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Abstract: For continuous radial immersion milling operations, the dominant mode shape becomes difficult to determine 

when stiffness of the tool and workpiece are comparable, and this can pose a great challenge for ensuring machining processes 

stability. In this paper, we propose a rapid method to obtain time-varying modal parameters of the workpiece by combining 

experimental measurements with the receptance coupling method. Firstly, the contact parameters between the workpiece and 

vise were identified by a so-called dynamic coupling matrix. Then the mode shapes and the time-varying natural frequency of 

the workpiece were determined using the modal parameters of workpiece. Finally, the stability lobe diagrams (SLDs) were 

computed using the modal parameters and then were validated by undertaking immersion milling experiments. The 

experiments showed a more conservative and practical SLD for general workpiece under continuous radial immersion, where 

the workpiece mode had not always dominated the machining process. Based on the proposed method, we also explored two 

modifications in form of additional cylinder masses and passive support, to suppress chatter. Both modifications were effective 

in enhancing the minimum boundary of the conservative SLD, and the modification of passive support worked better. Although 

the modification of the workpiece could improve the stability boundary, it indirectly affected the dynamics of the milling tool 

through the interaction area between the workpiece and milling tool. 
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Nomenclature 

𝑅𝑅uv 
Generalized receptance matrix, 
𝑣𝑣 - excitation location, 𝑢𝑢 - 
response location 

𝐾𝐾tc, 𝐾𝐾nc 
Cutting force coefficients in 
tangential and normal direction 
(N/mm2) 

𝐻𝐻uv =
𝑥𝑥u
𝑓𝑓v

 Displacement-force receptance 𝐅𝐅t(𝑡𝑡), 𝐅𝐅w(𝑡𝑡) Force acting on the milling tool, 
force acting on the workpiece (N) 

𝐿𝐿uv =
𝑥𝑥u
𝜒𝜒v

 Displacement coupling 
receptance 

𝑔𝑔�𝜃𝜃j� Heaviside’s step function 

𝑁𝑁uv =
𝛼𝛼u
𝑓𝑓v

 Rotation angle-force receptance 𝜃𝜃en, 𝜃𝜃ex Entry angle, exit angle (°) 

𝑃𝑃uv =
𝛼𝛼u
𝜒𝜒v

 Rotation angle coupling 
receptance  

𝐪𝐪w(ω) Workpiece dynamic displacement 
in frequency domain 

𝐺𝐺11 Assembly receptance matrix at 
the top of the workpiece 

𝐅𝐅w(ω) Force acting on the workpiece in 
frequency domain 

𝑅𝑅uvA , 𝑅𝑅uvB , 𝑅𝑅uvC  
Generalized receptance matrices 
of Substructure A, Substructure 
B and Assembly C 

𝚽𝚽t, 𝚽𝚽w 
Mass-normalized mode shape 
matrix of the milling tool and 
workpiece respectively 

𝐺𝐺22 Assembly receptance matrix at 
the top of the substructure B 

𝑛𝑛t, 𝑛𝑛w Number of excited modes of 
milling tool and workpiece 
respectively 

𝐾𝐾 Dynamic coupling matrix 𝜁𝜁r Damping ratio of the rth mode 
j Ordinal number of cutter tooth 𝛽𝛽 Helix angle (°) 

s Number of the discretization 
slice 

𝐪𝐪t(𝑡𝑡), 𝐪𝐪w(𝑡𝑡) Tool dynamic displacement, 
workpiece dynamic displacement 

ℎj(t) Instantaneous uncut chip 
thickness of jth tooth 

𝚽𝚽wu Updated mode shape matrix of the 
workpiece 

𝑓𝑓t Feed per tooth (mm/Z) 𝚽𝚽w,s Mode shape of the sth row 

𝜃𝜃j 
Instantaneous angular position 
for the jth tooth (°) 

𝜔𝜔r 
Natural frequency of the rth mode 
(rad/s) 

𝑁𝑁 Number of cutting teeth 𝐊𝐊 Stiffness matrix 
Ω Spindle speed (rpm) 𝐌𝐌 Mass matrix 
𝑑𝑑 Diameter of milling tool (mm) 𝐂𝐂 Damping matrix 

𝜏𝜏 Time delay 𝐹𝐹𝑅𝑅𝐹𝐹exp Experimental FRF 

N Number of cutter teeth 𝐹𝐹𝑅𝑅𝐹𝐹sim Simulated FRF 
𝐇𝐇𝟎𝟎(𝛚𝛚) FRF of the original structure 𝐇𝐇u(ω) FRF of the modified structure 
𝐪𝐪𝟎𝟎(𝛚𝛚) Response displacement of the 

original structure 
𝐪𝐪𝐮𝐮(𝛚𝛚) Response displacement of the 

modified structure 
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1. Introduction 

Stability lobe diagrams (SLDs) are important characteristics in selecting of machining process parameters and 

ultimately ensuring required geometrical and surface finish accuracies, see for example [1,2]. In fact, SLD 

boundaries are neither static nor constant but vary dynamically, and this must be considered when predicting 

machining process stability. This variation is mainly caused by complex process interactions, speed-dependent 

effects, time-varying modal parameters and uncertainties. A wide variety of SLDs can be found in literature 

examining influences on complicated process interactions, such as process damping [3,4], runouts [5], cross 

responses [6,7], force-induced deformations [8], tool orientations [9], dominant modes [10], state dependent 

effects [11], unstable islands [12,13] and other effects. These studies have extended a suite of machining dynamics 

models and have demonstrated complex dynamic interactions between a machine tool and workpiece. 

