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Abstract

Permeability is the most crucial property of coal in relation to coalbed methane (CBM) production 

and CO2 sequestration. Due to coal’s anisotropic structure and mechanical properties, its 

permeability exhibits strong anisotropy. The main factors controlling coal permeability evolution 

are effective stress, anisotropic swelling/shrinkage near fracture surfaces (internal 

swelling/shrinkage), and gas rarefaction effects. Combined impacts of the above mechanisms make 

coal permeability evolution complex and difficult to predict. In this study, we establish a full 

anisotropic coal permeability model incorporating stress sensitivity, anisotropic internal 

swelling/shrinkage, and gas rarefaction effects. Specifically, a mechanical-property-based internal 

swelling model is established to link up anisotropic internal swelling/shrinkage with mechanical 

anisotropy, using the energy balance theory. A Knudsen-number-based model is utilized to describe 

Page 1 of 44

ACS Paragon Plus Environment

Energy & Fuels

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

mailto:jie.zeng@swpu.edu.cn
mailto:guojianchun@vip.163.com


2

gas rarefactions effects. The comparison with coal anisotropic swelling data and anisotropic 

permeability evolution data demonstrates permeability model’s reliability. Results show that 

anisotropic internal swelling/shrinkage mainly determines the overall shape of permeability curves, 

the evolution trend, the range of permeability change in all directions, and the anisotropy level 

during evolution. It partially or totally offsets the permeability change caused by effective stress 

variation under certain stress conditions. Effective stress variation starts to dominate permeability 

evolution when the variation exceeds a certain value. Permeability increment/reduction caused by 

gas rarefaction phenomenon enhancement/weakening is dependent on fracture (pore) pressure and 

aperture but its influence on permeability is not as strong as that of anisotropic internal 

swelling/shrinkage. Anisotropic internal swelling/shrinkage and the gas rarefaction phenomenon 

show a synergistic influence on anisotropic permeability evolution with fracture (pore) pressure 

changing. The permeability model is applicable for different permeability measurement conditions. 

1. Introduction

The performance of CBM production and long-term CO2 geological sequestration in coalbeds is 

heavily dependent on coal permeability  [1,2]. Coal is generally anisotropic and consists of three sets 

of main flow channels, videlicet, face cleats, butt cleats, and bedding planes [3]. Therefore, coal 

permeability shows strong anisotropy [4]. Unlike conventional gas reservoirs, the large internal 

surface area provides sufficient place for gas adsorption [5]. Gas adsorption/desorption causes a 

surface energy change which leads to coal matrix and bulk rock swelling/shrinkage [6]. The 

magnitudes of swelling/shrinkage in different directions can be substantially different (anisotropic 

swelling/shrinkage) [6–8]. When gas flows through coal, gas pressure variation (effective stress 

variation) changes the fracture (cleat) aperture, resulting in permeability evolution [9,10]. Meanwhile, 

gas adsorption/desorption induces swelling/shrinkage of coal matrices near the fracture (cleat) 

surface (internal surface), which narrows/opens the fractures (cleats) and reduces/ increases coal 

permeability [9–11]. This swelling/shrinkage phenomenon is called internal swelling/shrinkage and is 
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regarded as a key factor affecting coal permeability evolution [6,9]. In addition, the impact of the gas 

rarefaction phenomenon (gas slippage) on permeability has been widely observed in different 

experiments [12–16]. For the small flow channels within coal, the permeability is also influenced by 

gas rarefaction effects [13,14,17,18], which lead to invalid classical permeability effective stress laws 

[19]. Due to the aforementioned factors, it is challenging to accurately describe anisotropic coal 

permeability evolution in the process of gas injection/extraction under the combined effects of 

effective stress, anisotropic internal swelling/shrinkage, and the gas rarefaction phenomenon. 

In the literature, a variety of coal permeability models have been established. These models 

involve key parameters that describe coal properties, including Young’s modulus, Poisson’s ratio, 

adsorption and swelling strain constants, and compressibility [20]. However, the majority of coal 

permeability models did not incorporate the anisotropic nature of coal. As for anisotropic coal 

permeability models, Table 1 summarizes some typical ones and the permeability evolution 

mechanisms they considered. Wu et al. [21] developed directional permeability-strain relations and 

found that coal permeability is dominated by boundary conditions, fracture distributions, and 

matrix-fracture interactions. That coal cleat permeability model considers anisotropic effective 

strains with the impact of matrix swelling/shrinkage, but ignores anisotropic swelling and gas 

rarefaction effects. To understand the link between coal permeability variation and directional 

strains, Liu et al. [22] used a modulus reduction ratio which is the ratio of the coal bulk elastic 

modulus to coal matrix modulus. In that permeability model, the effective strains are anisotropic, 

but the swelling strains in different directions are identical (1/3 of the volumetric swelling strain). 

Pan and Connell [6] added anisotropic swelling into the Shi and Durucan permeability relationship [5] 

and proposed direction permeability models. Their work incorporates anisotropic swelling and 

structural anisotropy. Nevertheless, the permeability model is derived under simplified conditions 

and requires further improvement when coal mechanical properties and swelling in the two 

horizontal directions are not identical. Wang et al. [8] incorporated directional compaction, 
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directional swelling, and high-velocity non-Darcy flow to investigate gas extraction in coal seams. 

In their model, the Langmuir equation is extended to depict anisotropic swelling strains. However, 

they simply used three sets of independent Langmuir pressure and swelling strain constants to 

quantify anisotropic swelling without including matrix’s anisotropic mechanical properties. This 

may not be theoretically appropriate, and the model can be treated as an empirical one. Then, Wang 

et al. [23] derived an anisotropic coal permeability model with consideration of anisotropic 

mechanical properties and gas-sorption-induced anisotropic internal swelling. That model 

incorporates matrix anisotropic swelling’s contribution to fracture (cleat) aperture modification 

(anisotropic internal swelling) and is suitable for different boundary conditions. However, they still 

used three sets of independent Langmuir pressure and swelling strain constants to describe 

anisotropic swelling and ignored possible gas rarefaction effects. Later, Moore et al. [24] formalized 

a transversely isotropic coal permeability model for vertically cleated coal rocks. Five elastic 

stiffness parameters (two Young’s moduli and three Poisson’s ratios) were used in their model. That 

model ignores anisotropic swelling and gas rarefaction effects. In the same year, An et al. [2] 

presented an anisotropic permeability model that employs adsorbed-gas mass and anisotropic 

Young’s moduli to calculate anisotropic swelling strains. The way they simulate directional 

swelling is more reasonable compared with those merely using three sets of independent Langmuir 

parameters, but internal swelling and gas rarefaction effects are still not included. Then, Zhang et al. 

[25] established an anisotropic permeability model that couples stress evolution, gas 

adsorption/desorption, and microfracture propagation. They did not link up anisotropy swelling 

behavior with anisotropic mechanical properties. To investigate the role of anisotropy in 

permeability evolution, Wang et al. [10] derived analytical pressure-permeability expressions based 

on a coal representative element under oedometric and isochoric conditions. That model uses 

isotropic adsorption stress and anisotropic stiffness coefficients to simulate anisotropic swelling but 

is only applicable for specific conditions. Gas rarefaction effects are also neglected. More recently, 
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Li et al. [26] proposed an anisotropic coal permeability model considering combined effects of 

effective stress variation and gas slippage. As for gas slippage, they used a slip factor similar to 

Klinkenberg’s model [27]. However, the slip-factor correction for gas slippage is not as accurate as 

the Beskok-Karniadakis model [28] suitable for the full-range gas rarefied flow. 

Table 1 Typical anisotropic coal permeability models and their features

Models Model description Factors affecting permeability 
evolution

Wu et al. (2010) [21]
An anisotropic cleat permeability model 
involving stress sensitivity and matrix 
swelling/shrinkage

Stress sensitivity and matrix 
swelling/shrinkage

Liu et al. (2010) [22]
An anisotropic model linking the 
permeability change to directional strains 
through an elastic modulus reduction ratio 

Stress sensitivity and 
anisotropic effective strains 
(isotropic swelling strains)

Pan and Connell 
(2011) [6]

An anisotropic permeability expression 
considering anisotropic swelling under 
simplified conditions 

Stress sensitivity and 
anisotropic swelling (under 
simplified conditions) 

Wang et al. (2013) 
[8]

An anisotropic permeability model 
involving non-Darcy flow and anisotropic 
swelling depicted by three sets of 
Langmuir pressure and swelling strain 
constants

Stress sensitivity, non-Darcy 
flow, and anisotropic swelling 
(described by three sets of 
independent Langmuir 
parameters)

Wang et al. (2014) 
[23]

A general anisotropic permeability model 
involving anisotropic internal swelling 
depicted by three sets of Langmuir 
pressure and swelling strain constants

Stress sensitivity, anisotropic 
internal swelling (described by 
three sets of independent 
Langmuir parameters), and 
different boundary conditions 

Moore et al. (2015) 
[24]

A transversely isotropic coal permeability 
model

Stress sensitivity and matrix 
swelling (under transversely 
isotropic conditions)

An et al. (2015) [2]

An anisotropic permeability model using 
adsorbed-gas mass and anisotropic 
Young’s moduli to calculate anisotropic 
swelling strains

Stress sensitivity and 
anisotropic swelling (described 
by adsorbed-gas mass and 
anisotropic Young’s moduli)

Zhang et al. (2017) 
[25]

An anisotropic permeability model 
considering microfracture-propagation-
induced strain variation and anisotropic 
internal swelling

Stress sensitivity, 
microfracture-propagation-
induced strain variation, and 
sorption-induced anisotropic 
internal swelling (described by 
three sets of independent 
Langmuir parameters)

Wang et al. (2018) An anisotropic permeability model using 
an isotropic adsorption stress and 

Stress sensitivity and 
anisotropic swelling under 
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[10] anisotropic stiffness coefficients to 
simulate anisotropic swelling under 
specific conditions

oedometric and isochoric 
conditions

Li et al. (2021) [26]
An anisotropic permeability model 
involving combined effects of effective 
stress variation and gas slippage

Stress sensitivity and gas 
slippage

From the above literature review, one can find that these models may be versatile enough for 

characterizing anisotropic coal permeability evolution under certain conditions. However, most 

existing models ignored gas rarefaction effects and anisotropic internal swelling/shrinkage or did 

not appropriately describe anisotropic internal swelling/shrinkage. In this research, we propose a 

generic anisotropic coal permeability model with a particular emphasis on accurately and 

appropriately describing anisotropic internal swelling/shrinkage and gas rarefaction effects. A new 

mechanical-property-based anisotropic internal swelling model is established to link anisotropic 

internal swelling/shrinkage behavior with mechanical anisotropy based on the energy balance 

theory and a modified sugar-cube conceptual coal model. The gas rarefaction phenomenon is 

depicted by a Knudsen-number-based model. The anisotropic swelling model is validated by 

comparing with coal anisotropic swelling data. The proposed permeability model is verified against 

anisotropic permeability evolution data collected under constant fracture (cleat) pressure and 

constant confining pressure conditions. It is also suitable for constant effective stress conditions. 

