (T) by
Theorem (a). Hence, 7 is also a group isomorphism M — Nz, (T') which restrict to the
identity on Ng(7T'). So by [10, Theorem 5.15(a)] applied with LT in place of £* and Br in place
of u, there exists a rigid isomorphism 57 : LT(\) — LT which restricts to the identity on £. This
proves (b). Since our choice of T was arbitrary, the arguments above give that N, (R) is a model
for Nz(R) for any R € TF N F! and thus N,+(T) = Nz(R). This proves (c).

It remains to prove the statement in part (a) about the nerves of the transporter systems.
Note that T(£, A) is the full subcategory of T(L*, A*) with object set A. As Auty(p+ a+)(P) =
Np+ (P) for every P € At Pis T(LT, A")-radical in the sense defined in [17, p. 1015], if and only
if P is £*-radical in the sense defined above. Hence, by Lemmal5.3] the 7(£*+, A)-radical elements
of AT are precisely the elements of F"¢. As by assumption, F< C A, it follows T(£*,AT)" C
T(L,A). Hence, by [I7, Lemma 4.8], the inclusion of nerves |7 (£, A)| C |[T(LT,A™T)| is a homo-
topy equivalence. O

Proof of Theorem [4] By Lemma the set F* is closed under taking F-conjugates and over-
groups. Hence, it is sufficient to prove (a). Let Ag be the set of overgroups of the elements of F"¢
in . Then Ay is closed under taking F-conjugates, as F'¢ is closed under taking F-conjugates.

Step 1: We show that, up to a rigid isomorphism, there exists a unique linking locality (Lo, Ao, S)
for F and the nerve of 7 (L, A) is homotopy equivalent to the nerve of a centric linking system.
Note first that by Remark[I] a centric linking system for F in the sense of [10] is a linking locality
(L, A*,S) for F with A* = F¢. Furthermore, by [10], a centric linking system £* for F exists and
is unique up to a rigid isomorphism. Then clearly, £y := L*|a, is a linking locality. Suppose we are
given another linking locality (Lo, Ao, S) for F. Then by Theorem there exists a centric linking
system L* for F with £*|a, = Lo. Moreover, |T(L*,A)| ~ |T (Lo, Ag)|. Since centric linking
systems are unique up to a rigid isomorphism, there exists then a rigid isomorphism A : £* — L*.
Clearly, A restricts to a rigid isomorphism £y — Ly. By [10, Proposition A.3(b)], every rigid
isomorphism of localities leads to an isomorphism between the corresponding transporter systems.

In particular, |T(£*, A%)| 2 |[T(£*, A)| = [T (Lo, Ao)| 2= T (Lo, Ao
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Step 2: We complete the proof by showing that, up to a rigid isomorphism, there exists a unique
linking locality (£, A,S) and |7 (£, A)| is homotopy equivalent to the nerve of a centric linking
system. Note that F¢ C Ag C A C F*. By Step 1 there is a linking locality (Lo, Ag, S) which is
unique up to rigid isomorphism and |7 (Lo, Ap)| is homotopy equivalent to the nerve of a centric
linking system. By Theorem [6 . there exists a linking locality (£, A, S) for F with L|a, = Lo
and [T(L£,A)] = |T(Lo,Ag)| is homotopy equivalent to the nerve of a centric linking system.
Moreover, for every linking locality (L,A,S), any rigid isomorphism Lo — L| A, extends to a
rigid isomorphism £ — L. Let (£, A, S) be a linking locality. Note that (Z] Ao, Do, 5) is a linking
locality. So by the uniqueness of Lg, there exists a rigid isomorphism v : Ly — E\AO This extends
to a rigid isomorphism £ — L proving that £ is unique up to a rigid isomorphism. O

7. PARTIAL NORMAL SUBGROUPS

Lemma 7.1. Let (£, A, S) be a locality and N a partial normal subgroup of L. Let Q € A. Then
there exists * € N such that Ns(Q) < S, and Np(Q") € Syl,(Ny(Q%))-