When a spindle is rotating, its speed change can also have a significant effect on the dynamics of milling 

processes. Grossi et al. [14,15] investigated a variation of cutting force coefficients and frequency response 

function (FRF) at the tool point for different spindle speeds and established the relationships between cutting force 

coefficients and a spindle speed as well as for the tool point FRF and a spindle speed. A variation of spindle speed 

also introduces nonlinear factors such as gyroscopic effects and a process damping. Wan et al. [16] analyzed the 

gyroscopic effect and incorporated it into the stability analysis at high spindle speeds. Molnar et al. [17] 

constructed a velocity-dependent process-damping model to explain the reasons behind low-speed stability 

improvements in radial immersion milling. In addition to alterations of modal parameters at the tool point due to 

speed, the change of modal parameters of the workpiece due to the removed material is the main source of time-

varying modal parameters. Both these effects pose a great challenge for an accurate prediction of SLDs. With 

regards to uncertainties, Zhang et al. [18] considered an uncertainty of spindle-tool system and developed the 

SLDs for the lower and upper bounds, showing how machining parameters can exhibit uncertainty within those 

two bounds. Löser et al. [19] investigated uncertain parameters in milling processes and constructed an efficient 

computational model for the stability assessment. From the uncertainty point of view, there are standard deviations 

above and below the mean stability limit, so that the stability boundary varies within this range. However, sources 

of uncertainty are diverse, and it is unrealistic to consider various influencing factors in SLD construction during 

practical machining process. As the result, uncertainty regions have been used to explain the SLD considering 

certain influencing factors, but there is no established view so far. 
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For the machining system, investigations of time-varying modal parameters have been focused on thin-

walled workpiece because typically it has a low stiffness when compared to the tool [20]. At present, determination 

of time-varying modal parameters of a workpiece relies on empirical modal analysis, finite element method and 

structural dynamics predictions [21-23]. As pointed out earlier, Sun and Jiang [8] proposed an iterative strategy 

to determine the force-induced deformation with the corresponding engagement boundary, and they modified both 

the static and dynamic stiffness at each tool feed position to obtain the time-varying modal parameters. Song et 

al. [24] obtained the instantaneous dynamic characteristics of thin-walled workpiece by means of iterative 

formulas. Tuysuz and Altintas [25,26] investigated the dynamic characteristics of thin-walled workpiece using 

the substructure reduction method for both frequency and time domains. Hamann and Eberhard [27] showed a 

parametric order reduction method to capture time-varying dynamics of the workpiece and derived the SLD. In 

order to reduce time to obtain the in-process dynamics of thin-walled workpiece, Dang et al. [28] proposed a 

stability prediction method, which reduces a number of degrees-of-freedom and redundant modes. Yang et al. [29] 

presented an efficient stability prediction method for large thin-walled workpieces based on the decomposition 

reduction strategy. Li et al. [30] applied a combination of a free-interface and a structural dynamic modification 

approach to further improve the computational efficiency. Karimi and Altintas [31] developed a fast shell element 

model to obtain the dynamics of thin-walled turbine blades. It is worth mentioning that Honeycutt and Schmitz 

[32] effectively estimated a variable dynamics of thin rib by using the receptance coupling method. All of the 

above discussed methods are used to calculate time-varying modal parameters of workpiece, based on which the 

dynamic SLDs are determined.  

Besides stability prediction, chatter detection and suppression are also important contributors to efficient 

metal cutting processes [33,34]. Hence chatter is not only identified by a real-time online detection, but it is 

expected to be predicted at earlier stages of operation planning. Ji et al. [35] constructed a three-dimensional 

characteristic vector using an empirical mode decomposition and multi-indicator synthetic evaluation for an early 

identification of chatter. Cao et al. [36] proposed an adaptive chatter-signal-enhancement method for 

distinguishing an early weak chatter from strong disturbances. Rather than being limited to the time or frequency 

domains, identification methods should use all other available information to determine whether chatter has 

occurred [37-39]. Liu et al. [40] combined variational mode decomposition and energy entropy for the detection 

of chatter in machining processes. Li et al. [41] used the multiscale entropy method with a gradient tree boosting 

for online identification of chatter and intelligent diagnosis of chatter severity. Such detection methods can classify 
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signals whether chatter occurs or not and evaluate its severity. In addition of using SLDs to avoid chatter, there 

are some passive methods for chatter suppression such as vibration absorbers, tunable mass dampers, spindle 

speed variation, etc. [42-49]. Some scholars have also adapted other measures for specific machining processes, 

for example, Fei et al. [50] set a moving damper parallel to the main spindle and developed a damper-based SLD 

whilst Zhang et al. [51,52] designed a milling chatter suppression scheme using the viscous fluid. Wan et al.[53,54] 

adopted a method of attaching additional mass and prestressing, which also improved the stability boundary. Liu 

et al.[55] and Gibbons et al. [56] enhanced the stability boundary of SLD effectively by modifying the tool-holder. 

Munoa et al. [57] designed a tuneable clamping table to increase stability limits for milling of thin-walled 

workpieces. In essence, the mentioned above chatter suppression methods, can provide new means for improving 

stability of machining processes. 

Although some progress has been made in predicting the SLD for thin-walled workpieces, to the best of 

our knowledge, a relatively little research has been done on continuous machining of general shape workpieces. 

The continuous radial immersion milling refers to consecutive milling passes of a workpiece in the radial direction 

using fixed machining parameters including axial depth of cut, spindle speed, feed per tooth and radial depth of 

cut, for entire roughing processes [58]. When a workpiece is continuously machined with low radial immersion, 

thickness of workpiece inevitably undergoes a change from thick to thin, which results in change of the workpiece 

dynamic properties. It is difficult to determine the dominant mode of the machining system where the flexibility 

of the tool and workpiece is not significantly different. Even during the machining of thin-walled workpiece with 

low stiffness, the mode of the workpiece does not always play a dominant role. Although the structural dynamic 

modification can be applied to obtain the time-varying modal parameters of the workpiece, the fine-meshing is 

required for the continuous immersion milling, which may lead to the problems of re-meshing and node 

determination. In addition, the workpiece is not necessarily in rigid contact with the vise, and the accurate mode 

shape extraction still needs to refer to a series of dynamic test results. Therefore, how to ensure stable machining 

parameters at each step of the continuous machining process and what measures should be used to improve the 

stability of the continuous machining process, are two very important aspects. The stability analysis for a complex 

shape workpiece under consecutive immersion milling passes still faces some challenges. 