Finally, the verified permeability model is applied to analyze the roles of matrix directional internal 

swelling/shrinkage and gas rarefaction effects on permeability evolution. 

2. Model development

To derive the anisotropic swelling and permeability models, we apply a structure model modified 

from the classical sugar-cube model [29]. In this section, the conceptual structure used for model 

derivation and the assumptions we made are introduced first. Then, detailed derivation of 

anisotropic internal swelling and permeability models is presented. 
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7

2.1 Conceptual model

 Coal contains two sets of vertical cleats (face and butt cleats) and one set of bedding planes. Such a 

material can be idealized as a modified sugar-cube conceptual model, as shown in Fig. 1. Matrix 

blocks are separated by these fractures (cleats or bedding planes) so that parts of 

sorption/desorption-induced matrix block swelling/shrinkage purely contribute to fracture (cleat) 

aperture variation [30,31]. This effect is called internal swelling/shrinkage (see Fig. 2). The fracture 

aperture is  (m), while the spacing is  (m). Because fracture (cleat) permeability is far larger than 𝑏 𝑎

coal matrix permeability, we follow most researchers’ work and attribute coal permeability to 

fracture (cleat) permeability [31]. Other assumptions we made are as follows: (1) Coal is saturated by 

methane or CO2 under an isothermal condition. The aperture of face cleats, butt cleats, and bedding 

planes is not identical, while the matrix block side-length can be either identical or different. (2) 

The mechanical properties of coal are anisotropic. (3) The total volumetric swelling strain is 

proportional to the amount of adsorbed gas and is described through the Langmuir-type equation[32]. 

The anisotropic swelling/shrinkage process occurs instantaneously with the change of pore (fracture) 

pressure [8]. Note that the fracture (cleat) aperture, spacing, and matrix block size are equivalent 

ones for permeability modeling. Thus, they could be different from the directly measured aperture 

and matrix block size. These flow channels can also represent micro-cleats with very small aperture.
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Fig. 1 Schematic of the fracture system (cleats and bedding planes) and matrix blocks (modified 

from Li et al. [33] and Wang et al. [23] with permission from [33] Elsevier. Copyright 2022 and [23] 

Elsevier. Copyright 2014).

Fig. 2 Schematic of internal swelling/shrinkage near the fracture (cleat) surface (the black area is 

the internal swelling area, while the light gray area is the internal shrinkage area).

2.2 Formulation of the permeability model

Based on the conceptual model of Fig. 1, the flow channel spacing and aperture are defined as , 𝑎𝑓𝑎𝑐𝑒

, , , , and  respectively, where the subscripts represent the corresponding 𝑏𝑓𝑎𝑐𝑒 𝑎𝑏𝑢𝑡𝑡 𝑏𝑏𝑢𝑡𝑡 𝑎𝑏𝑒𝑑 𝑏𝑏𝑒𝑑

flow channel type. Accordingly, the porosity contributed by each fracture (cleat) system is written 

as [23,25]

, (1)𝜙𝑓𝑎𝑐𝑒 =
𝑏𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒

, (2)𝜙𝑏𝑢𝑡𝑡 =
𝑏𝑏𝑢𝑡𝑡

𝑎𝑏𝑢𝑡𝑡

. (3)𝜙𝑏𝑒𝑑 =
𝑏𝑏𝑒𝑑

𝑎𝑏𝑒𝑑

The total porosity contributed by the three fracture (cleat) systems is 

 . (4)𝜙 = 𝜙𝑓𝑎𝑐𝑒 + 𝜙𝑏𝑢𝑡𝑡 + 𝜙𝑏𝑒𝑑

The intrinsic permeability of each fracture (cleat) system can be written as [29,34]
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, (5)𝑘𝑓𝑎𝑐𝑒 =
𝑏2

𝑓𝑎𝑐𝑒

12

, (6)𝑘𝑏𝑢𝑡𝑡 =
𝑏2

𝑏𝑢𝑡𝑡

12

. (7)𝑘𝑏𝑒𝑑 =
𝑏2

𝑏𝑒𝑑

12

Then, the corresponding bulk permeability can be expressed as [29,34]

, (8)𝑘𝑓𝑎𝑐𝑒,𝑏 =
𝑏2

𝑓𝑎𝑐𝑒𝜙𝑓𝑎𝑐𝑒

12 =
𝑏3

𝑓𝑎𝑐𝑒

12𝑎𝑓𝑎𝑐𝑒

, (9)𝑘𝑏𝑢𝑡𝑡,𝑏 =
𝑏2

𝑏𝑢𝑡𝑡𝜙𝑏𝑢𝑡𝑡

12 =
𝑏3

𝑏𝑢𝑡𝑡

12𝑎𝑏𝑢𝑡𝑡

. (10)𝑘𝑏𝑒𝑑,𝑏 =
𝑏2

𝑏𝑒𝑑𝜙𝑏𝑒𝑑

12 =
𝑏3

𝑏𝑒𝑑

12𝑎𝑏𝑒𝑑

Here, a comma followed by subscript b denotes bulk properties. Considering gas rarefaction effects, 

the apparent permeability concept is applied here. According to Beskok and Karniadakis [28], the 

permeability terms in Eqs. 8 to 10 are modified into apparent permeability terms

, (11)𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝 =
𝑏3

𝑓𝑎𝑐𝑒

12𝑎𝑓𝑎𝑐𝑒
𝐶(𝜉𝑓𝑎𝑐𝑒)(1 + 𝜔𝑓𝑎𝑐𝑒𝐾𝑛𝑓𝑎𝑐𝑒)(1 +

6𝐾𝑛𝑓𝑎𝑐𝑒

1 + 𝐾𝑛𝑓𝑎𝑐𝑒)

, (12)𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 =
𝑏3

𝑏𝑢𝑡𝑡

12𝑎𝑏𝑢𝑡𝑡
𝐶(𝜉𝑏𝑢𝑡𝑡)(1 + 𝜔𝑏𝑢𝑡𝑡𝐾𝑛𝑏𝑢𝑡𝑡)(1 +

6𝐾𝑛𝑏𝑢𝑡𝑡

1 + 𝐾𝑛𝑏𝑢𝑡𝑡)

, (13)𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝 =
𝑏3

𝑏𝑒𝑑

12𝑎𝑏𝑒𝑑
𝐶(𝜉𝑏𝑒𝑑)(1 + 𝜔𝑏𝑒𝑑𝐾𝑛𝑏𝑒𝑑)(1 +

6𝐾𝑛𝑏𝑒𝑑

1 + 𝐾𝑛𝑏𝑒𝑑)
where  is the correction factor for a certain cross-sectional area;  is the aspect ratio defined as 𝐶(𝜉) 𝜉

;  is the Knudsen number defined as the ratio of the molecular mean free path ( ) to the 𝑎 𝑏 𝐾𝑛 𝑙𝑚𝑒𝑎𝑛

flow channel aperture ( ) [28]. Here, the mean free path can be calculated as follow [35,36]: 𝑏 𝑙𝑚𝑒𝑎𝑛 =

, where  is the Boltzmann constant ( J/K);  is the temperature 𝐾𝐵𝑇 ( 2𝜋𝑑2
𝑚𝑝) 𝐾𝐵 1.3806 × 10 ―23 𝑇

(K);  is the gas molecule diameter (m); and  is the pore (cleat) pressure (MPa).  is a 𝑑𝑚 𝑝 𝜔

coefficient of the Beskok-Karniadakis model [28]:

. (14)𝜔 =
128

15𝜋2tan ―1(4𝐾𝑛0.4)

The first terms in the right side of Eqs. 11 to 13 are the above-mentioned bulk permeability. By 

Page 9 of 44

ACS Paragon Plus Environment

Energy & Fuels

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



10

adding the gas rarefaction effect and flow channel shape correction term: 𝐶(𝜉)(1 + 𝜔𝐾𝑛)

 [28], they can describe apparent permeability. Because , . Thus, [1 + 6𝐾𝑛 (1 + 𝐾𝑛)] 𝑎 ≫ 𝑏 𝐶(𝜉) ≈ 1

the apparent permeability terms are simplified as

, (15)𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝 =
𝑏3

𝑓𝑎𝑐𝑒

12𝑎𝑓𝑎𝑐𝑒
(1 + 𝜔𝑓𝑎𝑐𝑒𝐾𝑛𝑓𝑎𝑐𝑒)(1 +

6𝐾𝑛𝑓𝑎𝑐𝑒

1 + 𝐾𝑛𝑓𝑎𝑐𝑒)

, (16)𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 =
𝑏3

𝑏𝑢𝑡𝑡

12𝑎𝑏𝑢𝑡𝑡
(1 + 𝜔𝑏𝑢𝑡𝑡𝐾𝑛𝑏𝑢𝑡𝑡)(1 +

6𝐾𝑛𝑏𝑢𝑡𝑡

1 + 𝐾𝑛𝑏𝑢𝑡𝑡)

. (17)𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝 =
𝑏3

𝑏𝑒𝑑

12𝑎𝑏𝑒𝑑
(1 + 𝜔𝑏𝑒𝑑𝐾𝑛𝑏𝑒𝑑)(1 +

6𝐾𝑛𝑏𝑒𝑑

1 + 𝐾𝑛𝑏𝑒𝑑)
The flow channel spacing ratio is very close to one ( ), and its impact on permeability 𝑎 𝑎0 ≈ 1

evolution is negligible compared with that of the porosity ratio [37]. Thus, based on Eqs. 1 to 3 and 

Eqs. 15 to 17, the following apparent permeability expressions are obtained

𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝 = 𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝0( 𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0)
3( 𝑎𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒0)
2 (1 + 𝜔𝑓𝑎𝑐𝑒𝐾𝑛𝑓𝑎𝑐𝑒)(1 +

6𝐾𝑛𝑓𝑎𝑐𝑒
1 + 𝐾𝑛𝑓𝑎𝑐𝑒)