Proof. By [6, 1.2.6(c)], there exists g € £ such that Ng(Q) < S, and Q9 € F/. Then by
[10, Proposition 2.18(c)], Ns(Q7) € Syl,(N£(Q7)). As N(Q7) is a subgroup of £ with normal
subgroup Ny (Q7), it follows N7 (Q7) = Ns(Q7) N Nar(QY) € Syl (Ny(Q7)). Take f € L and
R € A such that (g,5;) T (f,R) and f is {-maximal, where the relation 1 is defined as in [10,
Definition 4.3]. Then by [10, Proposition 4.5, Lemma 4.6], there exists x € N such that g = zf,
Sy < S,y and Np(Q®) € SylL,(Nar(Q%)). Then Ng(Q) < Sy = Siz5) < Si and the assertion
holds. (]

Proposition 7.2. Suppose (L, A, S) is a linking locality for F. Let N be a partial normal subgroup
of L and T =N NS. Assume that R is a subgroup of Cs(T) which is weakly closed in F. Then
the following are equivalent:

(1) Nu(T) € Ce(RNT).

(2) Nn(T) € CL(R).

(3) N C Cr(R).

Proof. Set T := N'NS. Assume first that (1) holds. By [11, Lemma 3.5], Nar(T') € Nz(T'Cs(T))
In particular, Nas(T') is a subgroup of £. As R is weakly closed in F, R is normal in Nz (TCs(T)).
Clearly, [Cs(T), Nar(T)] < NN (TCs(T)) = T and thus [R,Ny(T)] < RNT. So by (1),
[R,OP(Nn(T))] = 1. As R < Cg(T) and T € Syl,,(Na(T)), it follows N (T') = OP(Nar(T))T C
Cr(R) and (2) holds. Clearly, (3) implies (1), so it remains only to prove that (2) implies (3).

Suppose (2) holds and that N Z Cz(R). Choose n € N such that n &€ Cz(R) and P := S, is
of maximal order subject to this property. We proceed in two steps.

Step 1: We show that Na/(Q) € C(R) for all @ € A with |Q| > |P| and N7 (Q) € Syl,(Nar(Q)).
Assuming this is wrong we choose a counterexample Q). Then |@Q| = | P| because of the maximality
of P. Set G := N;(Q) and notice that N := Nxr(Q) is a normal subgroup of G. As Np(Q) €
Syl,(N), we have Op(N) < Np(Q). As N < Na(QOp(N)), the maximality of |Q] = |P]| yields
Op(N) < Q. As Qo :=QNT =QNN <N, it follows Qo = O,(N). Since (L, A, S) is a linking
locality, G = N(Q) is of characteristic p. So by Lemma [2.2b), N has characteristic p and thus
Cn(Qo) < Qo. Hence, [Neg(@y)(Q), N] < Cn(Qo) < Qo and QN (q,)(Q) is normalized by N.
The maximality of |Q[ = | P| yields now N (,)(Q) < Q. As QCs(Qo) is a p-group, this implies
Cs(Qo) < Q. In particular, R < Cg(T") < Cs(Qo) < Q. As R is weakly closed in F, it follows that
R4G. By assumption [R,T] = 1 and N7(Q) € Syl,(N) yielding [R, OY (N)] = [R, (Np(Q)M)] = 1.
If T'< @ then, as T is strongly closed, N < Ny (T) C Cr(R), contradicting (2). Thus T'" £ Q
and, as T'Q is a p-group, we have Np(Q) £ Q. Thus, by the maximality of |Q|, Ny(Np(Q)) C
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Ny (N7(Q)Q) C Cr(R). By a Frattini argument, N = O (N)Ny (N7 (Q)) < Cg(R) C Cr(R).
This contradicts our assumption and thus completes Step 1.

