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Abstract

This paper presents a new Global Fast Non-singular Terminal Sliding Mode Controller (GFNTSMC) that delivers
high-precision tracking of high-frequency trajectories when applied to a piezo-driven nanopositioner. The control
scheme is realized by combing inverse hysteresis model and global fast non-singular terminal sliding mode compen-
sation. The inverse Bouc-Wen hysteresis model is used to calculate the required hysteresis-compensating feedforward
control voltage according to the reference signal. The key uniqueness of the proposed control strategy is it’s red
global fast convergence, achieved with high accuracy and high bandwidth. The stability of the reported GFNTSMC
controller is proved with the Lyapunov theory. Its performance is verified through experimentally recorded track-
ing results, and its superiority over three benchmark control approaches, namely the Proportional-Integral-Derivative
(PID), the Positive Position Feedback with integral action (PPF+I) and the conventional linear high-order sliding
mode controller (LHOSMC) is demonstrated through comparative tracking error analysis. Its wide-band stability as
well as its significant robustness to parameter uncertainty is also showcased.

Keywords: Nanopositioning, Sliding-mode control, Trajectory tracking, High order sliding surface, global fast
non-singular SMC

1. Introduction

Precision positioning platforms driven by piezoelec-
tric actuators have drawn significant research interest in
recent years and have been widely used in a range of ap-
plications including micro/nano-positioning stages [1],
micromanipulators [2], microinjection system [3], fast
steering mirrors [4], fast tool servo [5], etc. Piezoelec-
tric actuation possesses several advantages over other
kinds of drives viz: large output force, high resolution,
high operation bandwidth, simplicity of design and sys-
tem integration. However, the positioning performance
of piezo-actuated nanopositioners is severely affected
by the inherent hysteresis nonlinearity [6], multiple
lowly-damped resonance modes, and other disturbances
[7] including cross-axial coupling [8] and creep. In or-
der to tackle these problems, various control approaches
have been proposed to meet the high-precision and
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high-speed requirements in precision positioning appli-
cations [9, 10]. Due to the inherent linear and nonlinear
dynamics of a nanopositioning system and the stringent
performance requirements and high-bandwidth desired
trajectories (typically triangular and staircase / ramp
signals to generate a raster pattern), developing rele-
vant control strategies is a significantly challenging task
[11]. Initial efforts focussed on addressing the position-
ing errors and tracking bandwidth limitations arising
from the linear dynamics alone - the lowly damped, rel-
atively low frequency resonance that dominates the fre-
quency response of most nanopositioning axes. Open-
loop efforts led this track via dynamic inversion or notch
filter integration approaches [12]. Due to lack of ro-
bustness, high dependency on accurate modeling and
low disturbance rejection characteristics, open-loop ap-
proaches were discarded in favour of closed-loop ap-
proaches [13]. Closed-loop approaches predominantly
focussed on a two stage approach of implementing lin-
ear damping and tracking controllers in tandem to de-
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liver acceptable positioning performance [14]. How-
ever, most of the reported techniques are based on a
simple second-order system model and do not explic-
itly model the hysteresis; rather depend on the high-gain
tracking controller (typically an integrator) to minimize
hysteresis-induced positioning errors.

In the recent years, nonlinear control techniques, es-
pecially Sliding-Mode Control (SMC) schemes [15, 16]
have demonstrated significant performance improve-
ment over linear controllers [17, 3]. Asymptotic conver-
gence of tracking errors can be achieved in traditional
SMC based on a linear sliding mode manifold [18].
In the above-mentioned work, traditional linear sliding
mode can only guarantee infinite convergence time. Ter-
minal Sliding-mode control (TSMC) employs nonlinear
sliding hyperplane and can achieve finite-time conver-
gence, which is of great significance for improving the
positioning performance of a nanopositioning system.
The traditional TSMC typically is singular and conse-
quently, the non-singular TSMC (NTSMC) scheme has
been proposed in [19] which can eliminate the existing
singular problem in traditional TSMC. However, when
the system state is far away from the equilibrium point,
the convergence speeds of both TSMC and NTSMC are
lower than that of the traditional linear SMC. More-
over, chattering exists in TSMC and NTSMC due to
discontinuity in the control. To alleviate this issue, re-
searchers have proposed a Fast TSMC (FTSMC) that es-
sentially inhibits chattering and converges faster - how-
ever, it has a singular problem. Consequently, non-
singular FTSMC has been put forward which can essen-
tially eliminates chattering and does not have a singular-
ity problem [20]. At present, there are several NFTSMC
methods reported in literature [21, 22]. Literature [21]
puts forward a new NFTSMC concept whose basic prin-
ciple is showed based on some new forms of FTSMC.
However, only the theoretical and simulation results in
[21] are not enough for piezoelectric-positioning appli-
cation. Literature [22] used a FNTSMC method to re-
alize a robust controller for a second-order linear motor
model. But this work in [22] is not suitable for high-
order dynamics systems. The common features of these
methods are: absence of chattering, absence of singu-
larity, and short, finite time convergence. Though its
chatter-free property combined with fast error conver-
gence is highly desirable, the successful application of
the NFTSMC technique on a nanopositioner is hitherto
unexplored.