(1 + 𝜔𝑓𝑎𝑐𝑒0𝐾𝑛𝑓𝑎𝑐𝑒0)(1 +
6𝐾𝑛𝑓𝑎𝑐𝑒0

1 + 𝐾𝑛𝑓𝑎𝑐𝑒0) ≈ 𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝0( 𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0)
3

, (18)
(1 + 𝜔𝑓𝑎𝑐𝑒𝐾𝑛𝑓𝑎𝑐𝑒)(1 +

6𝐾𝑛𝑓𝑎𝑐𝑒
1 + 𝐾𝑛𝑓𝑎𝑐𝑒)

(1 + 𝜔𝑓𝑎𝑐𝑒0𝐾𝑛𝑓𝑎𝑐𝑒0)(1 +
6𝐾𝑛𝑓𝑎𝑐𝑒0

1 + 𝐾𝑛𝑓𝑎𝑐𝑒0)

𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 = 𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝0( 𝜙𝑏𝑢𝑡𝑡

𝜙𝑏𝑢𝑡𝑡0)
3( 𝑎𝑏𝑢𝑡𝑡

𝑎𝑏𝑢𝑡𝑡0)
2 (1 + 𝜔𝑏𝑢𝑡𝑡𝐾𝑛𝑏𝑢𝑡𝑡)(1 +

6𝐾𝑛𝑏𝑢𝑡𝑡
1 + 𝐾𝑛𝑏𝑢𝑡𝑡)

(1 + 𝜔𝑏𝑢𝑡𝑡0𝐾𝑛𝑏𝑢𝑡𝑡0)(1 +
6𝐾𝑛𝑏𝑢𝑡𝑡0

1 + 𝐾𝑛𝑏𝑢𝑡𝑡0) ≈ 𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝0( 𝜙𝑏𝑢𝑡𝑡

𝜙𝑏𝑢𝑡𝑡0)
3

, (19)
(1 + 𝜔𝑏𝑢𝑡𝑡𝐾𝑛𝑏𝑢𝑡𝑡)(1 +

6𝐾𝑛𝑏𝑢𝑡𝑡
1 + 𝐾𝑛𝑏𝑢𝑡𝑡)

(1 + 𝜔𝑏𝑢𝑡𝑡0𝐾𝑛𝑏𝑢𝑡𝑡0)(1 +
6𝐾𝑛𝑏𝑢𝑡𝑡0

1 + 𝐾𝑛𝑏𝑢𝑡𝑡0)

𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝 = 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝0( 𝜙𝑏𝑒𝑑

𝜙𝑏𝑒𝑑0)
3( 𝑎𝑏𝑒𝑑

𝑎𝑏𝑒𝑑0)
2 (1 + 𝜔𝑏𝑒𝑑𝐾𝑛𝑏𝑒𝑑)(1 +

6𝐾𝑛𝑏𝑒𝑑
1 + 𝐾𝑛𝑏𝑒𝑑)

(1 + 𝜔𝑏𝑒𝑑0𝐾𝑛𝑏𝑒𝑑0)(1 +
6𝐾𝑛𝑏𝑒𝑑0

1 + 𝐾𝑛𝑏𝑒𝑑0) ≈ 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝0( 𝜙𝑏𝑒𝑑

𝜙𝑏𝑒𝑑0)
3

. (20)
(1 + 𝜔𝑏𝑒𝑑𝐾𝑛𝑏𝑒𝑑)(1 +

6𝐾𝑛𝑏𝑒𝑑
1 + 𝐾𝑛𝑏𝑒𝑑)

(1 + 𝜔𝑏𝑒𝑑0𝐾𝑛𝑏𝑒𝑑0)(1 +
6𝐾𝑛𝑏𝑒𝑑0

1 + 𝐾𝑛𝑏𝑒𝑑0)
As illustrated in Fig. 1, in each direction, there are two sets of fracture (cleat) systems that serve as 

gas flow channels parallelly. Therefore, the directional permeability can be expressed as

, (21)𝑘𝑥 = 𝑐𝑥(𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝 + 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝)
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, (22)𝑘𝑦 = 𝑐𝑦(𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 + 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝)

. (23)𝑘𝑧 = 𝑐𝑧(𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 + 𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝)

Here, , , and  are the connectivity-tortuosity correction coefficients (0~1). For some simple 𝑐𝑥 𝑐𝑦 𝑐𝑧

cases, this correction coefficient is 1, which means the conceptual geometry can directly and 

equivalently represent coal without further considering connectivity or tortuosity. Because the 

initial directional permeability values and tortuosity data are known, one can obtain the following 

group of equations

. (24){𝑘𝑥0 = 𝑐𝑥(𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝0 + 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝0)
𝑘𝑦0 = 𝑐𝑦(𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝0 + 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝0)
𝑘𝑧0 = 𝑐𝑧(𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝0 + 𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝0)

The above equation group can be solved and provides the permeability of each fracture (cleat) 

system

, (25)𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝0 =
𝑘𝑦0 𝑐𝑦 + 𝑘𝑧0 𝑐𝑧 ― 𝑘𝑥0 𝑐𝑥

2

, (26)𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝0 =
𝑘𝑥0 𝑐𝑥 + 𝑘𝑧0 𝑐𝑧 ― 𝑘𝑦0 𝑐𝑦

2

. (27)𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝0 =
𝑘𝑥0 𝑐𝑥 + 𝑘𝑦0 𝑐𝑦 ― 𝑘𝑧0 𝑐𝑧

2

At this stage, the only unknows for permeability calculation are the porosity ratios and the dynamic 

fracture (cleat) aperture. Here, the initial aperture and spacing can be obtained by matching with 

initial apparent permeability [38]. The porosity ratios and fracture (cleat) aperture variation can be 

calculated via the poroelasticity theory. Take the face cleat as an example, the porosity increment is 

given by [23,32,39]

, (28)d𝜙𝑓𝑎𝑐𝑒 = d(𝑏𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒) =
𝑎𝑓𝑎𝑐𝑒d𝑏𝑓𝑎𝑐𝑒 ― 𝑏𝑓𝑎𝑐𝑒d𝑎𝑓𝑎𝑐𝑒

(𝑎𝑓𝑎𝑐𝑒)2 = 𝜙𝑓𝑎𝑐𝑒(d𝑏𝑓𝑎𝑐𝑒

𝑏𝑓𝑎𝑐𝑒
―

d𝑎𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒 )
Extending the poroelasticity theory for isotropic porous media to that for anisotropic porous media 

yields [32]

, (29)
d𝑎𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒
= ― d𝜀𝑦,𝑏 = ―

d𝜎𝑒𝑦

𝐸𝑦,𝑏
+

𝜈𝑥 𝑦,𝑏d𝜎𝑒𝑥

𝐸𝑥,𝑏
+

𝜈𝑧𝑦,𝑏d𝜎𝑒𝑧

𝐸𝑧,𝑏
+ d𝜀𝑏𝑠𝑦

Page 11 of 44

ACS Paragon Plus Environment

Energy & Fuels

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



12

, (30)
d𝑏𝑓𝑎𝑐𝑒

𝑏𝑓𝑎𝑐𝑒
= ― d𝜀𝑦,𝑐 = ―

d𝜎𝑒𝑦

𝐸𝑦,𝑐
+

𝜂𝑥𝑦,𝑐d𝜎𝑒𝑥

𝐸𝑥,𝑐
+

𝜂𝑧𝑦,𝑐d𝜎𝑒𝑧

𝐸𝑧,𝑐
+ d𝜀𝑏𝑠𝑦 + d𝜀𝑓𝑠𝑦

where  ( , y, or z), and the Biot coefficient  is normally assumed to be equal to 𝜎𝑒𝑖 = 𝜎𝑖 ― 𝛼𝑖𝑝 𝑖 = 𝑥 𝛼𝑖

unity for anisotropic models [23]. Here,  is the Young’s modulus (Pa) and  is the Poisson’s ratio. 𝐸 𝜈

In Eqs. 29 and 30, subscript b represents bulk properties; subscript c denotes the fracture (cleat) 

system properties;  is the bulk linear swelling strain in the i direction which simultaneously 𝜀𝑏𝑠𝑖

increases fracture (cleat) aperture and spacing with the same proportion [32]; and  is the 𝜀𝑓𝑠𝑖

corresponding linear swelling strain of fracture systems. Note that  and  in Eq. 30 are two 𝜂𝑥𝑦,𝑐 𝜂𝑧𝑦,𝑐

parameters similar to Poisson’s ratio, but their values can be very small because of matrix-fracture 

(cleat) interaction. Under some limiting conditions, matrix block’s compaction may narrow adjacent 

flow channels. For example, when the vertical effective stress increases, the lateral expansion of 

matrix blocks may narrow the two sets of vertical cleats. Similar to Liu et al. [40], the bulk and 

fracture (cleat) moduli satisfy , where  is a constant. Consequently, Eq. 28 can be 𝐸𝑏 𝐸𝑐 = 𝑅𝑐 𝑅𝑐

written as

d𝜙𝑓𝑎𝑐𝑒 = 𝜙𝑓𝑎𝑐𝑒( ―
d𝜎𝑒𝑦

𝐸𝑦,𝑐
+

𝜂𝑥𝑦,𝑐d𝜎𝑒𝑥

𝐸𝑥,𝑐
+

𝜂𝑧𝑦,𝑐d𝜎𝑒𝑧

𝐸𝑧,𝑐
+ d𝜀𝑓𝑠𝑦 +

d𝜎𝑒𝑦

𝐸𝑦,𝑏
―

𝜈𝑥𝑦,𝑏d𝜎𝑒𝑥

𝐸𝑥,𝑏
―

𝜈𝑧𝑦,𝑏d𝜎𝑒𝑧

𝐸𝑧,𝑏 ) = 𝜙𝑓𝑎𝑐𝑒

, (31)[(1 ― 𝑅𝑐)d𝜎𝑒𝑦

𝐸𝑦,𝑏
― (𝜈𝑥𝑦,𝑏 ― 𝜂𝑥𝑦,𝑐𝑅𝑐)d𝜎𝑒𝑥

𝐸𝑥,𝑏
― (𝜈𝑧𝑦,𝑏 ― 𝜂𝑧𝑦,𝑐𝑅𝑐)d𝜎𝑒𝑧

𝐸𝑧,𝑏
+ d𝜀𝑓𝑠𝑦]

where  is the directional linear swelling strain within fractures (cleats) in the y direction and can 𝜀𝑓𝑠𝑦

be converted from the directional matrix linear swelling strain ( ). Anisotropic swelling of coal 𝜀𝑚𝑠𝑦

has been experimentally observed with the injection of adsorbate, such as CO2 and methane [6,7,41]. 