It is particularly important to design an effecting SLD to suppress chatter under continuous machining 

conditions, which is the main focus of this work, hence the paper is organized as follows. In Section 2, we propose 

a rapid method to obtain mode shapes and frequencies of a workpiece for a continuous radial immersion milling, 
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which is based on Timoshenko beam model and receptance coupling. In Section 3, the dynamic tests to identify 

the contact state between the workpiece and vise are presented, based on which the mode shapes of the workpiece 

under the prescribed clamping force were determined. In Section 4, the conservative SLD using the mode shape 

matrix and time-varying natural frequencies for different machining stages is constructed, and dynamic tests with 

different passive chatter suppression measures (additional cylinder masses and passive support) are discussed. In 

Section 5, modified conservative SLDs with two proposed chatter suppression measures are discussed. In Section 

6, the conclusions and future research ideas are outlined. 

2. Rapid determination of mode shapes and frequencies for continuous 

radial immersion milling 

During the immersion milling, when material is continuously removed in the radial direction, the modal 

parameters of the workpiece show time-varying characteristics. For a FRF, mass-normalized mode shapes at 

certain natural frequencies determine amplitudes. When a mass-normalized mode shape becomes larger, a 

workpiece exhibits lower stiffness at this node. When undertaking stability analysis of the cutting process, a mass-

normalized mode shape and natural frequency also affect stability limits corresponding to the state transition 

matrix. Therefore, mode shapes and natural frequencies of workpiece are essential to be carefully considered in 

stability analysis. This section introduces the receptance coupling method for a Timoshenko beam model, and 

shows how to extract mode shapes and natural frequencies for continuous radial immersion milling. 

2.1. Receptance coupling for different machining stages 

In continuous machining operations akin to the radial immersion milling where cuboids of material are 

being removed sequentially in stages, the workpiece can be simplified as coupled substructures shown 

schematically in Figure 1. In order to conveniently simulate material removal in continuous radial immersion 

milling, the workpiece is divided into four stages during the modeling process. Stage 1 is the assembly prior a 

radial material removal; Stage 2 is the assembly with a radial material removal of 8 mm; Stage 3 is the assembly 

with radial material removal of 12 mm and Stage 4 can be viewed as a substructure with the effective height 

reduced to 40 mm. For each specific machining stage, the workpiece is further divided into Substructure A, 

Substructure B and the part in contact with the vise. Therefore, these three parts correspond to three coordinates 

systems used to calculate the receptance couplings, as shown in Figure 1(a). Coordinates 1 and 2 are used to 
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describe the coupling relation between Substructures A and B, and Coordinate 3 is used to describe the coupling 

relation between the bottom of workpiece and the vise. At the coupling interface Coordinates 2 and 3 are further 

divided into Coordinates 2a, 2b and Coordinates 3a, 3b, respectively. As shown in Figure 1, a description of the 

translational and rotational movement of the substructures is facilitated by defining generalized receptance matrix 

as proposed in [59],  

𝑅𝑅uv = �
𝑥𝑥u
𝑓𝑓v

= 𝐻𝐻uv,
𝛼𝛼u
𝑓𝑓v

= 𝑁𝑁uv,

 𝑥𝑥u
𝜒𝜒v

= 𝐿𝐿uv

 𝛼𝛼u
χv

= 𝑃𝑃uv
�, (1) 

where 𝑥𝑥 is the displacement, 𝑓𝑓 is the force, 𝛼𝛼 is the rotation angle, 𝜒𝜒 is the coupling; the subscripts 𝑣𝑣 and 

𝑢𝑢 represent the excitation response locations respectively. 

Assembly  C

Assembly  C

Assembly  C

𝑘𝑘xf  𝑐𝑐xf  

𝑘𝑘αχ  

𝑐𝑐αχ  

    

 

𝛼𝛼1 𝛼𝛼2a  

𝛼𝛼2b  

𝜒𝜒1 𝜒𝜒2a  
𝜒𝜒2b  

𝑐𝑐xχ  

𝑘𝑘xχ  
𝑘𝑘αχ  𝑐𝑐αχ  

𝑘𝑘xf  

𝑐𝑐xf  

𝑐𝑐αf  𝑘𝑘αf  

   

𝛼𝛼3b  

𝜒𝜒3b  

𝑥𝑥3b  

𝑓𝑓3b  

𝛼𝛼3a  
𝜒𝜒3a  

𝑥𝑥3a  
𝑓𝑓3a  

𝑥𝑥2b  𝑥𝑥2a  𝑥𝑥1 

𝑓𝑓2b  𝑓𝑓2a  𝑓𝑓1 

 
Figure 1. Physical modelling with the receptance coupling approach showing different machining stages; (a) 
dynamic model of the top free end; (b) flexible-damped coupling contact model for different machining stages. 
Stage 1 is the assembly prior a radial material removal; Stage 2 is the assembly with a radial material removal 
of 8 mm; Stage 3 is the assembly with radial material removal of 12 mm; Stage 4 can be viewed as a substructure 
with the effective height reduced to 40 mm. Substructures A and B are used for the receptance coupling. 
 

In order to specify the elements of the generalized receptance matrix, the Timoshenko beam model is 

applied (see Appendix A for details). Based on the rigid coupling model of Substructures A and B depicted in 

Figure 1(a), the assembly receptance matrix between Coordinates 1 and 2, 𝐺𝐺11, can be deduced as [32]: 
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𝐺𝐺11 = �
𝐻𝐻11
𝑁𝑁11

 𝐿𝐿11
 𝑃𝑃11

� = 𝑅𝑅11 − 𝑅𝑅12a(𝑅𝑅2a2a + 𝑅𝑅2b2b)−1𝑅𝑅2a1, (2) 

where 𝐺𝐺11 is the assembly receptance matrix at the top of the workpiece, and the generalized receptance matrices 

satisfy the definition in Eq.(1); 𝑅𝑅11 and 𝑅𝑅2a1 are generalized receptance matrices at Coordinates 1 and 2a 

when the harmonic force and bending couple are applied to Coordinate 1; 𝑅𝑅12a and 𝑅𝑅2a2a are generalized 

receptance matrices at Coordinates 1 and 2a when the harmonic force and bending couple are applied to 