Step 2: We derive the final contradiction. By Lemma there exists x € A such that Ng(P™) <
Sy and Np(P™) € Syl,(Ny(P™)). If T' < P then n € Ny (T) C Cr(R) contradicting the
choice of n. Hence, T" £ P and T' £ P". In particular, Ng(P") £ P"™ and the maximality
of |P| = |P"| yields that © € Cg(R). By [10, Lemma 2.7], conjugation with nz induces a
group isomorphism from N, (P) to Ng(P™") and so Np(P)™ is a p-subgroup of Ny /(P™). As
Nr(P"®) € Syl,(Ny(P"®)), there exists y € Ny (P"®) such that Np(P)"™ = (Np(P)"*)Y <
Np(P™). As T £ P, Np(P) £ P. Moreover, Np(P)P < Spgy. Hence, the maximality of
|P| yields nzy € Cr(R). By Step 1, y € Ny (P™) C Cg(R). Similar as in the proof of [10,
Lemma 2.19(a)], one sees that C(R) is a partial subgroup of £. As (n,z,y,y~ ') € D via P, it
follows that nx = (nz)(yy~') = (nxy)y~' € Cz(R). Similarly, as x € Cz(R) and (n,z,27 ') € D
via P, n = n(zx™1) = (nz)z~! € C,(R). This contradicts the choice of n and gives thus the final
contradiction. O

Proof of Proposition[3 Clearly, Cs(N) C Cg(€). So it is sufficient to show that R := Cg(&) is
contained in Cs(N), or equivalently, N' C C(R). By [3l, (6.7)(1)], R is strongly closed in F and
thus weakly closed in F. Furthermore, R < Cg(T). As € C Cx(R), cp|rnr is the identity for
every n € Nar(T), i.e. Na(T) € Cz(R). Hence, by Lemma([7.2] R < Cg(N). O

Remark 7.3. Our arguments show actually that in the situation of Proposition [3] the subgroup
Cs(€) = Cs(N) is the largest subgroup of Cg(T') weakly closed in F such that Ny (T) C Ce(RN
T). Similarly, it is the largest subgroup of Cg(7T) strongly closed in F such that Na(T) C
Ce(RNT).

8. FINAL REMARKS

Remark 8.1. Many results in the MSS-programme are proved not only for groups of local char-
acteristic p, but more generally for groups of parabolic characteristic p. These are finite groups
where every p-local subgroup containing a Sylow p-subgroup is of characteristic p. We say sim-
ilarly that F is of parabolic characteristic p if the normalizer of every normal subgroup of S is
constrained. In a unifying approach to classify groups and fusion systems of parabolic characteris-
tic p, one would classify linking localities (£, A, S) such that every normal subgroup of S is in A.
It should be pointed out though that, to our knowledge, for a group of parabolic characteristic p,
the subcentric linking locality cannot be so easily constructed directly from the group anymore.
Generally, given a finite group G with S € Syl,(G), and a set A of subcentric subgroups closed
under Fg(G)-conjugation and with respect to overgroups, the locality (La(G), A, S) is not nec-
essarily a linking locality. However, if A C Fg(G)?, then for any P € A, the centralizer C(P)
splits as the direct product of a p-group with the p’-group O, (Cz(P)) by Lemma c). So the
linking locality for Fg(G) with object set A can be obtained from LA (G) by “factoring out” the
p/-elements in the centralizers of elements of A as rigorously developed in [I0, Theorem 4.8]. So
one can always construct the centric or quasicentric linking locality of Fg(G) from the group G,
and then expand it to a subcentric linking locality via Theorem If G is of parabolic char-
acteristic p then, for any normal subgroup P of S, the group O,(Ng(P)) is centric in Fg(G), so
Ng(P) < Ng(Op(Ng(P))) can be seen inside the centric linking locality. Similarly, this holds for
any other subgroup P < S whose normalizer in G is of characteristic p, provided O,(Ng(P)) < S.
Thus, still a lot of local information about G can be deduced from the subcentric linking locality
for F5(G).

Remark 8.2. Let (£, A, S) be a linking locality for  and R <F. By Proposition 4} £ = N.(R).
In particular, R is a partial normal subgroup of £ and we can form the quotient locality (L, ZE )
as introduced in [I1] with £ = L/R, S = S/Rand A = {P: P € A}. We have then F/R = Fg(L).
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Proof. For g € L, we have R < S, and the map S; — S induced by ¢;: S; — S is the same as
the map 579 — S induced by g, since the natural projection £ — £ is a homomorphism of partial
groups. On the other hand, if f € £, then we can choose the preimage f € £ to be 1-maximal
with respect to the partial normal subgroup R. As seen in the proof of [I1, Proposition 4.2],
then Sﬁc = gf, and again the map cy: 57]0 — S is the same as the one induced by the map
Cy: S f— S. O

Note that, in general, the locality (£, A,S) above does not need to be a linking locality. This
is however the case for central subgroups.