To match with experimental data, some researchers used three sets of Langmuir pressure and 

swelling strain constants in three Langmuir equations to describe the linear swelling strains in the 

three principal directions [8,23,25]. These directional swelling equations are much simpler than those 

of Pan and Connell [6]. However, it may not be theoretically appropriate to use three sets of 

independent Langmuir coefficients for a single material without considering its anisotropic 

mechanical properties. Besides, the Langmuir equation is basically an empirical one for calculating 
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volumetric strains under stress-controlled conditions. Of course, one can use the Langmuir equation 

to calculated the total volumetric strain and divide it into three components to represent the linear 

strains in three directions, but the weighting factor for each component is unknown. In this paper, 

based on the anisotropic mechanical properties of coal, a new anisotropic swelling model is derived 

to calculate directional linear swelling strains. Then, by using the internal swelling factor [30,31], the 

anisotropic swelling model is converted into an anisotropic internal swelling model. Next, detailed 

derivation of the anisotropic internal swelling model is shown. Because shrinkage is an inverse 

process of swelling, this model is also applicable for anisotropic internal shrinkage. The Langmuir 

equation is used to describe the overall sorption-induced matrix volumetric strain[32,42]

, (32)𝜀𝑚𝑠𝑉 = 𝜀𝑚𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

where  is the matrix Langmuir strain constant, and  is the matrix Langmuir pressure (Pa). 𝜀𝑚𝑠 𝑝𝑚𝐿

Considering that the deformation is viewed along the three principal directions and the swelling 

strains are small, the overall sorption-induced volumetric strain can be expressed as the sum of 

sorption-induced linear strains [7]

, (33)𝜀𝑚𝑠𝑉 = 𝜀𝑚𝑠𝑥 + 𝜀𝑚𝑠𝑦 + 𝜀𝑚𝑠𝑧

where , , and  are sorption-induced linear swelling strains in the three directions. For a 𝜀𝑚𝑠𝑥 𝜀𝑚𝑠𝑦 𝜀𝑚𝑠𝑧

porous medium, when surface energy changes by adsorption of gas or other adsorbate, there is a 

consequent dilatation of the body [43]. Thus, there is a strain caused by surface-energy-change-

induced deformation. The elastic energy change is equal to the surface energy change [6,43]. As 

demonstrated in Fig. 1, the void space that separates matrix blocks are cleats or bedding planes. 

Thus, when matrices swell, matrix blocks deform freely towards the void space (fractures or cleats) 

without any external displacement constrains [44]. Matrix block swelling can be treated as free 

swelling. The equivalent mean normal stress caused by swelling under a free swelling condition is 

 Then, matrix sorption-induced linear strains in the three directions are𝜎𝑠.
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, (34)𝜀𝑚𝑠𝑥 =
𝜎𝑠

𝐸𝑥,𝑚
―

𝜈𝑦𝑥,𝑚𝜎𝑠

𝐸𝑦 ,𝑚
―

𝜈𝑧𝑥,𝑚𝜎𝑠

𝐸𝑧,𝑚

, (35)𝜀𝑚𝑠𝑦 =
𝜎𝑠

𝐸𝑦,𝑚
―

𝜈𝑥𝑦,𝑚𝜎𝑠

𝐸𝑥,𝑚
―

𝜈𝑧𝑦,𝑚𝜎𝑠

𝐸𝑧,𝑚

, (36)𝜀𝑚𝑠𝑧 =
𝜎𝑠

𝐸𝑧,𝑚
―

𝜈𝑥𝑧,𝑚𝜎𝑠

𝐸𝑥,𝑚
―

𝜈𝑦𝑧,𝑚𝜎𝑠

𝐸𝑦,𝑚

where the subscript m represents matrix properties. Combining Eqs. 32 to 36 yields

. (37)𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿
= 𝜎𝑠( 1

𝐸𝑥,𝑚
―

𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
―

𝜈𝑧𝑥,𝑚

𝐸𝑧,𝑚
+

1
𝐸𝑦,𝑚

―
𝜈𝑥𝑦,𝑚

𝐸𝑥,𝑚
―

𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚
+

1
𝐸𝑧,𝑚

―
𝜈𝑥𝑧,𝑚

𝐸𝑥,𝑚
―

𝜈𝑦𝑧,𝑚

𝐸𝑦,𝑚)
Note that Poisson’s ratios and Young’s moduli in the above equation satisfy the following 

relationship [20]: , , and . Thus, Eq. 37 becomes
𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
=

𝜈𝑥𝑦,𝑚

𝐸𝑥,𝑚

𝜈𝑧𝑥,𝑚

𝐸𝑧,𝑚
=

𝜈𝑥𝑧,𝑚

𝐸𝑥,𝑚

𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚
=

𝜈𝑦𝑧,𝑚

𝐸𝑦,𝑚

. (38)𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿
= 𝜎𝑠( 1

𝐸𝑥,𝑚
+

1
𝐸𝑦,𝑚

+
1

𝐸𝑧,𝑚
―

2𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
―

2𝜈𝑥𝑧,𝑚

𝐸𝑥,𝑚
―

2𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚 )
Since the directional moduli of matrices and the bulk rock approximately satisfy   [45], 

𝐸𝑥,𝑚

𝐸𝑥,𝑏
=

𝐸𝑦,𝑚

𝐸𝑦,𝑏
=

𝐸𝑧,𝑚

𝐸𝑧,𝑏

and bulk rock Poisson’s ratios are approximated equal to those of matrix blocks, the linear swelling 

strains in the three directions are

𝜀𝑚 𝑠𝑥 = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑥,𝑚

―
𝜈𝑦𝑥,𝑚
𝐸𝑦 ,𝑚

―
𝜈𝑧𝑥,𝑚
𝐸𝑧,𝑚 )

( 1
𝐸𝑥,𝑚

―
𝜈𝑦𝑥,𝑚
𝐸𝑦,𝑚

―
𝜈𝑧𝑥,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑦,𝑚
―

𝜈𝑥𝑦,𝑚
𝐸𝑥,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑧,𝑚
―

𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
𝜈𝑦𝑧,𝑚
𝐸𝑦,𝑚 ) = 𝜀𝑠

𝑝
𝑝 + 𝑝𝑚𝐿

, (39)
( 1

𝐸𝑥,𝑚
―

𝜈𝑦𝑥,𝑚
𝐸𝑦 ,𝑚

―
𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚 )

( 1
𝐸𝑥,𝑚

+
1

𝐸𝑦,𝑚
+

1
𝐸𝑧,𝑚

―
2𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
―

2𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
2𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚 ) = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑥,𝑏

―
𝜈𝑦𝑥,𝑏
𝐸𝑦 ,𝑏

―
𝜈𝑥𝑧,𝑏
𝐸𝑥,𝑏 )

( 1
𝐸𝑥,𝑏

+
1

𝐸𝑦,𝑏
+

1
𝐸𝑧,𝑏

―
2𝜈𝑦𝑥,𝑏

𝐸𝑦,𝑏
―

2𝜈𝑥𝑧,𝑏
𝐸𝑥,𝑏

―
2𝜈𝑧𝑦,𝑏

𝐸𝑧,𝑏 )

𝜀𝑚𝑠𝑦 = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑦,𝑚

―
𝜈𝑥𝑦,𝑚
𝐸𝑥,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚 )

( 1
𝐸𝑥,𝑚

―
𝜈𝑦𝑥,𝑚
𝐸𝑦,𝑚

―
𝜈𝑧𝑥,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑦,𝑚
―

𝜈𝑥𝑦,𝑚
𝐸𝑥,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑧,𝑚
―

𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
𝜈𝑦𝑧,𝑚
𝐸𝑦,𝑚 ) = 𝜀𝑠

𝑝
𝑝 + 𝑝𝑚𝐿

, (40)
( 1

𝐸𝑦,𝑚
―

𝜈𝑦𝑥,𝑚
𝐸𝑦,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚 )

( 1
𝐸𝑥,𝑚

+
1

𝐸𝑦,𝑚
+

1
𝐸𝑧,𝑚

―
2𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
―

2𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
2𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚 ) = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑦,𝑏

―
𝜈𝑦𝑥,𝑏
𝐸𝑦,𝑏

―
𝜈𝑧𝑦,𝑏
𝐸𝑧,𝑏 )

( 1
𝐸𝑥,𝑏

+
1

𝐸𝑦,𝑏
+

1
𝐸𝑧,𝑏

―
2𝜈𝑦𝑥,𝑏

𝐸𝑦,𝑏
―

2𝜈𝑥𝑧,𝑏
𝐸𝑥,𝑏

―
2𝜈𝑧𝑦,𝑏

𝐸𝑧,𝑏 )

𝜀𝑚𝑠𝑧 = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑧,𝑚

―
𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
𝜈𝑦𝑧,𝑚
𝐸𝑦,𝑚 )

( 1
𝐸𝑥,𝑚

―
𝜈𝑦𝑥,𝑚
𝐸𝑦,𝑚

―
𝜈𝑧𝑥,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑦,𝑚
―

𝜈𝑥𝑦,𝑚
𝐸𝑥,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚

+
1

𝐸𝑧,𝑚
―

𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
𝜈𝑦𝑧,𝑚
𝐸𝑦,𝑚 ) = 𝜀𝑠

𝑝
𝑝 + 𝑝𝑚𝐿
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. (41)
( 1

𝐸𝑧,𝑚
―

𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
𝜈𝑧𝑦,𝑚
𝐸𝑧,𝑚 )

( 1
𝐸𝑥,𝑚

+
1

𝐸𝑦,𝑚
+

1
𝐸𝑧,𝑚

―
2𝜈𝑦𝑥,𝑚

𝐸𝑦,𝑚
―

2𝜈𝑥𝑧,𝑚
𝐸𝑥,𝑚

―
2𝜈𝑧𝑦,𝑚

𝐸𝑧,𝑚 ) = 𝜀𝑠
𝑝

𝑝 + 𝑝𝑚𝐿

( 1
𝐸𝑧,𝑏

―
𝜈𝑥𝑧,𝑏
𝐸𝑥,𝑏

―
𝜈𝑧𝑦,𝑏
𝐸𝑧,𝑏 )