Several previous works demonstrate the significant
benefits nonlinear SMC has in the control and con-
sequent performance improvement of nanopositioners
due to the nonlinear hysteresis as well as the unmod-

eled high-bandwidth dynamics, [23, 24, 25]. This
is a key motivations in employing the NFTSMC. In-
spired by a fast terminal attractor [26] and a recur-
sive design method [27], this work proposes a new re-
cursive non-singular fast terminal sliding manifold in-
tended for high-order piezoelectric systems that leads
to a novel NFTSM controller. The advantages of the
proposed SMC controller include: 1) The proposed con-
trol scheme can deal with uncertainties both in the linear
and nonlinear controlled plants. 2) it is an ideal control
scheme for complex higher-order nonlinear dynamic
plants, such as piezoelectric nanopositioning stages that
suffer parametric uncertainties, un-modelled high-order
dynamics, external perturbations, and hysteresis non-
linearities. 3) It provides a systematic approach to
the problem of maintaining stability and consistent per-
formance especially in applications where traditionally
popular controllers such as PID may fail due to un-
certain environments. 4) A key advantage of the pro-
posed control scheme is the fast convergence of system
state in the global sense. Moreover, this non-singular,
chatter-free, terminal sliding mode control method with
global fast convergence (GNFTSMC), is based on the
full, high-order model of the nanopositioner axis’ in-
bandwidth dynamics and not the truncated low-order
model - thereby achieving significantly superior perfor-
mance compared to other reported methods.

A combined feedforward - feedback control scheme
capable of improving the positioning performance of
a nanopositioner is proposed, where a new high-order,
non-singular, fast terminal sliding manifold and a dou-
ble power reaching law based on Lyapunov theory is
formulated. This is further combined with an inverse
Bouc-Wen hysteresis model to povide superior hystere-
sis compensation. In addition to a new recursive SMC
control design scheme for the full, high-order model
of the nanopositioner axis’ in-bandwidth dynamics, a
non-singular, chatter-free, terminal SMC controller with
fast convergence of system state in the global sense
is also developed and experimentally validated. The
major contribution of this work is the design, analy-
sis and experimental validation of the novel GNFTSMC
scheme for nanopositioning applictions. The key desir-
able properties of the proposed control method are:

• The control signal is continuous as long as the
nth-order derivative of the reference is continuous,
guaranteeing a chatter-free operation; thereby im-
proving both tracking precision and actuator life-
time.

• The proposed GNFTSMC design guarantees finite-
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Figure 1: (a) The experimental setup used in this work showing the two-axis, serial kinematic, piezoelectrically actuated nanopositioner, the high-
voltage amplifiers, the capacitive displacement sensor and the computer embedded with NI A/D cards and LabView. (b) Measured magnitude
response of the system (· · · ) and the magnitude response of the full linear model (—) adopted in this work showing excellent acuracy in capturing
the linear in-bandwidth dynamics.

time convergence in the presence of modeling er-
rors, deeming the system robust to parameter un-
certainties.

• Irrespective of where the initial state of the system
is located in the phase-plane, the proposed sliding
mode controller can always drive the system state
to the equilibrium point quickly. In other words, it
can convergence to the equilibrium point very fast
in both the sliding stage and the reaching stage. On
the reaching stage, state of the system has a fast
convergence speed while going away from or ap-
proaching the sliding surface. It also has a property
of fast convergence on the sliding surface, where
it converges exponentially if near equilibrium, and
in power form if away from equilibrium. The pro-
posed controller has a fast convergence property in
the global sense, so to speak.

2. System Modeling and Open-loop Response

The experimental setup used in this work is shown in
Fig.1(a). It consists of a piezo-stack actuated, flexure-
guided, two-axis (x - y) nanopositioner. Each axis of
the nanopositioner is driven by a 10 mm, 200 V piezo-
electric stack actuator capable of producing 40 µm mo-
tion along each axis. The nanopositioner also provides
integrated mounts for capacitive sensor probes. The
MicroSense 6810 capacitive displacement sensor and
6504-01 probe with a sensitivity of 5 mm/V provides
a voltage signal proportional to the displacement sensed

along each axis. The piezoelectric stack actuators are
supplied with both AC actuation and DC bias voltages
by two PiezoDrive PDL200 voltage amplifiers with a
gain of 20.

2.1. Modeling the linear dynamics
In order to identify the linear dynamics of one axis

of the nanopositioner, small signal frequency response
functions (FRFs) were recorded for the x-axis. The
FRFs are obtained by applying a sinusoidal chirp sig-
nal (from 10 to 1500 Hz) with an amplitude of 0.2 V
as input to the voltage amplifier of the x-axis and mea-
suring the output signal (sensor voltage proportional to
axial displacement) along the same axis. Subsequently,
the FRF is computed by taking the Fourier transform
of the recorded data. The sampling frequency of the
A/D system is set to 20 kHz. As seen from the magni-
tude response presented in Fig.1(b), the dynamics with-
ing the recorded bandwidth-of-interest are dominated
by the lowly-damped resonant peak occurring at 716 Hz
(which towers in magnitude over the entire bandwidth-
of-interest).

Using the popular modeling technique employed ex-
tensively in relevant literature [28], the measured fre-
quency response of the axis shown in Fig.1(b), is mod-
eled as a summation of a number of second-order trans-
fer functions, to account for the resonances, combined
with a Pad’e approximation of the system’s inherent
delay manifesting as an additional phase contribution
at higher frequencies. The overall transfer function
model is 10th-order. However, as the control strategy
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Figure 2: (a) The reference input (50 Hz Triangle wave) and the recorded output clearly showing the resonance-induced high-frequency errors and
hysteretic effects of the piezo-actuated nanopositioner axis. (b) The measured (- -) and modeled (—) hysteresis loops clearly demonstrating the
good agreement between the actual system and the model.

adopted herewith is of the sliding-mode type, the iden-
tified transfer function is converted into a differential
equation relating the input and output that can be para-
metrically written as:

y(n)(t) +
n−1∑
k=0

aky(k)(t) =
m∑

k=0

bku(k)(t) (1)

where, u(t) is the input voltage applied to the platform
as a function time t; y(t) is the displacement produced
along the axis; u(k)(t) and y(k)(t) are respectively the kth
derivatives of u(t) and y(t); m and n are the orders of the
model, and m < n ; ak and bk are constant coefficients
of the model.