Remark 8.3. Let (£, A, S) be a linking locality for F with A = F*or A = F4, and Z < Z(F). By
Proposition |4, £ = C(Z). Form the quotient locality (£, A, S) for F/Z as in Remark Then
A = (F/R)* if A = F* and A = (F/R)? if A = F7 by Proposition [1{b) and [8, Lemma 6.4(b)].
Moreover, for P € A, Nz(P) = N.(P)/Z is of characteristic p by Lemma So (L£,A,S) is a
linking locality for F/Z.

Remark 8.4. Let (£, A, S) be a subcentric linking locality for F. Fix Q € F and K < Autz(Q)
such that @ is fully K-normalized. Set NX(Q) := {f € Nz(Q): ¢flg € K}. Let Ag :== NE(Q)*
and Ly :== {f € NEK(Q): Sy n NE(Q) € A¢}. Let Dy be the set of words (fi,...,f,) in Lo
such that there exists Py, Pi,..., P, € Ag with sz_zl = P, for i = 1,...,n. By Proposition c),
PQecFffori=0,...,n,50 (f1,...,fn) €D via P,Q, PQ,..., P,Q. Hence, Dy C D. Then we
can turn Ly into a partial group where the product is the restriction of the product in £ to Dy.
From the way we constructed Ly, it is immediate that (Lo, Ao, N g (Q)) is a locality. Moreover,
the inclusion map B: Lo — L is a homomorphism of partial groups as Dy € D. One easily sees
that NE(Q) = FNE@Q) (NX(Q)) and then NE(Q) = FNE@Q) (Lo) by Alperin’s fusion theorem.
Since L is a linking locality, for every P € Ay, G := N(PQ) is a group of characteristic p.
Hence, Ng,(P) = N (Q) N Ng(P) = Ng(P) N NE(Q) 2 Na(P) N N(Q) = Nygq)(P) is of
characteristic p by Lemma Hence, (Lo, Ao, NE(Q)) is a linking locality for NX(Q) and the
inclusion map 8: Lo — L can be thought of as an inclusion map of linking localities. It induces
a functor T (Lo, Ag) — T(L,A) between the linking systems which sends an object P € Ag to
PQ € A, and a morphism (f, P1, P») to (f, P1Q, P>Q). A similar construction works for centric
and quasicentric linking localities.

Remark 8.5. Assume the hypothesis of Proposition [3| and assume Ag = F?%. Set Ag := £° and
No:={f eN:S5;NT € Ap}. By Theorem [B] and Proposition [3| we have PCs(N') € A for all
P € Ay. Let Dy be the set of words (f1,..., fn) in Ny such that there exist Pp,..., P, € Ag
with Pijzl = P, for i = 1,...,n. As P.Cs(N) € A for i = 0,...,n and each f; centralizes
Cs(N), it follows that (f1,...,fn) € D via PhCs(N),..., P,Cs(N). So Dy C D. Let Ny be
the partial group whose product is the restriction of the product on £ to Dg. Then (N, Ao, T)
is a locality. By Alperin’s fusion theorem, Fr(Ny) = Fr(N) = €. Moreover, as L is a linking
locality, for any P € Ag, Nz(PCs(N)) is of characteristic p and thus Ny, (P) = Ny (P) =
NNONn,(pcs(n)) (P) NN, (pcgv)) (P) is of characteristic p by Lemma Therefore, (No, Ao, T)
is a linking locality for £. As Dy C D, the inclusion map Ny — L is a homomorphism of partial
groups. It induces a functor T (Ny, Ag) — T(L£,A) between the linking systems. This functor
sends an object P € Ay to PCg(N) and a morphism (f, P1, ) to (f, PLCs(N), P.Cs(N)). By
iterating this procedure, one can similarly obtain subnormal inclusions of linking localities and
linking systems.
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