( 1
𝐸𝑥,𝑏

+
1

𝐸𝑦,𝑏
+

1
𝐸𝑧,𝑏

―
2𝜈𝑦𝑥,𝑏

𝐸𝑦,𝑏
―

2𝜈𝑥𝑧,𝑏
𝐸𝑥,𝑏

―
2𝜈𝑧𝑦,𝑏

𝐸𝑧,𝑏 )

The above directional linear swelling strains are for matrix blocks. The anisotropic matrix swelling 

strain and the anisotropic fracture (cleat) swelling strain satisfy the following relation according to 

Zhou et al. [46]:

, (42)𝜀𝑓𝑠𝑦 =
∆𝑏𝑓𝑎𝑐𝑒

𝑏𝑓𝑎𝑐𝑒0
= ―

𝑓∆𝐿𝑓𝑎𝑐𝑒𝑠

𝑏𝑓𝑎𝑐𝑒0
= ―

𝑓𝐿𝑓𝑎𝑐𝑒0𝜀𝑚𝑠𝑦

𝑏𝑓𝑎𝑐𝑒0
= ―

𝑓(𝐿𝑓𝑎𝑐𝑒0 𝑎𝑓𝑎𝑐𝑒0)𝜀𝑚𝑠𝑦

(𝑏𝑓𝑎𝑐𝑒0 𝑎𝑓𝑎𝑐𝑒0) = ―
𝑓(1 ― 𝜙𝑓𝑎𝑐𝑒0)𝜀𝑚𝑠𝑦

𝜙𝑓𝑎𝑐𝑒0

where  is the initial side length of the matrix block (m), and  is the sorption-induced 𝐿𝑓𝑎𝑐𝑒0 ∆𝐿𝑓𝑎𝑐𝑒𝑠

matrix size increment (m). Here,  is an internal swelling factor (0 to 1), representing the proportion 𝑓

of matrix-swelling-induced deformation that purely contributes to fracture (cleat) aperture variation 

[30,31,46]. The negative sign indicates that matrix internal swelling narrows the fracture (cleat) 

aperture. Integrating Eq. 31 yields

. (43)
𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0
= exp[(1 ― 𝑅𝑐)∆𝜎𝑒𝑦

𝐸𝑦,𝑏
― (𝜈𝑥𝑦,𝑏 ― 𝜂𝑥𝑦,𝑐𝑅𝑐)∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― (𝜈𝑧𝑦,𝑏 ― 𝜂𝑧𝑦,𝑐𝑅𝑐)∆𝜎𝑒𝑧

𝐸𝑧,𝑏
+ ∆𝜀𝑓𝑠𝑦]

Substituting Eq. 42 into Eq. 43 yields

=
𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0
= exp[(1 ― 𝑅𝑐)∆𝜎𝑒𝑦

𝐸𝑦,𝑏
― (𝜈𝑥𝑦,𝑏 ― 𝜂𝑥𝑦,𝑐𝑅𝑐)∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― (𝜈𝑧𝑦,𝑏 ― 𝜂𝑧𝑦,𝑐𝑅𝑐)∆𝜎𝑒𝑧

𝐸𝑧,𝑏
―

𝑓(1 ― 𝜙𝑓𝑎𝑐𝑒0)
𝜙𝑓𝑎𝑐𝑒0

∆𝜀𝑚𝑠𝑦] exp

. (44)[(1 ― 𝑅𝑐)∆𝜎𝑒𝑦

𝐸𝑦,𝑏
― 𝛽𝑓𝑎𝑐𝑒

∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― γ𝑓𝑎𝑐𝑒

∆𝜎𝑒𝑧

𝐸𝑧,𝑏
―

𝑓(1 ― 𝜙𝑓𝑎𝑐𝑒0)
𝜙𝑓𝑎𝑐𝑒0

∆𝜀𝑚𝑠𝑦]
Here,  and  are two constants obtained from experimental data fitting. Recalling Eq. 1, the face 𝛽 γ

cleat aperture ratio is

. (45)
𝑏𝑓𝑎𝑐𝑒

𝑏𝑓𝑎𝑐𝑒0
=

𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0

𝑎𝑓𝑎𝑐𝑒

𝑎𝑓𝑎𝑐𝑒0
≈

𝜙𝑓𝑎𝑐𝑒

𝜙𝑓𝑎𝑐𝑒0

Similarly, for butt cleats and bedding planes, the porosity ratios and aperture ratios are

𝜙𝑏𝑢𝑡𝑡

𝜙𝑏𝑢𝑡𝑡0
= exp[(1 ― 𝑅𝑐)∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― (𝜈𝑦𝑥,𝑏 ― 𝜂𝑦𝑥,𝑐𝑅𝑐)∆𝜎𝑒𝑦

𝐸𝑦,𝑏
― (𝜈𝑧𝑥,𝑏 ― 𝜂𝑧𝑥,𝑐𝑅𝑐)∆𝜎𝑒𝑧

𝐸𝑧,𝑏
―

𝑓(1 ― 𝜙𝑏𝑢𝑡𝑡0)
𝜙𝑏𝑢𝑡𝑡0

∆𝜀𝑚𝑠𝑥] = exp

, (46)[(1 ― 𝑅𝑐)∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― 𝛽𝑏𝑢𝑡𝑡

∆𝜎𝑒𝑦

𝐸𝑦,𝑏
― γ𝑏𝑢𝑡𝑡

∆𝜎𝑒𝑧

𝐸𝑧,𝑏
―

𝑓(1 ― 𝜙𝑏𝑢𝑡𝑡0)
𝜙𝑏𝑢𝑡𝑡0

∆𝜀𝑚𝑠𝑥]
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𝜙𝑏𝑒𝑑

𝜙𝑏𝑒𝑑0
= exp[(1 ― 𝑅𝑐)∆𝜎𝑒𝑧

𝐸𝑧,𝑏
― (𝜈𝑥𝑧,𝑏 ― 𝜂𝑥𝑧,𝑐𝑅𝑐)∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― (𝜈𝑦𝑧,𝑏 ― 𝜂𝑦𝑧,𝑐𝑅𝑐)∆𝜎𝑒𝑦

𝐸𝑦,𝑏
―

𝑓(1 ― 𝜙𝑏𝑒𝑑0)
𝜙𝑏𝑒𝑑0

∆𝜀𝑚𝑠𝑧] = exp

, (47)[(1 ― 𝑅𝑐)∆𝜎𝑒𝑧

𝐸𝑧,𝑏
― 𝛽𝑏𝑒𝑑

∆𝜎𝑒𝑥

𝐸𝑥,𝑏
― γ𝑏𝑒𝑑

∆𝜎𝑒𝑦

𝐸𝑦,𝑏
―

𝑓(1 ― 𝜙𝑏𝑒𝑑0)
𝜙𝑏𝑒𝑑0

∆𝜀𝑚𝑠𝑧]
, (48)

𝑏𝑏𝑢𝑡𝑡

𝑏𝑏𝑢𝑡𝑡0
=

𝜙𝑏𝑢𝑡𝑡

𝜙𝑏𝑢𝑡𝑡0

𝑎𝑏𝑢𝑡𝑡

𝑎𝑏𝑢𝑡𝑡0
≈

𝜙𝑏𝑢𝑡𝑡

𝜙𝑏𝑢𝑡𝑡0

. (49)
𝑏𝑏𝑒𝑑

𝑏𝑏𝑒𝑑0
=

𝜙𝑏𝑒𝑑

𝜙𝑏𝑒𝑑0

𝑎𝑏𝑒𝑑

𝑎𝑏𝑒𝑑0
≈

𝜙𝑏𝑒𝑑

𝜙𝑏𝑒𝑑0

From Eqs. 44 to 49, the porosity ratios and dynamic fracture (cleat) aperture can be obtained so that 

one can calculate , , and . Consequently, the anisotropic permeability , 𝑘𝑓𝑎𝑐𝑒,𝑏𝑎𝑝𝑝 𝑘𝑏𝑢𝑡𝑡,𝑏𝑎𝑝𝑝 𝑘𝑏𝑒𝑑,𝑏𝑎𝑝𝑝 𝑘𝑥

, and  are obtained.𝑘𝑦 𝑘𝑧

3. Model validation

Both the anisotropic swelling model and the anisotropic permeability model are validated by 

comparing with experimental data. The reliability of the anisotropic swelling model is checked first. 

By combining the internal swelling factor [30,31,46], the anisotropic swelling model can be inserted 

into the new anisotropic permeability model to simulate anisotropic internal swelling/shrinkage. 

Then, the new anisotropic permeability model is verified against anisotropic permeability 

measurement data obtained under constant pore (cleat) pressure conditions (cases 1 and 2) and 

constant confining pressure conditions (cases 3 and 4). Note that it is also applicable to the constant 

effective stress condition ( ) if we substitute this condition into the permeability equation.∆𝜎𝑒 = 0

3.1 Validation of the anisotropic swelling model

Coal swelling data reported in the literature [47] are used for anisotropic swelling model validation. 

The two test pieces were made from an Australian bituminous coal sample [47]. One test piece’s long 

axis is parallel to bedding planes, while the second piece’s long axis is perpendicular to bedding 

planes. The test pieces were degassed before starting swelling strain measurement and injecting 

CO2. During the measurement procedure, the pressure gradually increased to 15 MPa, while the 

temperature was kept constant through water bath [47]. The mechanical and swelling properties used 
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for model validation are:  GPa,  GPa,  GPa, , , 𝐸𝑥,𝑏 = 4.5 𝐸𝑦,𝑏 = 4 𝐸𝑧,𝑏 = 3.5 𝜈𝑥𝑧,𝑏 = 0.3 𝜈𝑦𝑥,𝑏 = 0.25

,  MPa, and . They are selected based on the literature [44,48,49]. Eqs.39 𝜈𝑧𝑦,𝑏 = 0.28 𝑝𝐿 = 3 𝜀𝑠 = 0.025

to 41 are used to calculate swelling strains. Note that the swelling strains parallel to bedding planes 

usually have marginal difference between each other compared with the swelling strain 

perpendicular to bedding planes [7]. Here, the linear swelling strain in the x direction is used to 

represent the swelling strain parallel to bedding planes. The z-direction linear swelling strain is 

utilized to describe the swelling strain perpendicular to bedding. Fig. 3 shows the comparison 

between model’s results and experimental data. A reasonable agreement between model’s 

prediction and laboratory observations has been achieved. The anisotropic swelling model is valid 

for the whole swelling measurement procedure.

Fig. 3 Comparison of anisotropic swelling data [47] and model’s results.