To validate the identified model, the magnitude re-
sponse of the model was superimposed on that of the
nanopositioner’s axis, see Fig.1(b). Clearly, the identi-
fied model is a very accurate match to the measured lin-
ear dynamics of the nanopositioner axis. The effect of
reference inputs’s high frequency components exciting
the resonant dynamics of the system is clearly visible in
the measured time-domain response of the axis to a 50
Hz triangular wave reference input, see Fig.2(a).

2.2. Modeling the hysteresis nonlinearity

Hysteresis is the nonlinear behaviour inherent to the
piezo-stack actuator employed by the nanopositioner.
the hysteresis curve of the nanopositioner axis was ob-
tained by plotting the input reference and output dis-
placement signals for a 1 Hz, ±10 µm sinusoidal dis-
placement, as shown in Fig.2(b). Due to its apparent
simplicity, its ability to capture the nonlinear behaviour
accurately and its popularity, the Bouc-Wen model has

been adopted in this work. The Bouc-Wen hysteresis
model can be generally expressed as follows [29]:

{
H(t) = du − h

ḣ = α1u̇ − α2|u̇|h − α3u̇|h| (2)

where, H(t) is the hysteresis displacement; d is piezo-
electric constant; h is an intermediate state variable
whose time derivative is ḣ; α1, α2 and α3 are the co-
efficients that determine the shape and orientation of
the hysteresis loop, the symbol |·| denotes the absolute
value function. After a thorough numerical search, the
Bouc-Wen hysteresis model parameters were selected
to be: d=3.2; α1=1.3; α2=0.6; α3= 0.05. As seen
in Fig.2(b), the adopted hysteresis model captures the
nonlinear hysteresis on the axis relatively well. There
are some clearly visible discrepancies between the mea-
sured and the modeled hysteresis loops. However, the
subsequently proposed control design will address this
as a disturbance and compensate for this discrepancy
adequately.

Combining the linear and the nonlinear models, the
entire dynamic model of one axis of the nanopositioner
can be expressed as:

y(n)(t) +
n−1∑
k=0

aky(k)(t) + H(t) + ∆ =
m∑

k=0

bku(k)(t) (3)

where, ∆ is the uncertain displacements caused by all
the un-modelled (out-of-bandwidth) dynamics and dis-
turbances and it is bounded as: |∆| ⩽ ∆̄.
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Figure 3: Block-diagram of the proposed control scheme showing the overall signal flow.

3. Controller Design

The control objective is to track a scanning trajectory
(typically triangular in nature) accurately, in the pres-
ence of unknown, external disturbances. In this work, a
feedforward hysteresis compensation scheme combined
with a global fast nonsingular terminal sliding-mode
based feedback control scheme is proposed. It is shown
that the proposed control scheme drives the positioning
error to convergence within a bounded region, in finite
time. The block diagram of the control system is shown
in Fig.3. The central premise of the proposed control
scheme is to incorporate a relatively accurate inversion
of the identified hysteresis, such that the hysteresis-
compensated system can be quite accurately approx-
imated by a linear system. The in-bandwidth model
matching imperfections as well as unmodelled out-of-
bandwidth dynamics can then be aggregated and con-
sidered as a disturbance. These disturbances can then
be addressed effectively via the proposed non-singular,
terminal sliding-mode controller implemented in a feed-
back loop.

3.1. Inverse Bouc-Wen feedforward controller

To design the feedforward controller, an inverse hys-
teresis scheme, similar to the one proposed in [30], is
utilized. The overall concept is shown in Figure 4,
clearly presenting the relationship between the inverse
feedforward controller and the hysteresis model output.
According to Eq.(2), the feedforward controller u f f is

designed as following

u f f =
1
d

(yd + h) (4)

where, h can be calculated by Eq.(2), yd is the command
position.

3.2. Global fast nonsingular TSMC feedback controller

In this subsection, the controller input u(t) is first de-
signed under the assumption that the disturbance ∆ = 0,
ensuring that the control law will converge to zero in
finite time. Subsequently, the convergence and robust-
ness of the designed system with nonzero disturbance
(∆ , 0) will be analyzed. It will be demonstrated that,
when the disturbance is not zero and is bounded by an
upper bound, the control law will converge to a region
proximal to the equilibrium point.

If the position tracking error is defined as:

e = y − yd (5)

where, y is the output displacement, and the yd is the de-
sired displacement. Then, the derivatives of the tracking
error can be written as:

ė = ẏ − ẏd

ë = ÿ − ÿd
...

e(n) = y(n) − y(n)
d

(6)
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Figure 4: Block-diagram and relevant block outputs for the inverse-hysteresis compensation adopted in this work.

Then, consecutive states can be initialized as follows:

s0 = e, ṡ0 = ė, · · · , s(n)
0 = e(n) (7)

Inspired by a fast terminal attractor with singularity
property [26] and a recursive design method [27], this
work proposes a new recursive non-singular fast termi-
nal sliding manifold which is defined as follows:

s1 = s0 + α⌈s0⌋
p0/q0 + βṡ0

s2 = s1 + α⌈s1⌋
p1/q1 + βṡ1

...
sn−1 = sn−2 + α⌈sn−2⌋

pn−2/qn−2 + βṡn−2

(8)

Here, α, β ∈ R+; p j, q j are constant positive odd num-
bers with j = 1, 2, · · · , n−1. ; 1 < n− j < p j−1

q j−1
< n− j+1

can guarantee the non-singularity property. It is worth
noting that p j−1

q j−1
> 1, this kind of selection of the value

of p j−1

q j−1
is different from that in [27], and makes it easy

to design in practice. In this work the formula ⌈•⌋r =
| • |r sign(•) is used, where � ∈ R and r ∈ R. The symbol
⌈•⌋r here is to perform the calculation on the right-hand
side of the formula as in the literature [31, 32]. And it
is a smooth and monotonically increasing function and
will always return a real number. Specially, we will get
⌈•⌋p/q = | • |p/q sign(•) if r = p/q, where both p and q
are positive odd integers in this paper. In addition, the
symbol sign(·) denotes the Signum Function.