Coordinate 2a; 𝑅𝑅2b2b is generalized receptance matrix at Coordinate 2b when the harmonic force and bending 

couple are applied to Coordinate 2b. Consequently, as shown in Figures 1 and 2(a), the Substructures A and B 

together form the Assembly C, therefore, Eq. (1) can be rewritten as: 

𝐺𝐺11 = 𝑅𝑅11C = �
𝐻𝐻11C

𝑁𝑁11C
 𝐿𝐿11C

 𝑃𝑃11C
� = 𝑅𝑅11A − 𝑅𝑅12A (𝑅𝑅22A + 𝑅𝑅22B )−1𝑅𝑅21A , (3) 

where 𝑅𝑅uvA , 𝑅𝑅uvB , and 𝑅𝑅uvC  are generalized receptance matrices of Substructure A, Substructure B and 

Assembly C respectively. 

In Eq. (3), the generalized receptance matrices of Substructure A can be calculated from the Timoshenko 

beam model, while the receptance matrix of Substructure B, 𝑅𝑅22B , needs to be determined by coupling 

Substructure B and vise at Coordinate 3. It is important to note here that the contact state between the workpiece 

and fixture at Coordinate 3 is unknown when using the receptance coupling model. Apart from all possible effects 

caused by different clamping methods, a key factor is the clamping force. Therefore, it is necessary to construct a 

robust predictive model based on the measured FRF. When the flexible-damped coupling contact model is 

employed, a dynamic coupling matrix is introduced as: 

𝐾𝐾 = �
𝑘𝑘xf + 𝑖𝑖𝜔𝜔𝑐𝑐xf 𝑘𝑘xχ + 𝑖𝑖𝜔𝜔𝑐𝑐xχ
𝑘𝑘αf + 𝑖𝑖𝜔𝜔𝑐𝑐αf 𝑘𝑘αχ + 𝑖𝑖𝜔𝜔𝑐𝑐αχ

�, (4) 

where 𝜔𝜔 is angular frequency, 𝑘𝑘xf + 𝑖𝑖𝜔𝜔𝑐𝑐xf is the stiffness and damping term which corresponds to the 𝐻𝐻uv 

in Eq. (1), and this applies to the remaining three elements of the matrix. 

With the dynamic coupling matrix considered, the assembly receptance matrix between Substructure B 

and vise, 𝐺𝐺22, can be expressed as: 

𝐺𝐺22 = 𝑅𝑅22B = �
𝐻𝐻22
𝑁𝑁22

 𝐿𝐿22
 𝑃𝑃22

� = 𝑅𝑅22 − 𝑅𝑅23a(𝑅𝑅3a3a + 𝑅𝑅3b3b + inv(𝐾𝐾))−1𝑅𝑅3a2, (5) 

where 𝐺𝐺22 is the assembly receptance matrix at the top of the Substructure B, and the generalized receptance 

matrices satisfy the definition in Eq.(1). 
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2.2. Mode shapes extraction and dynamic model 

In the process stability assessment it is necessary to monitor incremental changes of the axial depth of cut, from 

which the dynamic cutting force considering the angular delay effect can be easily calculated by using the 

infinitesimal element approach. Therefore, the cutting edge is discretized into equal thickness elements by using 

sections parallel to the tool axis. These infinitesimal elements correspond to the axial depth of cut on the workpiece. 

As depicted in Figure 2, the milling tool is partitioned into s parts along the tool axis and the height of each element 

is ∆𝑏𝑏. When the regenerative effect is considered, the instantaneous uncut chip thickness of the jth tooth in Figure 

2(c) can be written as: 

ℎj(t) = 𝑓𝑓t sin�𝜃𝜃j� + [sin�𝜃𝜃j� , cos�𝜃𝜃j�][(qt,p(𝑡𝑡) − qt,p(𝑡𝑡 − 𝜏𝜏)) − (qw,p(𝑡𝑡) − qw,p(𝑡𝑡 − 𝜏𝜏))], (6) 

where 𝑓𝑓t is the feed per tooth, 𝜃𝜃j is the instantaneous angular position for the jth tooth, 𝜏𝜏 is the time delay, 

qt,p  is a projection of  𝐪𝐪t(𝑡𝑡) = �
𝑥𝑥t(𝑡𝑡)
𝑦𝑦t(𝑡𝑡)

� and qw,p is a projection of 𝐪𝐪w(𝑡𝑡) = �𝑥𝑥w(𝑡𝑡)
𝑦𝑦w(𝑡𝑡)�. The instantaneous 

angular position having an angular delay effect can be defined as: 

𝜃𝜃j = 𝜃𝜃j(𝑡𝑡, 𝜇𝜇 ∗ ∆𝑏𝑏) =
2𝜋𝜋Ω
60

𝑡𝑡 + (𝑗𝑗 − 1)
2𝜋𝜋
𝑁𝑁
− (𝜇𝜇 − 1)

2tan𝛽𝛽
𝑑𝑑

∆𝑏𝑏, 𝑗𝑗 = 1,2,⋯ ,𝑁𝑁;𝜇𝜇 = 1,2,⋯ , 𝑠𝑠; (7) 

where Ω is the spindle speed, 𝑁𝑁 is the number of cutting teeth, 𝑑𝑑 is the milling tool diameter and 𝛽𝛽 is the 

helix angle. The infinitesimal dynamic cutting forces acting in X and Y directions can be calculated as a product 

of the effective relative dynamic deflection and the stiffness, which can be assembled as follows: 