To further check the reliability of the swelling model, swelling data collected from a bituminous 

coal sample from the Hunter Valley, New South Wales, Australia with CO2, methane, and nitrogen 

adsorption respectively [6] were compared with model’s results. The mechanical and swelling 

properties used for model validation are:  GPa,  GPa,  GPa, 𝐸𝑥,𝑏 = 4.5 𝐸𝑦,𝑏 = 4.4 𝐸𝑧,𝑏 = 3.4 𝜈𝑥𝑧,𝑏

, , and . For different types of gas, the mechanical properties are the = 0.32 𝜈𝑦𝑥,𝑏 = 0.26 𝜈𝑧𝑦,𝑏 = 0.29

same, but the Langmuir pressure and the swelling strain constant are different:  MPa and 𝑝𝐿 = 2.8 𝜀𝑠
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 for CO2;  MPa and  for methane; and  MPa and  = 0.025 𝑝𝐿 = 3.4 𝜀𝑠 = 0.0125 𝑝𝐿 = 4 𝜀𝑠 = 0.0055

for nitrogen. This is because the adsorbability of CO2 is the strongest, while nitrogen has the lowest 

adsorbability. The above parameters are reasonable compared with those reported in the literature 

[44,48,49]. Here, the y-direction linear swelling strain represents the swelling strain parallel to bedding, 

while the z-direction linear swelling strain is the swelling strain perpendicular to bedding. As can be 

seen in Figs. 4 and 5, in general, model’s prediction matches well with laboratory data, which 

further confirms the reliability of the anisotropic swelling model.

Fig. 4 Comparison of swelling data parallel to bedding upon CO2, methane, and nitrogen adsorption 

[6] and model’s results.
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Fig. 5 Comparison of swelling data perpendicular to bedding upon CO2, methane, and nitrogen 

adsorption [6] and model’s results.

3.2 Validation of the permeability model under constant average pore (fracture) pressure 

conditions

Permeability measurement data used for anisotropic permeability model validation are also from the 

literature [50]. For case 1 (constant pore pressure), the cubic coal sample was cut from a coal block in 

the northern Bowen Basin, Queensland, and the coal rank is relatively low [50,51]. In the permeability 

measurement procedure, horizontal direction 1 refers to the face cleat direction (x-direction), while 

horizontal direction 2 is the butt cleat direction (y-direction) [50]. Methane was injected as the 

flowing fluid. The conceptual model in Fig. 1 is used as an equivalent structure for the real coal 

sample with more complex and irregular fractures (cleats). The permeability values in the three 

directions were measured at approximately the same pore (fracture) pressure and effective stress. 

Here, cubic matrix blocks are applied, and the permeability differences among different directions 

come from the flow channel aperture, connectivity, and tortuosity. Since no temperature data are 

available, room temperature (20 ℃) is used here. Within the range of common room temperature 
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values, the change of temperature has no noticeable influence on permeability [38]. The basic 

parameters of the permeability model are [44,48,50,52,53]:  GPa,  GPa,  𝐸𝑥,𝑏 = 3.6 𝐸𝑦,𝑏 = 3.2 𝐸𝑧,𝑏 = 2.9

GPa, , , , , , and  MPa. Other 𝜈𝑦𝑥,𝑏 = 0.31 𝜈𝑧𝑦,𝑏 = 0.35 𝜈𝑥𝑧,𝑏 = 0.33 𝑅𝐶 = 300 𝜀𝑠 = 0.04 𝑝𝑚𝐿 = 3

parameters used in the model are shown in Fig. 6 and are reasonable compared with those in the 

literature (flow channel aperture [54–56], the tortuosity correction coefficient [56], and the internal 

swelling factor [31]). The initial flow channel aperture and spacing are determined by matching with 

initially measured permeability data [50]. These flow channels are equivalent flow channels 

representing the complex fracture (cleat) system of the sample. Fig. 6 shows that model’s results are 

in good agreement with measured permeability data. The model successfully replicates the 

permeability evolution behavior in all three directions. Measured permeability in the three 

directions changes from 0.09 mD to 1.9 mD and exhibits strong anisotropy. As expected, 

permeability decreases with the increase of effective stress in all three directions. Permeability in 

horizontal direction 1 (x-direction) is noticeably higher than that in horizontal direction 2 (y-

direction). Normally, horizontal permeability is larger than vertical permeability [57]. Interestingly, 

the vertical permeability here is larger than the permeability in horizontal direction 2. The reason is 

that the cleats in the vertical direction are better connected compared with those in horizontal 

direction 2, which is evidenced by micro-CT images of the sample [50]. 
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Fig. 6 Comparison between model’s results and permeability measurement data from Tan et al. 

[50] at fixed average pore (fracture) pressure.

In the second case (case 2), the literature-reported permeability data of a low-rank coal sample 

(sample LY3) collected from the Fukang mining area in the Junggar Basin, China [58], are used to 

verify the permeability model. Similar to the previous case, the x-direction is the face cleat direction, 

the y-direction is for the butt cleat direction, and the z-direction refers to the direction perpendicular 

to bedding. During the permeability measurement process, helium was injected as the testing gas 

under a constant temperature condition (35℃) [58]. The impact of swelling here is negligible [59]. The 

average pore pressure (half of the sum of inlet gas pressure and outlet gas pressure) was fixed at 

1.55 MPa, while the confining pressure gradually increased. The basic parameters used in the 

permeability model are [44,48,50,52,53]  GPa,  GPa,  GPa, , 𝐸𝑥,𝑏 = 3.5 𝐸𝑦,𝑏 = 3 𝐸𝑧,𝑏 = 2.8 𝜈𝑦𝑥,𝑏 = 0.28

, , and . Other parameters, which are reasonable compared with 𝜈𝑧𝑦,𝑏 = 0.33 𝜈𝑥𝑧,𝑏 = 0.31 𝑅𝐶 = 150

the literature [31,54–56], are listed in Fig. 7. In general, model’s results match well with the 

experimental data (see Fig. 7). In all directions, the permeability declines with effective stress 

increasing. As normally expected, the permeability parallel to bedding is larger than that 

perpendicular to bedding. Moreover, the x-direction permeability is the highest. The overall 

permeability of case 2 is smaller than that of case 1.
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Fig. 7 Comparison between model’s results and permeability measurement data from Wang et al. 

[58] at fixed average pore (fracture) pressure.

3.3 Validation of the permeability model under constant confining pressure conditions

In the third case of permeability model validation (case 3), the permeability data were obtained 

under constant confining pressure conditions [59]. This permeability test condition tends to be closer 

to field gas production or injection conditions where reservoir pressure changes with constant 

overburden pressure. The high-rank coal sample was collected from the Qinshui Basin, China 

(sample H) [59]. Three cylindrical cores were cut from the same coal sample to investigate 

permeability anisotropy. The three cores are parallel to face cleats (x-direction), parallel to butt 

cleats (y-direction), and perpendicular to bedding planes (z-direction) respectively. Helium gas was 

injected as the flowing fluid so that the impact of swelling is negligible [59]. The confining pressure 

was fixed at 8 MPa, while the pore (fracture) pressure changed from 4.5 MPa to 2 MPa. The basic 

parameters of the permeability model are selected according to the literature [44,48,50,52,53]:  𝐸𝑥,𝑏 = 3.4

GPa,  GPa,  GPa, , , , and . Other 𝐸𝑦,𝑏 = 5 𝐸𝑧,𝑏 = 3.7 𝜈𝑦𝑥,𝑏 = 0.34 𝜈𝑧𝑦,𝑏 = 0.32 𝜈𝑥𝑧,𝑏 = 0.31 𝑅𝐶 = 300

parameters used in the model are listed in Fig. 8 and are reasonable compared with the literature [54–
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56]. Fig. 8 shows the comparison between experimental data and model’s results. Under constant 

confining pressure conditions, permeability declines with the reduction of pore (fracture) pressure 

due to the effective stress increment. Our results match well with the measured permeability data. 

Once again, permeability evolution exhibits strong anisotropy. The overall permeability values in 

this case are lower than those of case 1. The permeability values in the two horizontal directions are 

higher than the vertical permeability, which is in accordance with our common knowledge. Since 

the permeability in the y-direction is the most stress-sensitive with a permeability ratio of 0.61 at 2 

MPa, and the permeability in the x-direction is the least stress-sensitive with a permeability ratio of 

0.705 at 2 MPa, the deformability of the rock in the three direction has the following order: 

. Although the deformability in the vertical direction may usually be larger than the 𝑥 > 𝑧 > 𝑦

horizontal one, coal deformability (compressibility) orders similar to this case have been reported in 

the literature as well [26].

Fig. 8 Comparison between model’s results and permeability measurement data from Liu et al. 

[59] at fixed confining pressure (sample H).

The fourth case is also a constant confining pressure case involving another sample (sample G) 

from the Qinshui Basin (case 4) [59]. Once again, the three flow directions (x, y, and z) for 

permeability measurement are parallel to face cleats, parallel to butt cleats, and perpendicular to 
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bedding respectively. Similar to case 3, the pore pressure also changed from 4.5 MPa to 2 MPa, but 

the confining pressure was smaller (fixed at 7 MPa) with helium injection [59]. The parameters used 

in the permeability model are [44,48,50,52,53]:  GPa,  GPa,  GPa, 𝐸𝑥,𝑏 = 3.2 𝐸𝑦,𝑏 = 3.7 𝐸𝑧,𝑏 = 3 𝜈𝑦𝑥,𝑏

, , , and . Other parameters are listed in Fig. 9 and are = 0.33 𝜈𝑧𝑦,𝑏 = 0.3 𝜈𝑥𝑧,𝑏 = 0.31 𝑅𝐶 = 360

reasonable compared with those in the literature [54–56]. It can be seen from Fig. 9 that model’s 

results and experimental data show a good agreement, which further demonstrates the reliability of 

the permeability model. The permeability continuously decreases as pore pressure becomes smaller. 

The permeability values in the two horizontal directions are close to each other and are larger than 

the vertical permeability under the same pressure condition. In all the three directions, the 

permeability of case 4 is more stress-sensitive than that of case 3. The horizontal permeability is 

more sensitive to the pore pressure change compared with the vertical one.

Fig. 9 Comparison between model’s results and permeability measurement data from Liu et al. 

[59] at fixed confining pressure (sample G).