From Eq.(8), the i-th derivative of s j can be written as:

s(i)
j = s(i)

j−1 + α
di

dti ⌈s j−1⌋
p j−1/q j−1 + βs(i+1)

j−1
(
i ∈ N+

)
(9)

Taking the derivative of sn−1 recursively according to
Eq.(9) results in:

ṡn−1 = ṡn−2 + α
d
dt ⌈sn−2⌋

pn−2/qn−2 + βs(2)
n−2

= ṡn−2 + α
d
dt ⌈sn−2⌋

pn−2/qn−2+

β
[
s(2)

n−3 + α
d2

dt2 ⌈sn−3⌋
pn−3/qn−3 + βs(3)

n−3

]
= βn−1s(n)

0 +
∑n−2

k=0 β
k s(k+1)

n−k−2+∑n−2
k=0 αβ

k dk+1

dtk+1 ⌈sn−k−2⌋
pn−k−2/qn−k−2

(10)

For simplicity, an intermediate variable is defined as:

Vc =

m∑
k=0

bku(k) (11)

Then, the controlled plant Eq.(3) becomes:

y(n) +

n−1∑
k=0

aky(k) = Vc (12)

Theorem 3.1. For the controlled plant given in Eq.(12),
if the sliding manifold is designed detailed in Eq.(8) and
the control law given in Eq.(13) is selected, then the
control system is stable and the tracking error as given
by Eq.(5) will converge to a small neighborhood of zero
in finite time.

Proof. The proposed control law is given by:

Vc =
1
βn−1

[
−
(
ϕ1sn−1 + ϕ2⌈sn−1⌋

λ1/λ2 + ϕ3⌈sn−1⌋
λ3/λ4
)
−∑n−2

k=0 β
k s(k+1)

n−k−2 −
∑n−2

k=0 αβ
k dk+1

dtk+1 ⌈sn−k−2⌋
pn−k−2/qn−k−2

]
+y(n)

d +
∑n−1

k=0 aky(k)

(13)
where, ϕ1, ϕ2, ϕ3 ∈ R+ are all positive constants and
λi for (i = 1, 2, 3, 4) are constant positive odd numbers
such that, λ1/λ2 > 1, 0 < λ3/λ4 < 1.
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As reference input trajectories are predefined, it fol-
lows that higher-order derivatives v(n)

d of reference are
available (computable). Combining Eq.(10) and Eq.(13)
yields

Vc =
1
βn−1

[
−
(
ϕ1sn−1 + ϕ2⌈sn−1⌋

λ1/λ2 + ϕ3⌈sn−1⌋
λ3/λ4
)
+

βn−1s(n)
0 − ṡn−1

]
+ y(n)

d +
∑n−1

k=0 aky(k)

(14)
As y(n) − y(n)

d = s(n)
0 , substituting Eq.(14) into the con-

trolled plant given in Eq.(12) results in:

ṡn−1 = −
(
ϕ1sn−1 + ϕ2⌈sn−1⌋

λ1/λ2 + ϕ3⌈sn−1⌋
λ3/λ4
)

(15)

Selecting the following Lyapunov candidate function:

V = 0.5s2
n−1 (16)

and combining Eq.(15) results in:

V̇ = sn−1 ṡn−1

= −
(
ϕ1s2

n−1 + ϕ2⌈sn−1⌋
(λ1+λ2)/λ2 + ϕ3⌈sn−1⌋

(λ3+λ4)/λ4
)

(17)
As (λ1 + λ2) and (λ3 + λ4) are even numbers:

V̇ < 0 (18)

It is clear from Eq.(15), that sn−1 is the only equilib-
rium point. Thus, Eq.(18) signifies that the sliding sur-
face sn−1 will be reached in finite time [33]. In addition,
sn−1 will eventually reach a tiny neighborhood near the
equilibrium, so V̇ will not be zero. Consequently, sta-
bility of the system can be guaranteed.

It should be noted that Eq.(15) is a double power
reaching law. Thus, the Gauss’ Hypergeometric func-
tion [34] can be used to calculate the sliding mode
reaching time. By solving Eq.(15), the reaching time
for sn−1 = 0 can be obtained. Once the state trajectory
reaches sn−1 = 0; it will be confined to the sliding man-
ifold. Then, from the recursive sliding manifold given
in Eq.(8), it can be concluded that sn−2, sn−3, · · · , s0 will
reach equilibrium subsequently as long as sn−1 reaches
equilibrium. Consequently, the position tracking error
given by Eq.(5) will eventually reach a small region. It
should be noted that the tracking error will also reach
a small region in finite time due to the terminal sliding
manifold given in Eq.(8).

After the control law in Eq.(13) is formalized, Vc is
a known variable. From Eq.(11), u(t) can be obtained
after Vc is filtered through 1

bm sm+bm−1 sm−1+···+b1 s+b0
. This

yeilds the following feedback control law u f b:

u f b = Vc ∗
1

bmsm + bm−1sm−1 + · · · + b1s + b0
(19)

Robustness analysis: With the assumption that the dis-
turbance ∆ can be freely chosen while designing the
control law u f b, analyzing the robustness of the control
law for nonzero disturbance is essential. The modeling
errors and unknown exogenous disturbances will impact
the speed of convergence. Moreover, the steady-state
tracking trajectory can only be made to reach a small
neighbourhood of the equilibrium, but never converged
to the equilibrium. In other words, robustness of the
control algorithm expectedly comes at the cost of a min-
imal loss in positioning accuracy. To formally analyze
the robustness to of the proposed feedback control law,
the system Eq.(3) which includes unknown disturbances
is further explored.