       �
ΔFt,μ,x(t)
ΔFt,μ,y(t)� = ∆𝑏𝑏�𝑔𝑔�𝜃𝜃j�

𝑁𝑁

𝑗𝑗=1

�
−cos�𝜃𝜃j� − sin�𝜃𝜃j�
sin�𝜃𝜃j� −cos�𝜃𝜃j�

� �𝐾𝐾tc𝐾𝐾nc
� �sin�𝜃𝜃j� , cos�𝜃𝜃j��  

             x [(qt,p(𝑡𝑡) − qt,p(𝑡𝑡 − 𝜏𝜏)) − (qw,p(𝑡𝑡) − qw,p(𝑡𝑡 − 𝜏𝜏))], 

(8) 

where 𝑔𝑔�𝜃𝜃j� = �
1 𝜃𝜃en < 𝜃𝜃j < 𝜃𝜃ex,
0 𝜃𝜃j < 𝜃𝜃en 𝑜𝑜𝑜𝑜 𝜃𝜃j > 𝜃𝜃ex,  (𝑗𝑗 = 1,2,⋯ ,𝑁𝑁),  𝑔𝑔�𝜃𝜃j�  is the Heaviside’s step function, 

𝜃𝜃en is the entry angle and 𝜃𝜃ex is the exit angle, 𝐾𝐾tc and 𝐾𝐾nc are the cutting force coefficients in tangential 

and normal directions. Now, the force acting on the milling tool can be expressed as: 

𝐅𝐅t(𝑡𝑡) = ��
Δ𝐹𝐹t,μ,x(t)
Δ𝐹𝐹t,μ,y(t)�

𝑠𝑠

𝜇𝜇=1

= −𝐅𝐅w(𝑡𝑡), (9) 
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where 𝐅𝐅w(𝑡𝑡) is the force acting on the workpiece. In general, the dynamics of this machining process is strongly 

and inherently nonlinear (see e.g. [60, 61, 62]), however for the fixed process parameters and assuming that the 

tool is in contact with the workpiece, it can be described the following linearized matrix equation of motion: 

𝐌𝐌�̈�𝐐(𝑡𝑡) + 𝐂𝐂�̇�𝐐(𝑡𝑡) + 𝐊𝐊𝐐𝐐(𝑡𝑡) = 𝐅𝐅(t), (10) 

where the mass matrix 𝐌𝐌 = �𝐌𝐌t
𝐌𝐌w

� , the damping matrix 𝐂𝐂 = �𝐂𝐂t 𝐂𝐂w
� , the stiffness matrix 𝐊𝐊 =

�𝐊𝐊t
𝐊𝐊w

�, 𝐐𝐐(𝐭𝐭) = � 𝐪𝐪t
(𝑡𝑡)

𝐪𝐪w(𝑡𝑡)� and 𝐅𝐅(𝐭𝐭) = � 𝐅𝐅t
(𝑡𝑡)

𝐅𝐅w(𝑡𝑡)�  
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Figure 2. Mode shapes determination by the receptance coupling method; (a) receptance model for different 
relative positions of the tool and the workpiece (2p,𝑝𝑝 = 1,2,⋯𝑠𝑠 , 2p  represents a possible position of 
assembly receptance); (b) discretization scheme of the milling tool and corresponding interpolation scheme of 
the workpiece; (c) two degrees-of-freedom model of the up-milling process. Substructure B is viewed as the 
base and the mode shapes are identified from Assembly C. The blue line represents the milling tool and the red 
line represents the workpiece. In Figure 2(a, b), the triangles represent discretization points on the milling tool; 
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the circles represent assembly receptances of possible positions on the workpiece; the six-pointed stars 
represent response points measured during dynamic tests on the tool tip point. 

 

Now Eq. (10) which describes the dynamics of the modelled process, can be transformed to the modal form and 

consequently its modal matrices, and then evaluated via the experimental modal testing. Specifically, the FRFs of 

the workpiece having time-varying modal parameters and the tool need to be determined. First, the Fourier 

transformation of the workpiece equation of motion is performed and this results in the following expression: 

(𝑖𝑖ω)2𝐌𝐌w𝐪𝐪w(ω) + (𝑖𝑖ω)𝐂𝐂w𝐪𝐪w(ω) + 𝐊𝐊w𝐪𝐪w(ω) = 𝐅𝐅𝑤𝑤(ω), (11) 

where 𝐌𝐌w is the modal mass of the workpiece, 𝐪𝐪w(ω) is the workpiece dynamic displacement in frequency 

domain, 𝐂𝐂w is the damping of the workpiece, 𝐊𝐊w is the stiffness of the workpiece and 𝐅𝐅w(ω) is the force 

acting on the workpiece in frequency domain. In order to decouple the modes in the workpiece subsystem, the 

modal transformation 𝐪𝐪w(𝑡𝑡) = 𝜙𝜙w𝚪𝚪w(t) is applied and after the mass normalization, the FRF of the workpiece 

subsystem can be written as: 

�

−ω2𝜙𝜙wT𝐌𝐌w𝜙𝜙w𝚪𝚪w(ω) + (𝑖𝑖ω)𝜙𝜙wT𝐂𝐂w𝜙𝜙w𝚪𝚪w(ω) + 𝜙𝜙wT𝐊𝐊w𝜙𝜙w𝚪𝚪w(ω) = 𝜙𝜙wT𝐅𝐅w(ω),

𝐇𝐇(ω) =
𝐪𝐪w(ω)
𝐅𝐅w(ω) =

𝜙𝜙w𝚪𝚪w(ω)
𝐅𝐅w(ω) = �

{𝜙𝜙w}r{𝜙𝜙wT }r
ωr
2 − ω2 + 𝑖𝑖2𝜁𝜁rωrω

𝑛𝑛w

𝑟𝑟=1

,
 (12) 

where 𝜙𝜙w is the mass-normalized mode shape of workpiece, ωr = �𝐊𝐊w
𝐌𝐌w

 is the natural frequency of the rth 

mode, and 𝜁𝜁r = 𝐂𝐂w
2�𝐌𝐌w𝐊𝐊w

 is the damping ratio. 