In essence, gas transport in different ranks of coal all involves the basic mechanisms we 

considered in the proposed permeability model. The differences come from coal’s swelling ability, 

mechanical properties, flow channel aperture, and flow channel spacing due to coal’s different 
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composition (different ranks). Accordingly, the magnitudes of stress sensitivity, matrix anisotropic 

internal swelling/shrinkage, and gas rarefaction effects of different ranks of coal are divergent. This 

permeability model’s applicability to different ranks of coal can be guaranteed through the 

following factors: 

First of all, for the swelling model, there is a generic linear relationship between sorption-

induced volumetric strain and adsorbed gas content for different coal rocks and even shale [32,55,60–65]. 

This relationship is described by the Langmuir-type equation as mentioned in model development: 

. For different ranks of coal rocks, their degree of swelling and their 𝜀𝑚𝑠𝑉 = 𝜀𝑚𝑠[𝑝 (𝑝 + 𝑝𝑚𝐿)]

fracture spacing are dependent on their ranks [66]. As the rank increases, coal’s adsorption capacity 

becomes larger, but the Langmuir-type equation for sorption-induced swelling is still valid [60,66]. 

Moreover, the results of Zhi et al. [67] indicate that the calculation results of the Langmuir-type 

equation also match well with coal’s volumetric swelling strain generated by supercritical CO2 

adsorption. Note that the inputs of the Langmuir-type equation here are different from those for 

gaseous CO2 adsorption [55,67]. Therefore, the swelling model used in the proposed permeability 

model is applicable to different ranks of coal.

Secondly, for the permeability model, the sugar-cube conceptual model used to develop the 

permeability model can equivalently represent both coal and shale [23,38]. For different ranks of coal, 

apart from the above-mentioned swelling ability, the mechanical properties and flow channel 

spacing are different [48,66]. With the coal rank increasing, Young’s modulus turns larger [48], while 

the flow channel spacing decreases with the coal rank increasing from subbituminous coal to 

anthracite [66]. In terms of the flow channel size, the narrower the flow channel is, the stronger the 

gas rarefaction effects would be at low pore pressure. The Beskok-Karniadakis model [28] used in 

our permeability model can deal with full-range gas flow from continuum flow to free molecular 

flow. The variation of mechanical properties, flow channel spacing, and flow channel size has no 

influence on the validity of the conceptual model in representing coal rocks and developing the 
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permeability model. This permeability model is applicable for simulating permeability evolution of 

different ranks of coal by using certain input parameters. 

Based on the above analyses, the developed model is capable of describing anisotropic swelling 

and anisotropic permeability evolution of coal. Since coal and shale share many similarities, such as 

gas adsorption, stress sensitivity, and gas rarefaction effects in narrow flow channels [68], the 

proposed permeability model can be used to simulate shale anisotropic permeability evolution 

behavior. One can use three sets of equivalent fractures to represent shale fracture (pore) networks. 

Normally, coal’s organic content is larger than that of shale. Thus, the gas-sorption-induced 

swelling ability of shale is weaker than that of coal. Besides, the flow channel size and mechanical 

properties of shale are also different from that of coal.

4. Results and discussion

Based on the developed coal permeability model, a set of sensitivity analyses are conducted to 

uncover the impacts of anisotropic internal swelling/shrinkage, gas rarefaction effects, and 

anisotropic mechanical properties on permeability evolution. In the base case, methane is the 

flowing fluid. Major parameters used in the base case are [30,31,53,69,70]:  GPa,  𝐸𝑥,𝑏 = 4.27 𝐸𝑦,𝑏 = 3.8

GPa,  GPa, , , , ,  K, , 𝐸𝑧,𝑏 = 3 𝜈𝑦𝑥,𝑏 = 0.33 𝜈𝑧𝑦,𝑏 = 0.35 𝜈𝑥𝑧,𝑏 = 0.34 𝑅𝐶 = 300 𝑇 = 293.15 𝜀𝑠 = 0.038

, and  MPa. Fig. 10 presents anisotropic permeability evolution of the base case 𝑓 = 0.45 𝑝𝑚𝐿 = 2

with pore (fracture) pressure increasing from 2 MPa to 8 MPa at fixed confining pressure (12 MPa). 

The range of permeability is reasonable compared with measured or reported coal permeability data 

in the literature [67,71,72]. Similar to many experimental observations [73–75] and theoretical predictions 

[30,31,44,76], U-shaped permeability evolution behavior can be seen in all the three directions. The U-

shaped sections are caused by matrix internal swelling and weakening of gas rarefaction effects due 

to pore (fracture) pressure increasing. When the pore (fracture) pressure further turns larger, 

effective stress reduction dominates permeability evolution, resulting in a switch of the permeability 

evolution trend. Figs. 11(a) and 11(b) show the permeability ratios in different directions during gas 
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injection or depletion. The permeability at initial pressure (2 MPa for injection and 8 MPa for 

depletion) is used as reference permeability for permeability ratio calculation. The overall shapes of 

different permeability ratio curves are similar to each other during gas injection and depletion 

respectively. As for gas injection, the range of the z-direction permeability ratio is the smallest 

because  and  are larger than , making  the least stress-sensitive. Another reason is the 𝐸𝑥,𝑏 𝐸𝑦,𝑏 𝐸𝑧,𝑏 𝑘𝑧

reduction of gas rarefaction effects because  and  are smaller than . Gas rarefaction 𝑏𝑓𝑎𝑐𝑒 𝑏𝑏𝑢𝑡𝑡 𝑏𝑏𝑒𝑑

effects have a stronger influence on  which is offered by face and butt cleats. The final 𝑘𝑧

permeability is controlled by combined effects of effective stress reduction and gas rarefaction 

phenomenon weakening. In terms of gas depletion, the range of the permeability ratio change 

exhibits the following order: . At low pore (fracture) pressure, 𝑘𝑥 𝑘𝑥0 > 𝑘𝑦 𝑘𝑦0 > 𝑘𝑧 𝑘𝑧0

permeability rebound occurs owning to matrix internal shrinkage and gas rarefaction effect 

enhancement which reopen the flow channels. The smaller the flow channel aperture is, the stronger 

the influence of internal shrinkage and gas rarefaction effects on permeability will be. The order of 

final permeability ratios at 2MPa pore (fracture) pressure is: . Note that 𝑘𝑧 𝑘𝑧0 > 𝑘𝑦 𝑘𝑦0 > 𝑘𝑥 𝑘𝑥0

this order may change if swelling-related properties are different. The magnitude of internal 

shrinkage in different directions also controls the final permeability ratio. Even flow channels in the 

z-direction are narrower than bedding planes, the final value of  could be lower than that of 𝑘𝑧 𝑘𝑧0

 if internal shrinkage of bedding planes (shrinkage in the z-direction) is notably stronger than 𝑘𝑦 𝑘𝑦0

that of face and butt cleats. Fig. 12 shows matrix internal swelling strain increments ( ) in the 𝑓Δ𝜀𝑚𝑠

three directions during gas injection. The z-direction swelling strain increment is significantly 

higher than those in the two horizontal directions. There is only a marginal difference between those 

in the two horizontal directions. The anisotropic ratios of the strain increments are: 1.135 

( ), 2.023 ( ), and 2.297( ) respectively. 𝑓Δ𝜀𝑚𝑠𝑥 𝑓Δ𝜀𝑚𝑠𝑦
𝑓Δ𝜀𝑚𝑠𝑧 𝑓Δ𝜀𝑚𝑠𝑥

𝑓Δ𝜀𝑚𝑠𝑧 𝑓Δ𝜀𝑚𝑠𝑦
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Fig. 10 Anisotropic permeability evolution of the base case. 

Fig. 11 Permeability ratios of the base case under constant confining pressure conditions: (a) gas 

injection and (b) gas depletion.
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Fig. 12 Internal swelling strain increments in different directions (gas injection). 

4.1 Impact of anisotropic internal swelling/shrinkage

Internal swelling/shrinkage refers to the portion of matrix swelling/shrinkage that is near the pore 

(fracture) surface and purely contributes to fracture deformation (see Fig. 2) [30,31,44]. Since 

permeability is provided by these flow channels, this swelling/shrinkage phenomenon significantly 

influences permeability evolution. The anisotropic mechanical properties of coal make internal 

swelling/shrinkage become anisotropic. Here, how anisotropic internal swelling/shrinkage controls 

permeability evolution is investigated. The internal swelling strain factor ( ) changes from 0 to 0.6. 𝑓

The larger this factor is, a larger proportion of matrix swelling/shrinkage contributes to internal 

swelling/shrinkage. Figs. 13 and 14 show anisotropic permeability evolution behavior with different 

internal swelling strain factors. In the two figures, each color represents a group of permeability 

curves ( , , and ) calculated with a certain internal swelling factor. As for gas injection, 𝑘𝑥 𝑘𝑦 𝑘𝑧

permeability ratio curves for the three directions all move down with  increasing. Meanwhile, the 𝑓

monotonically increasing curves gradually transform into U-shaped curves. The differences among 

the permeability ratio curves in different directions also become smaller (lower permeability ratio 
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anisotropy level). Among the three directions,  exhibits the most noticeable drop with the 𝑘𝑥 𝑘𝑥0

increase of . This is followed by . The reason is that bedding plane’s internal swelling (z-𝑓 𝑘𝑦 𝑘𝑦0

direction) is stronger than that of face and butt cleats. Thus, the two horizontal permeability ratios 

are more sensitive to the change of this internal swelling strain factor. On the contrary, for gas 

depletion, permeability ratios move upward as  increases. When  reaches 0.45, the permeability 𝑓 𝑓

rebound at low pore (fracture) pressure in all three directions becomes observable. Once again, the 

two horizontal permeability ratios are more sensitive to the variation of . Figs. 15 and 16 compare 𝑓

anisotropic permeability evolution with anisotropic internal swelling/shrinkage and isotropic 

internal swelling/shrinkage. Note that, in the isotropic internal swelling/shrinkage case, we only use 

the isotropic internal swelling strain change to replace the anisotropic one, other coal properties are 

still anisotropic. When internal swelling/shrinkage is simply described by the isotropic 

swelling/shrinkage model, permeability ratio becomes considerably different. This is because the 

isotropic internal swelling/shrinkage case underestimates z-direction internal swelling/shrinkage 

that affects  and , while x- and y-direction internal swelling/shrinkage that influences  is 𝑘𝑥 𝑘𝑦 𝑘𝑧

overestimated. Anisotropic internal swelling/shrinkage controls the shape of permeability evolution 

curves and the magnitude of permeability ratio variation.
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Fig. 13 Comparison of permeability ratios with different internal swelling factors (gas injection).

Fig. 14 Comparison of permeability ratios with different internal swelling factors (gas depletion).
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Fig. 15 Comparison of permeability evolution with anisotropic internal swelling and isotropic 

internal swelling.