Substituting Eq.(11) into Eq.(3) yields:

y(n)(t) +
n−1∑
k=0

aky(k)(t) + ∆ = Vc (20)

Also, substituting Eq.(14) into Eq.(20) yields:

ṡn−1 = −
(
ϕ1sn−1 + ϕ2⌈sn−1⌋

λ1/λ2 + ϕ3⌈sn−1⌋
λ3/λ4 + ∆

)
(21)

To ensure convergence, the criteria, sn−1 ṡn−1 < 0,
needs to be satisfied. In other words, sign(sn−1)ṡn−1 =
sn−1 ṡn−1
|sn−1 |

< 0 must be satisfied. This can be further ex-
panded as follows:

sign (sn−1) ṡn−1

= −
(
ϕ1 |sn−1| + ϕ2 |sn−1|

λ1/λ2 +

ϕ3 |sn−1|
λ3/λ4 + sign (sn−1)∆

)
≤ −
(
ϕ1 |sn−1| + ϕ2|sn−1|

λ1/λ2 + ϕ3 |sn−1|
λ3/λ4 − ∆̄

)
< 0

(22)
Consequently,

∆̄ < ϕ1 |sn−1| + ϕ2 |sn−1|
λ1/λ2 + ϕ3 |sn−1|

λ3/λ4 (23)

Thus, Eq.(23) provides the constraint condition for
disturbance ∆. If ϕ1, ϕ2 and ϕ3 are large enough, and
appropriate λ1, λ2,λ3, λ4 are selected, the convergence
neighborhood can be made arbitrarily small. The con-
vergence of state sn−1 reaching a small neighborhood of
zero can then be formalized as:

∆ =
{
sn−1 : ϕ1 |sn−1| + ϕ2 |sn−1|

λ1/λ2 + ϕ3 |sn−1|
λ3/λ4 ≤ ∆̄

}
(24)
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As a result, the system tracking performance dur-
ing the reaching phase depends on the choice of
ϕ1, ϕ2, ϕ3, λ1, λ2, λ3, λ4.

Remark 1: The proposed non-singular terminal
sliding-mode feedback controller has a global fast con-
vergence property. At the reaching stage, a double
power reaching law given by Eq.(15) can guarantee that
the state sn−1 has a fast bi-directional convergence to
the sliding manifold. At the sliding stage, the recur-
sively designed fast sliding manifold given in Eq.(8)
can guarantee the system state converges exponentially
if near equilibrium, and converges via a power law, if
away from equilibrium. It should be noted that, what
we designed is a “global fast” terminal sliding mode
controller, not a kind of classical “global” sliding mode
controller which was firstly proposed by Yu-Sheng Lu
[35] in 1995. As stated in paper [36], “global fast ter-
minal sliding mode control can have a fast convergence
speed in the whole convergence process”. Paper [37]
also presents a “global fast” terminal sliding mode con-
trol scheme. In this work, we emphasize the “global
fast” as a whole concept, which indicates that the de-
signed controller has a fast convergence speed in the
global state space.

Remark 2: In this work, the feedforward control law
u f f is aimed at hysteresis compensation, and the feed-
back control law is aimed at controlling the system’s
linear dynamics (resonance damping and input track-
ing). When the actual nanopositioning platform is con-
trolled, the total control law is u = u f f +u f b. According
Eq.(4), we can see that feedforward controller is contin-
uous. Thus, the total control law is continuous as long as
s(k+1)

n−k−2 and dk+1

dtk+1 ⌈sn−k−2⌋
pn−k−2/qn−k−2 (k = 0, 1, ..., n− 2)

are continuous. This is guaranteed as long as the nth
order derivative of the reference signal is continuous.
Furthermore, as the nth (n ≥ 2) order derivatives for a
triangular trajectory are all zero, this law also guaran-
tees accurate chattering-free tracking for triangular tra-
jectories.

Remark 3: It should be noted that the calculation of
dk+1

dtk+1 ⌈sn−k−2⌋
pn−k−2/qn−k−2 in Eq.(13) may be complex for a

practicing engineer to effectively develop and synthe-
size this controller. To ease this difficulty, a general
formula to calculate dn

dtn ⌈s⌋r ( r > n is the ratio of two
positive odd numbers) is provided in the Appendix. The
readers of this paper can also email the authors to get the
derived formula and the corresponding MATLAB code.

Tracking performance as well as robustness of the
proposed GNFTFSM control law is experimentally val-
idated on a piezoelectric nanopositioner axes. Results

and disussion are presented in the following section.

4. Experimental Results and Discussion

The nanopositioner typically has both linear dynam-
ics due to its mechanical structure and nonlinear hys-
teresis dynamics due to the piezo-actuator, as shown in
our previous work [38, 39, 40]. Typically, the linear
dynamics can be accurately modeled in the frequency-
domain via a summation of second-order transfer func-
tions (one for each resonant mode) [41, 42, 43] while
the hysteresis can be modeled via a kind of hysteresis
model, such as Bouc-Wen model [44], Prandtl-Islinskii
model [45], Preisach model [46]. In the time-domain,
the linear dynamics can be written as Eq.(1) while the
hysteresis can be modeled as given in Eq.(2). The inher-
ent system delay can be approximated using the Pade’
approximation [47].