During the material removal process, the FRF of the tool does not change much so it can be regarded as a 

constant. When the FRF of the milling tool is analyzed, a similar result to Eq. (12) can be obtained. The difference 

is that the mass-normalized mode shape and the natural frequency in Eq. (12) are time-varying during the material 

removal process, while the two parameters are constant for the milling tool. Therefore, the modal parameters of 

the milling tool are mainly obtained from dynamic tests. The milling tool is excited at the tool tip point and the 

responses are measured at the three points of the milling tool (see Figure 2(b)), and then the mode shape function 

along the tool axis is fitted. According to the discretization scheme of the milling tool, the mode shape matrices 

of the milling tool and workpiece are obtained by interpolation and receptance coupling. As a result, the mass-

normalized mode shape matrices of the milling tool and workpiece in X and Y direction can be defined as: 
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𝚽𝚽t = 𝚽𝚽t,s =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝜙𝜙x1,1,t 𝜙𝜙x1,2,t ⋯ 𝜙𝜙x1,𝑛𝑛t,t
𝜙𝜙y1,1,t 𝜙𝜙y1,2,t ⋯ 𝜙𝜙y1,𝑛𝑛t,t
⋮ ⋮ ⋱ ⋮

𝜙𝜙xμ,1,t 𝜙𝜙xμ,2,t ⋯ 𝜙𝜙xμ,𝑛𝑛t,t
𝜙𝜙yμ,1,t 𝜙𝜙yμ,2,t ⋯ 𝜙𝜙yμ,𝑛𝑛t,t
⋮ ⋮ ⋱ ⋮

𝜙𝜙xs,1,t 𝜙𝜙xs,2,t ⋯ 𝜙𝜙xs,𝑛𝑛t,t
𝜙𝜙ys,1,t 𝜙𝜙ys,2,t ⋯ 𝜙𝜙ys,𝑛𝑛t,t⎠

⎟
⎟
⎟
⎟
⎟
⎞

2s×𝑛𝑛t

, 

𝚽𝚽w = 𝚽𝚽w,s =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝜙𝜙x1,1,w 𝜙𝜙x1,2,w ⋯ 𝜙𝜙x1,𝑛𝑛w,w
𝜙𝜙y1,1,w 𝜙𝜙y1,2,w ⋯ 𝜙𝜙y1,𝑛𝑛w,w

⋮ ⋮ ⋱ ⋮
𝜙𝜙xμ,1,w 𝜙𝜙xμ,2,w ⋯ 𝜙𝜙xμ,𝑛𝑛w,w
𝜙𝜙yμ,1,w 𝜙𝜙yμ,2,w ⋯ 𝜙𝜙yμ,𝑛𝑛w,w

⋮ ⋮ ⋱ ⋮
𝜙𝜙xs,1,w 𝜙𝜙xs,2,w ⋯ 𝜙𝜙xs,𝑛𝑛w,w
𝜙𝜙ys,1,w 𝜙𝜙ys,2,w ⋯ 𝜙𝜙ys,𝑛𝑛w,w⎠

⎟
⎟
⎟
⎟
⎟
⎞

2s×𝑛𝑛w

, 

(13) 

 

where 𝚽𝚽t is the mass-normalized mode shape matrix of the milling tool, 𝑛𝑛t is the number of excited mode of 

milling tool, 𝚽𝚽w is the mass-normalized mode shape matrix of the workpiece, 𝑛𝑛w is the number of excited 

mode of workpiece and s is the discretization number of the milling tool. 

 

At different machining stages, the mass-normalized mode shapes of the workpiece exhibit time-varying 

characteristics. For the workpiece, it is necessary to obtain the mode shapes of Assembly C at different machining 

stages and positions along the cutting edge (See 2p in Figure 2(a, b)). Like Eq. (2), the assembly receptance at 

Coordinate 2 in Figure 1(a) can also be directly developed as: 

𝑅𝑅22C = 𝑅𝑅22A − 𝑅𝑅22A (𝑅𝑅22A + 𝑅𝑅22B )−1𝑅𝑅22A . (14) 

From Figure 2 and Eq. (14), it can be seen that the 𝑅𝑅22C  at different positions needs to continuously obtain the 

latest 𝑅𝑅22B . That is, in the case of a specific axial depth of cut, multiple terms of 𝑅𝑅22B  are required to obtain the 

mass-normalized mode shapes at different positions along the cutting edge (see 2p in Figure 2(a, b)). Therefore, 

it is better to implicitly omit the term of 𝑅𝑅22B  in the determination of the mass-normalized mode shapes of the 

workpiece, and Eq. (14) can be changed as: 

𝑅𝑅22B = −𝑅𝑅22A + 𝑅𝑅22A (𝑅𝑅22A − 𝑅𝑅22C )−1𝑅𝑅22A . (15) 

After substituting Eq. (15) into Eq. (3), the receptance at the free end of the workpiece and point on the 

same component can be expressed mutually [63]. Therefore, the assembly receptance at Coordinate 2 can be 

rewritten as: 
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𝑅𝑅22C = �
𝐻𝐻22c

𝑁𝑁22c  
 𝐿𝐿22c

 𝑃𝑃22c
� = 𝑅𝑅22A − 𝑅𝑅22A 𝑅𝑅12A−1�𝑅𝑅11A − 𝑅𝑅11C �𝑅𝑅21A−1𝑅𝑅22A . (16) 

According to Eq. (16), once 𝑅𝑅11C  is determined, the assembly receptance of 𝑅𝑅22C  at different positions no longer 

depends on 𝑅𝑅22B , but depends on the generalized receptance of Substructure A. It can be seen from Eq. (3) that 

the term of 𝑅𝑅22B  only needs to be determined once according to the contact state when determining 𝑅𝑅11C , instead 

of repeatedly obtaining the term of 𝑅𝑅22B . Based on the assembly receptance at the Coordinate 1 and the generalized 

receptance of the Substructure A, as shown in Figure 2, the assembly receptance at the Coordinate 2 can be 

determined from Eq. (16). It is worth to note here that the position of Coordinate 2 varies with the axial depth of 

cut. By combining Eqs. (12) and (16), the mass-normalized mode shapes at contact zone between milling tool and 

workpiece can be obtained and expressed as follows: 