Fig. 16 Comparison of permeability evolution with anisotropic internal shrinkage and isotropic 

internal shrinkage.

4.2 Impact of gas rarefaction effects 

As confirmed by many experimental studies, gas rarefaction effects or gas slippage should be 
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considered when modeling coal permeability evolution [12–14]. Figs. 17 and 18 show anisotropic 

permeability evolution with and without gas rarefaction effects during gas injection and depletion. The 

permeability ratios calculated without gas rarefaction effects in all three directions are larger than 

those consider this phenomenon for gas injection. There is no U-shaped section for the z-direction 

permeability ratio curve. With gas rarefaction effects, when pore (fracture) pressure rises, 

weakening of gas rarefaction effects generates the U-shaped section or makes the existing sorption-

induced U-shaped section more conspicuous. For gas depletion, ignoring gas the rarefaction 

phenomenon leads to underestimation of permeability, especially at low pore pressure. The gas 

rarefaction phenomenon enhances the permeability rebound at low pressure in addition to internal 

shrinkage. Due to the anisotropy of coal, the significance of the impact of this phenomenon on 

permeability is not identical for different flow directions. The narrower the flow channel is, the 

more noticeable this impact would be with identical pore (fracture) pressure change. The Knudsen 

number of flow channels in the three directions ranges from 0.003 to 0.039 during gas injection, and 

from 0.004 to 0.040 for gas depletion. This indicates that the flow regimes of different cases all fall 

in the slip flow regime [77]. The impact of gas rarefaction effects on permeability is less noticeable 

compared with that of anisotropic internal swelling/shrinkage.  
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Fig. 17 Comparison of anisotropic permeability evolution with and without gas rarefaction effects 

(gas injection).

Fig. 18 Comparison of anisotropic permeability evolution with and without gas rarefaction effects 

(gas depletion).

4.3 Impact of combined effects of internal swelling/shrinkage and the gas rarefaction 

phenomenon

After understanding the impacts of internal swelling/shrinkage and the gas rarefaction phenomenon 

on permeability evolution, permeability evolution with and without the combined effects of the two 

phenomena is analyzed here. As shown in Fig. 19, if we ignore internal shrinkage and gas 

rarefaction effects during gas injection, the permeability ratios in all three directions are remarkably 

higher than those with the two phenomena. Unlike the base case, the overall permeability evolution 

is simply controlled by effective stress so that permeability monotonically increases with pore 

pressure rising. The order of permeability ratio values reveals the level of stress sensitivity. Fig. 20 

demonstrates permeability evolution during gas depletion. Without the two mechanisms, 
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permeability drops monotonically which is analogous to permeability evolution of conventional 

reservoir rocks. No permeability rebound can be observed. In the process of gas injection, the 

permeability ratios in x, y, and z directions are 2.63 times, 2.95 times, and 2.11 times the actual ones 

at 8 MPa pore pressure. For gas extraction, the permeability ratios in x, y, and z directions are only 

38%, 32%, and 43% of the actual ones at 2 MPa pore pressure. In general, permeability evolution 

behavior considerably deviates from that of the base case if both internal swelling/shrinkage and gas 

rarefaction effects are not incorporated. The two phenomena should be concurrently considered 

when modeling anisotropic coal permeability evolution. 

Fig. 19 Comparison of anisotropic permeability evolution with and without the combined effects of 

internal swelling and the gas rarefaction phenomenon (gas injection). 
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Fig. 20 Comparison of anisotropic permeability evolution with and without the combined effects of 

internal shrinkage and the gas rarefaction phenomenon (gas depletion). 

4.4 Impact of anisotropic mechanical properties

Coal is generally anisotropic so that its properties vary spatially and orientationally [78,79]. Here, we 

investigate the difference between permeability evolution of the base case and an isotropic-

mechanical-property case. Note that the initial permeability is still anisotropic in the isotropic-

mechanical-property case where the mechanical property values are the arithmetic average values of 

those in the base case. Therefore, in the isotropic case,  GPa, and 𝐸𝑥,𝑏 = 𝐸𝑦,𝑏 = 𝐸𝑧,𝑏 = 3.69 𝜈𝑦𝑥,𝑏 =

. The swelling behavior of the two cases is analyzed first to help better 𝜈𝑧𝑦,𝑏 = 𝜈𝑥𝑧,𝑏 = 0.34

understand permeability evolution. Fig. 21 shows internal swelling strain increments for anisotropic 

and isotropic-mechanical-property cases. For the isotropic swelling case, this strain increment is 1/3 

of the matrix internal volumetric swelling strain increment according to Eqs. 39 to 41. The isotropic 

internal swelling increment curve is sandwiched by those of the anisotropic swelling case. The 

vertical internal swelling strain increment of the anisotropic swelling case is larger than that in the 
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isotropic swelling case, while the two horizontal internal swelling strain increments in the 

anisotropic swelling case are smaller than the isotropic ones. 

Fig. 21 Comparison of internal swelling strain increments for anisotropic and isotropic swelling 

cases (gas injection).

Figs. 22 and 23 show permeability evolution of the two cases. The dashed curves represent the 

permeability ratio of the isotropic-mechanical-property case, while the solid curves with symbols 

are for those of the anisotropic case. During low-pore-pressure gas injection, the permeability ratios 

of the anisotropic case in x and y directions (green and red solid curves) are smaller than those of 

the isotropic-mechanical-property case. This is because the z-direction internal swelling in the 

anisotropic case is markedly stronger than that in the isotropic case, resulting in narrower bedding 

planes and lower horizontal permeability. Bedding planes have the largest aperture and contribute 

more to horizontal permeability compared with face and butt cleats. In contrast, the vertical 

permeability ratio of the anisotropic case is higher than that of the isotropic case because swelling in 

x and y directions is weaker in the anisotropic case. As fracture (pore) pressure increases, 

permeability evolution controlling factors gradually transform from internal swelling to the 

combined influence of internal swelling and coal mechanical properties (stress sensitivity). In terms 

of gas depletion, with fracture (pore) pressure decreasing, permeability ratios of the isotropic-

Page 37 of 44

ACS Paragon Plus Environment

Energy & Fuels

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



38

mechanical-property case are generally larger than the corresponding permeability ratios in the 

anisotropic case.  and  are less stress-sensitive in the isotropic-mechanical-property case where 𝑘𝑥 𝑘𝑦

 is 23% larger than that in the anisotropic case. The z-direction internal shrinkage of the 𝐸𝑧,𝑏

isotropic case is conspicuously weaker than that of the anisotropic case, although its internal 

shrinkage in x and y directions is slightly stronger than that of the anisotropic case. Accordingly, the 

permeability ratios’ rebound in x and y direction are more noticeable in the anisotropic case. For 

vertical permeability,  in the isotropic-mechanical-property case should be more stress-sensitive 𝑘𝑧

and has a more noticeable decline at low pore pressure because  and  in that case are 13.6% 𝐸𝑥,𝑏 𝐸𝑦,𝑏

and 2.9% smaller than those in the anisotropic case. However, the reduction of  at low pore 𝑘𝑧

pressure in the isotropic case is masked by the permeability rebound induced by stronger internal 

shrinkage in x and y directions compared with the anisotropic case with weaker horizontal internal 

shrinkage. This leads to a more noticeable vertical permeability ratio rebound for the isotropic case 

(the green dashed curve). To sum up, the competitive effects of anisotropic deformation caused by 

effective stress variation, anisotropic internal swelling/shrinkage, and the gas rarefaction 

phenomenon dominate the overall anisotropic permeability evolution.

Fig. 22 Comparison of permeability evolution in the isotropic-mechanical-property case and the 
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anisotropic case (gas injection). 

Fig. 23 Comparison of permeability evolution in the isotropic-mechanical-property cases and the 

anisotropic case (gas depletion).

5. Conclusions

In this research, a mechanical-property-based coal swelling model is proposed to describe 

anisotropic internal swelling/shrinkage via the energy balance theory. Based on this swelling model 

and the modified sugar-cube coal conceptual model, a new anisotropic permeability model is 

developed incorporating the impacts of stress sensitivity, anisotropic internal swelling/shrinkage, 

and the gas rarefaction phenomenon. The developed permeability model satisfactorily replicates 

published coal anisotropic permeability evolution data under constant average pore pressure and 

constant confining pressure conditions. It can also mimic permeability evolution under constant 

effective stress conditions ( ). The following key conclusions can be drawn. ∆𝜎𝑒 = 0

(1) Coal anisotropic internal swelling/shrinkage is related to coal’s anisotropic mechanical 

properties. This swelling/shrinkage phenomenon controls the overall shape of anisotropic 

permeability evolution curves and the magnitude of permeability variation. With the increase of the 
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internal swelling factor, the permeability ratio curves for gas injection move down, while the curves 

for gas depletion move upwards. The monotonically increasing/decreasing curves for gas 

injection/depletion also transform into U-shaped curves gradually. Ignoring anisotropic internal 

swelling/shrinkage or simply using the isotropic internal swelling/shrinkage model generates 

significant discrepancy between model results and actual permeability data. 

(2) The impact of the gas rarefaction phenomenon is dependent on fracture (pore) pressure and 

flow channel aperture. During gas injection, weaking of gas rarefaction effects with increasing 

fracture (pore) pressure makes the actual permeability lower than model prediction without the gas 

rarefaction phenomenon. For gas depletion, the permeability enhancement caused by the gas 

rarefaction phenomenon is particularly noticeable at the permeability rebound period. Due to coal’s 

anisotropic feature, the significance of the impact of this phenomenon on permeability evolution is 

not identical for different flow directions. The narrower the flow channel is, the more noticeable the 

impact would be with the same fracture (pore) pressure variation. Flow regimes of all the studied 

cases fall in the slip flow regime. Gas rarefaction phenomenon’s impact on permeability evolution 

is not as strong as that of anisotropic internal swelling/shrinkage.  

(3) Permeability evolution in different directions may significantly deviate from each other. 

The stress sensitivity level in each direction is also affected by the actual mechanical properties. 

The existence of anisotropic internal swelling/shrinkage and the gas rarefaction phenomenon shows 

a synergistic effect on anisotropic permeability evolution with fracture (pore) pressure changing. 

The competitive effects of effective stress variation, anisotropic internal swelling/shrinkage, and the 

gas rarefaction phenomenon determine the overall anisotropic permeability evolution. Our research 

provides more comprehensive understanding of coal anisotropic permeability evolution with 

multiple controlling factors.
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