Here, it is better to talk about how to use the con-
troller in practice. As we know, the sliding mode con-
troller can easily be programmed into a rapid prototyp-
ing system such as dSPACE system [48, 49], PC-based
development system with an xPC target [50] or a Lab-
VIEW real-time target [12] and NI data acquisition card,
a FPGA based LabVIEW development system [51, 52].
In this paper, the experiments presented here were con-
ducted on the LabVIEW real-time target which is the
same as in the literature [12, 39]. Other similar imple-
mentations of nonlinear sliding-mode controllers have
already been reported in literature [52, 53]. This is not
a major complexity or inconvenience, given the perfor-
mance improvement.

The experimental setup employed in this paper is
shown in Fig.1(a). A PCI-6621 data acquisition card
from National Instruments installed on a PC running the
Real-Time Module from LabVIEW is used to interface
between the experimental platform and the control de-
sign. The PC utilized is an OPTIPLEX 780 with an In-
tel(R) Core(TM)2 Duo Processor running at 3.167 GHz
and equipped with 2GB of DDR3 RAM memory. The
cross-coupling between the two axes was measured to
be −40 dB; small enough to be neglected, thereby mak-
ing it feasible to treat each axis as being decoupled from
the other. Throughout the experiments, the unused axis
has its input terminals shorted in order to avoid spurious
excitation.

4.1. Selection of Controller Parameters

The choice of controller parameters affects the track-
ing performance and phase trajectory of the system. In
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Figure 5: Closed-loop time-domain tracking results for 25 Hz, 50 Hz, 100 Hz and 200 Hz triangular reference inputs (A-1, B-1, C-1 and D-1). For
clarity, the traces are offset by 5 µm. The corresponding tracking errors are plotted in (A-2, B-2, C-2 and D-2). These errors are offset by 3 µm for
clarity.

the reaching phase, Eq.(15) indicates that the perfor-
mance of the system is determined by parameters ϕ1,
ϕ2, ϕ3, λ1, λ2, λ3, λ4. The larger the value of ϕ1, the
faster the convergence. ϕ2 controls the near equilibrium
trajectory, and the higher its value, the higher the con-
vergence accuracy. The ratio of λ1 to λ2 should be less
than 1. A higher value of this ratio (closer to 1) re-
sults in high convergence precision and faster conver-
gence speed (shorter time). ϕ3 controls the stage far
away from the equilibrium. The higher its value, the
faster the convergence. The ratio of λ3 to λ4 should be
greater than 1. The higher the ratio, the faster the con-
vergence rate. In sliding phase, Eq.(8) indicates that the
performance of the system is determined by parameters
α, β, p j, q j. Constrained by the sliding Eq.(8), both α

and β have to be a small value because the errors are
small. α controls the system behavior far away from the
equilibrium and the smaller its value, the higher is the
bandwidth. A large α results in slow convergence. β
controls the system behaviour near equilibrium and the
smaller its value, the higher is the achieved bandwidth.
If β is too small, the convergence time increases while
a large value can even lead to instability. p j and q j are
all odd numbers; the ratio between p j to q j has to be at
least greater than n − 1 − j to ensure that the control is
non-singular. Moreover, a larger ratio results in higher
convergence accuracy and faster convergence rate.

It should be noted that the following constraints in
the control design procedure are highlighted here for the
clarity of the presented results. (i) In practice, the upper
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Figure 6: ṡ9 plotted against s9 (phase-plane portrait) for a 50 Hz tri-
angular reference trajectory, demonstrating the proposed controller’s
convergence property.

bound ∆̄ of term ∆ in Eq.(3) can usually be estimated
by twice the maximum value of the tested hysteresis.
(ii) All the controller parameters in Eqns. (6) and (11)
should satisfy the mathematical constraints presented in
the context. Using these selection principles, the con-
trol parameters obtained that deliver excellent tracking
performance were found to be:

• α = 0.005, β = 0.0001

• p0 = 129, p1 = 115, p2 = 103, p3 = 89, p4 = 77,
p5 = 63, p6 = 51, p7 = 37, p8 = 25

• q0 = 13, q1 = 13, q2 = 13, q3 = 13, q4 = 13,
q5 = 13, q6 = 13, q7 = 13, q8 = 13

• ϕ1 = 20, ϕ2 = 20, ϕ3 = 20

• λ1 = 3, λ2 = 5, λ3 = 9, λ4 = 7

It is important to note that: 1)The above selected pa-
rameters of the proposed controller are used in the ex-
periments and simulation; 2)The parameters of the con-
trolled plant are obtained through the identification pro-
cess and the corresponding results are shown in Fig.1(b)
and Fig.2; 3) The ODE5 fixed-step solver is used to im-
plement the solution.

Using the above parameters, the phase trajectories of
the controlled system can be simulated first to ascer-
tain desired performance. Fig.6 shows the phase por-
trait between ṡ9 and s9. As the plot depicts, sliding
takes place at the origin (0, 0). The derivative ṡ9 con-
verges to a small neighborhood of zero, according to
the law formalized in Eq.(14). When |s9| > 1, i.e., the
system moves away from the sliding surface, the third
term ϕ3⌈sn−1⌋

λ3/λ4 = 20 × ⌈s9⌋
9/7 plays a leading role in

the convergence process. When |s9| < 1, i.e., the sys-
tem is approaching the sliding surface, the second term
ϕ2⌈sn−1⌋

λ1/λ2 = 20 × ⌈s9⌋
3/5 play a leading role in the

convergence process. During the reaching phase, the
system state has a fast convergence speed while going
away from or approaching towards the sliding surface.