𝐻𝐻22c (ω) = �
{𝜙𝜙2c}𝑟𝑟{𝜙𝜙2c}r

ωr
2 − ω2 + 𝑖𝑖2𝜁𝜁rωrω

𝑛𝑛w

𝑟𝑟=1

=
{𝜙𝜙2c}1{𝜙𝜙2c}1

ω1
2 − ω2 + 𝑖𝑖2𝜁𝜁1ω1ω

+ ⋯+
{𝜙𝜙2c}𝑛𝑛𝑤𝑤{𝜙𝜙2c}𝑛𝑛w

ω𝑛𝑛w
2 − ω2 + 𝑖𝑖2𝜁𝜁𝑛𝑛wω𝑛𝑛wω

, (17) 

where {𝜙𝜙2c}1 = 𝜙𝜙yμ,1,w, 𝜙𝜙2c is the mass-normalized mode shape of workpiece at the Coordinate 2 and 𝑛𝑛w is 

the number of excited mode of workpiece. 

For continuous machining processes, the modal frequencies and mode shapes of the workpiece show time-

varying characteristics. These time-varying parameters make the SLD exhibit dynamic changes, which causes 

significant challenges in robust stability prediction. To overcome these difficulties, it is possible to construct a 

conservative SLD where the goal is not necessarily the maximum material removal rate, but rather to obtain stable 

processing parameters. As can be seen in Eq. (13), the number of rows of the workpiece's mode shape matrix 

varies with s, which increases with the increase of the axial depth of cut. For the same machining stage, the number 

of rows of the mode shape matrix is not the same for different axial depths of cut. Therefore, the maximum value 

of each row of the different mode shape matrices in the same machining stage is taken to develop the updated 

mode shape matrix and the updated mode shape matrix satisfy the following relation: 

�𝚽𝚽wu = max {𝚽𝚽w,1, 𝚽𝚽w,2, … 𝚽𝚽w,s},
𝚽𝚽w = 𝚽𝚽wu,  (18) 

where 𝚽𝚽wu is the updated mode shape matrix of the workpiece, 𝚽𝚽w,s is the mode shape of the sth row and 

𝚽𝚽w is mode shape matrix of the workpiece. The mass-normalized mode shapes of the Assembly C at different 

depths of cut can be extracted by combining Eqs. (16-18), which is different from the modal parameters obtained 

in Ref. [32], where the dynamics is determined at the top of the Assembly C according to Eq. (2). 
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In the process of obtaining the above mass-normalized mode shape matrices, the coordinate transformation 

is used to normalize the mass matrix. This coordinate transformation not only decouples the multiple modes, but 

also makes the dynamic equation more concise. Therefore, solving Eq. (10) in the modal coordinates system 

further simplifies the calculation process and the system dynamics in the modal space becomes: 

�̈�𝚪(𝑡𝑡) + 𝟐𝟐𝟐𝟐𝛚𝛚�̇�𝚪(𝑡𝑡) + 𝛚𝛚2𝚪𝚪(𝑡𝑡) = 𝚽𝚽𝐅𝐅(t), (19) 

where 𝟐𝟐 = �𝜉𝜉t 𝜉𝜉w
�, 𝛚𝛚 = �ωt

ωw
�, 𝚪𝚪(𝐭𝐭) = � 𝚪𝚪t

(𝑡𝑡)
𝚪𝚪w(𝑡𝑡)�, 𝐅𝐅(t) = � 𝐅𝐅t

(𝑡𝑡)
𝐅𝐅w(𝑡𝑡)�, and 𝚽𝚽 = �𝚽𝚽t

T

−𝚽𝚽w
T�. 

 

3. Dynamic tests and identification of contact state parameters 

The contact between the workpiece and the fixture characterizes the FRF of the workpiece in the clamped 

conditions. The dynamic tests of the workpiece can not only replicate the real contact state, but also analyze the 

effect of different clamping forces on the natural frequency of the workpiece. The following section introduces 

the experimental scheme for dynamic tests and the analysis of how different clamping forces can affect the natural 

frequency of the workpiece. Combining the experimental results with the theoretical predictions from Section 2, 

the contact state between the workpiece and vise was determined. Finally, based on the dynamic coupling matrix, 

the time-varying modal parameters of the workpiece under given clamping force were computed. 

3.1. Dynamic tests for different clamping forces 

Dynamic tests of the workpiece under a prescribed clamping force are the key to obtain accurate FRFs. As shown 

in Figure 3, the static force sensor is fixed to the movable end of the vise jaw with one washer, and the vise screw 

is placed on the hemisphere of the other washer. After the clamping force was applied to the vise, there was a 

small gap between the washers and the static force sensor. The force decayed slowly and showed small 

fluctuations, specifically, for the prescribed clamping force of 3000 N, the actual clamping force value had 

fluctuated between 2950 and 3050 N. 
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Figure 3. Dynamic tests with the prescribed clamping forces; (a) schematic representation for dynamic tests; 
(b) non-contact measurement setup for the FRF of workpiece. T1, T2, T3 and T4 are distribution of the four 
test regions in X direction, and the length of each test region is 10 mm. The capacitive sensor was employed to 
obtain the FRF at the four test regions and the lead screw was used to adjust the static force applying to vise. 

 

The dynamics under four different machining stages were tested according to the division of the workpiece 

stages shown in Figure 1. For the hammer tests, the capacitive sensor was used to collect the response from the 

workpiece, and the excitation points of the force hammer and the measurement points were theoretically at the 

same location. As shown in Figure 3(a), four regions (T1, T2, T3 and T4) were selected along the tool path (i.e., 

X-direction) to obtain the FRFs. Since the diameter of the force hammer is 10 mm, the length of each test region 

is selected to be 10 mm. From Figure 4 (a)-(d), the first mode of the workpiece increased from 1425 Hz, through 

1540 Hz and 1595 Hz to 1624 Hz when the workpiece shape changed between Stages 1 and 4. However, the 

amplitudes of the four different machining stages changed very little and remained in a relatively stable range. 