Fig.7(a) plots the time trajectories of the state vari-
ables sn for n = 1, 2, ...9 while Fig.7(b) plots the time
trajectory of ṡ9 ( derivative of the state variable s9).
Consider s j = s j−1+α⌈s j−1⌋

p j−1/q j−1 +βṡ j−1 for example.
When s j = 0, then ṡ j−1=−

1
β

s j−1−
α
β
⌈s j−1⌋

p j−1/q j−1 . When
|s j−1| > 1, which indicates that the system is away from
the equilibrium point, the second term −α

β
⌈s j−1⌋

p j−1/q j−1

plays a leading role in determining the convergence
speed, because p j−1/q j−1 > 1 as shown in Fig.7(a).
When |s j−1| < 1, which means the system is approach-
ing the equilibrium point, the first term − 1

β
s j−1 play a

leading role in the convergence process, because 1 <
p j−1/q j−1, as shown in Fig.7(a). Moreover, it is evident
from Fig.7(b) that ṡ9 converges very steeply and goes
to equilibrium rapidly at each discontinuous point (cor-
ner) of the triangular wave. As s9 converges to a small
neighborhood of zero, s8, s7, s6, ... s1 will sequentially
converge to a small neighborhood of zero according to
the law given in Eqn 8, as shown in Fig.7(a).

Therefore, from Fig.6 and Fig.7, it can be concluded
that irrespective of where the initial state of the system
is located in the phase-plane, the proposed sliding mode
control scheme can always drive the system state to the
equilibrium point quickly. In other words, it can reach
the equilibrium point quickly in both the sliding stage
and the reaching stage. The global fast convergence is
demonstrated. So, we can conclude that the change of
initial conditions has little effect on the system tracking
performance.

4.2. Tracking performance - Comparative analysis
As we know, the nanopositioner is a very complex

plant to be controlled mainly due to its nonlinear hys-
teresis as well as the high-bandwidth dynamics. In order
to verify the positioning performance of the proposed
controller, triangular trajectories with fundamental fre-
quencies of 25 Hz, 50 Hz, 100Hz and 200 Hz were cho-
sen. To compare the positioning performance of the pro-
posed controller, the maximum (MAX) as well as root-
mean-square (RMS) tracking errors obtained were com-
pared with three suitably designed control schemes that
have emerged as benchmark over the years. The first
scheme is a simple PID controller. The individual gains
are tuned to results in maximum positioning bandwidth.
The second control scheme is the popularly employed
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Figure 7: (a) The evolution of state variables vs time. (b) The evolution of ṡ9 versus time.

combination of damping and tracking actions where an
inner-loop damping controller is implemented in tan-
dem with a tracking controller in the outer loop [54].
Due to its popularity and excellent performance, the
Positive Position Feedback (PPF) damping controller
compined with an Integral (I) tracking controller was
employed. The third one is a well-tuned traditional lin-
ear high-order sliding mode controller (LHOSMC).

The three parameters of PID controller were found to
be: KP = 1.5, KI = 6500, KD = 0.0005. In fact, irre-
spective of the tuning, the overall positioning bandwidth
of the PID control scheme will be severely limited due
to the undamped resonant mode of the nanopositioner.
This fact can be found and supported by a lot of litera-
ture [55, 56]. To overcome this limitation, many other
control schemes have been used. For example, the well-
known scheme [57, 41, 58] which combines damping
and tracking controllers can deliver superior position-
ing performance (due to the application of a higher gain
tracking controller) than the PID alone. In this paper,
the transfer function for the designed PPF damping con-
troller is given by:

CPPF =
6.320 × 107

s2 + 11740s + 4.855 × 107 (25)

and the corresponding integral gain implemented is

KI = 1490. A LHOSMC controller [59] is adopted in
this work, and it is modified with equivalent and switch-
ing control actions. The experimentally recorded time-
domain tracking results are presented in Fig.5. The re-
sulting errors are presented in Table 1.

Table 1: Maximum and RMS tracking errors of the 4 control schemes.

Error Frequency Controller
(µm) (Hz) Proposed LHOSMC PPF-I PID

MAX
25 1.06 1.84 1.94 3.40
50 2.09 3.26 3.35 6.38
100 2.47 5.05 5.12 13.35
200 3.25 9.15 11.25 40.05

RMS
25 0.26 0.35 0.37 1.05
50 0.57 0.60 0.64 2.43
100 1.14 2.23 2.29 4.46
200 2.10 4.12 4.85 13.04

It is evident from the error analysis in Table 1, as
well as the time-domain plots in Fig.5 A-2, B-2, C-2
and D-2; that the proposed GNFTSMC scheme deliv-
ers a significantly superior performance when compared
to the standard PID or the popular PPF with Integral
action schemes. From Fig.5 and Table 1, we can see
the tracking performance of the proposed controller is
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Figure 8: Bar chart for tracking errors plotted against parameter un-
certainty included as a disturbance in percentage increments, for 50
Hz reference trajectory.

significantly improved, especially at higher frequencies
of scan trajectories where the errors are reduced to less
than 50% of those achieved by PPF-I. It must be noted
that high-frequency nanopositioning is the current need
and thus this error reduction is significant enough to mo-
tivate the application of this seemingly evolved control
scheme. In order to conduct a relatively fair comparison
with the conventional SMC, a LHOSMC has been com-
pared and from the results we can see the well-tuned
LHOSMC can not reach satisfactory performance, es-
pecially in high frequency. The tracking precision de-
creases a lot with the increase of bandwidth. To ensure
that the proposed control scheme has robustness built-
in, it was tested against a series of incremental changes
to the model parameters, treated as disturbance ∆.

4.3. Robustness verification

Robustness to system parameter uncertainty was
evaluated by adding an incremental disturbance (in per-
centage) to all the model parameters an by ε × an.
(n = 0, 1, 2, ...9) as given in Eq.1. Consequently, all an

are simultaneously increased by ε. Here, ε is selected
as 0%, 5%, 10%, 20%. The 50 Hz triangular trajectory
is used as a reference throughout this analysis. Figure 8
plots the maximum and RMS tracking errors in percent-
age against increasing values of disturbance in percent-
ages. It is seen that the tracking errors remain virtually
unchanged.

Fig.9 shows the corresponding control actions for dif-
ferent disturbance levels. Note that the key parame-
ter uncertainty lies in the change in the frequency and
damping of the dominant first resonant mode - a direct
consequence of change in the scanned specimen, which
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Figure 9: A trace of the steady-state control actions while tracking
a 50 Hz triangular reference trajetory, for 0%, 5%, 10% and 20%
change in all system parameters an of the open-loop model of the
linear dynamics of the system, given in Eq.1.

results in a change in mass (reducing the overall reso-

nant frequency of the axis ωres =

√
k
m where k is the

spring constant and m is the equivalent mass). As the
disturbance increases, the control signal varies in fre-
quency content (as evidenced by the increased ripple) to
accommodate for the change in resonance and a slight
change in amplitude to accommodate for the slight vari-
ation in the input-to-output gain of the system. How-
ever, the system experiences no chattering or instability
issues as evidenced by the smooth steady-state control
inputs plotted here.

5. Conclusions

A new Global Fast Non-singular Terminal Sliding-
Mode Control (GFNTSMC) scheme has been presented
for a piezoelectric platform in this paper. The stabil-
ity of the proposed scheme is proved using the clas-
sical Lyapunov framework. Experimental comparison
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of the tracking results delivered by the proposed GN-
FTSMC scheme against that delivered by the standard
PID and the popular PPF with Integral control schemes
demonstrates the superior performance afforded by the
proposed scheme. The proposed scheme possesses ex-
cellent robustness over a wide variation in parameter
values. Moreover, the control structure is such that the
tracking errors are almost independent of the parame-
ter uncertainty as long as there is sufficient input range
available. This required change in control input is by no
means prohibitive. An optimal method searching for the
best combination of controller parameters will be inves-
tigated in the future.
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Appendix

dn

dtn ⌈s⌋
r =

n−1∑
θ=0

 θ∏
k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

Cn−1∑
j=1

T θj

 (26)

where, T θj = s(a1) ∗ s(a2) ∗ s(a3) ∗ · · · ∗ s(aθ+1) ∗
∏θ+1

i=1 Cai
n−

Aθ
θ+1

,
a0 = 0, ai ∈ N+, and

∑
ai = n. r > n and it is the ratio

of two positive odd numbers. A and C are symbols of
permutation and combination, respectively.

Proof. The induction method is used to prove the above
results. The first 5 derivatives of ⌈s⌋r are very simple,
and thus can be used to easily verify the above results.
They are omitted here. For the n-th derivatives of ⌈s⌋r ,
we assume that the Eq.(26) holds. Then, for arbitrary θ
(θ , 0), dn

dtn ⌈s⌋r includes the following general com-
ponent denoted as M:

M =
θ−1∏
k=0

(r − k) ∗ ⌈s⌋r−(θ−1)−1 ∗

Cθ−1
n−1∑

j=1

T θ−1
j +

θ∏
k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

Cθn−1∑
j=1

T θj

Then we have

d
dt

M =
θ−1∏
k=0

(r − k) ∗ (r − θ) ∗ ⌈s⌋r−θ−1 ∗
d
dt

s ∗
Cθ−1

n−1∑
j=1

T θ−1
j +

θ−1∏
k=0

(r − k) ∗ ⌈s⌋r−(θ−1)−1 ∗
d
dt


Cθ−1

n−1∑
j=1

T θ−1
j

+
θ∏

k=0

(r − k) ∗ (r − θ − 1) ∗ ⌈s⌋r−θ−2 ∗
d
dt

s ∗
Cθn−1∑
j=1

T θj+

θ∏
k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗
d
dt


Cθn−1∑
j=1

T θj


=

θ−1∏
k=0

(r − k) ∗ ⌈s⌋r−θ ∗
d
dt


Cθ−1

n−1∑
j=1

T θ−1
j


θ∏

k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

 d
dt


Cθn−1∑
j=1

T θj

 + d
dt

s ∗
Cθ−1

n−1∑
j=1

T θ−1
j

+
θ∏

k=0

(r − k) ∗ (r − θ − 1) ∗ ⌈s⌋r−θ−2 ∗
d
dt

s ∗
Cθn−1∑
j=1

T θj

And from the expression of T θj , we can get

d
dt


Cθn−1∑
j=1

T θj

 + d
dt

s ∗
Cθ−1

n−1∑
j=1

T θ−1
j =

Cθn∑
j=1

T θj

Therefore, as for the second term of d
dt M, we have

θ∏
k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

 d
dt


Cθn−1∑
j=1

T θj

 + d
dt

s ∗
Cθ−1

n−1∑
j=1

T θ−1
j

 =
θ∏

k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

Cθn∑
j=1

T θj (27)

Obviously, the right hand of the above Eq.(27) is one
general component of dn+1

dtn+1 ⌈s⌋n. Then, we can conclude
that, as long as Eq.(26) holds, the following formula
holds

dn+1

dtn+1 ⌈s⌋
r =

d
dt

[
dn

dtn ⌈s⌋
r
]

=

n∑
θ=0

 θ∏
k=0

(r − k) ∗ ⌈s⌋r−θ−1 ∗

Cθm∑
j=1

T θj


It should be note that the above result also holds under
the condition that d

dt s ∗
∑Cθ−1

n−1
j=1 T θ−1

j = 0 when θ = 0.
Proof is completed.
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