For each machining stage, the FRFs of T1 and T4 were close to each other, and the FRFs of T2 and T3 were also 

close to each other. This was mainly because the first mode corresponded to bending and the mode shapes at the 

top of the workpiece were nearly the same. For the second mode, the amplitudes at T2 and T3 were almost zero 

because the test regions T2 and T3 were closer to the nodes of the second mode than that of T1 and T4. In addition, 

the natural frequency of the second mode of the workpiece fluctuated between 5000 and 5500 Hz, and its 

amplitude was very low. Compared with the first mode, the natural frequency of the second mode was higher and 

far from the first mode, which was less likely to be excited during machining process. Therefore, only the first 

mode of the workpiece at different machining stages was considered. 
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Figure 4. Dynamic tests of workpiece with the clamping force of 3000 N; (a) FRF of workpiece at T1; (b) FRF 
of workpiece at T2; (c) FRF of workpiece at T3; (d) FRF of workpiece at T4. Stage 1 is shown in red; Stage 2 
is shown in blue; Stage 3 is shown in black; Stage 4 is shown in pink. Stage 1 is the assembly prior a radial 
material removal; Stage 2 is the assembly with a radial material removal of 8 mm; Stage 3 is the assembly with 
radial material removal of 12 mm; Stage 4 can be viewed as a substructure with the effective height reduced to 
40 mm. 

 

Following the same test procedure, the clamping force was adjusted to 1000 N, 2000 N and 4000 N, which resulted 

in the natural frequencies of the first mode at Stage 1 of 1260 Hz, 1390 Hz and 1550 Hz, respectively. The natural 

frequency of the first mode increased gradually with the increase of the clamping force, which indicated that the 

change of the clamping force could affect the contact state between the bottom end of the workpiece and the vise, 

and then affect the FRF of the workpiece. Therefore, the dynamic tests for the workpiece should be performed 

under the specific clamping force to ensure that the measured value can be accurately applied to the relevant 

machining stage. 
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3.2. Determination of contact state between workpiece and vise 

Due to differences in clamping height and clamping force, the contact state between the workpiece and vise would 

change, which can be expressed by the parameters in dynamic coupling matrix. The contact state between the 

workpiece and vise is determined by comparing the theoretical value with the actual measured value. It is 

necessary to assume that the workpiece is in rigid contact with the vise in advance when calculating the theoretical 

value. If the theoretical value is close to the measured value, the workpiece is considered to be in rigid contact 

with the vise. Otherwise, the workpiece is regarded to be in a flexible contact with the vise. In this case, the 

stiffness and damping coefficients need to be identified according to the flexible-damped coupling model. Starting 

with Stage 1 in which the workpiece is uncut with its cuboid geometry is 100×45×15 mm, made of aluminum 

alloy 2007 with Young's modulus 71 GPa and Poisson's ratio 0.33, the computed natural frequency of the first 

mode using Ansys was 5874 Hz.   

The FRF for the rigid connection between the workpiece and vise can be evaluated from Eq. (2). Under 

such connections, the natural frequency of the first mode with Timoshenko beam model at Stage 1 was 6030 Hz 

(see Figure A-1 in Appendix A), while the Ansys simulation result was 5874 Hz. The error between the two results 

was 2.6%, which shows that the rigid connection model can accurately predict the FRF. However, the measured 

natural frequency of the first mode at Stage 1 with clamping force of 3000 N was 1425 Hz, which differs from 

the natural frequency of the workpiece. It means that the actual contact state between the workpiece and vise is 

flexible and a modification is needed to cater for a more flexible and damped connection. It is therefore necessary 

to determine the parameters of the so-called dynamic coupling matrix, which can be employed to predict the FRFs 

for other machining stages. The dynamic equation is solved by using the maximum mass-normalized mode shapes 

at different discretization points, hence the test results at T1 are used to identify the parameters of the dynamic 

coupling matrix. It can be noted from Figure 4 that at the same machining stage, the frequencies of the first mode 

measured for all test regions differ slightly whilst their corresponding amplitudes significantly more. 

3.3. Identification for the dynamic coupling matrix and time-varying modal parameters 

Owing to complexity of damping mechanisms in mechanical connections, dynamic tests are used to determine 

damping. The equivalent viscous damping ratio of the workpiece identified from the dynamic tests is around 2.5%, 

which is similar to values reported in [64, 65], mainly used for convergence and stiffness analysis. Hence, the 

equivalent viscous damping ratio assumed in our studies is 0.025 and this value is used to compute the dynamic 
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stiffness via Eq. (4). The stiffness mainly controls the contact state, and its value can be chosen by minimizing 

the norm presented in Eq. (20): 

min
𝐾𝐾
�|𝐹𝐹𝑅𝑅𝐹𝐹sim| − �𝐹𝐹𝑅𝑅𝐹𝐹exp��2

2
,  (20) 

where 𝐹𝐹𝑅𝑅𝐹𝐹sim is the simulated FRF in Eq. (16), 𝐹𝐹𝑅𝑅𝐹𝐹exp is the experimental FRF, and 𝐾𝐾 is the dynamic 

coupling matrix. There are many methods for solving Eq. (20), but here we used the global gradient optimization 

algorithm with the nonlinear least-squares solver of Matlab. The identified parameters of the dynamic coupling 

matrix are shown in Tab. 1. With the damping ratio value of around 0.025, its influence on the identified 

parameters can be neglected. The predicted FRF of the workpiece at different machining stages with the flexible-

damped coupling model is shown in Figure 5 and when compared with Figure 4, the flexible-damped coupling 

model is much closer to the test results, hence it is used for frequency and mode shapes extraction. 

Tab. 1 Identified parameters of the dynamic coupling matrix 

Stiffness 
term 

𝑘𝑘xf 
(N/m) 

𝑘𝑘xχ 
(N-m/m) 

𝑘𝑘αf 
(N/rad) 

𝑘𝑘αχ 
(N-m/rad) 

Value 267 7.80 × 104 72.0 4.14 × 103 

 

 
 

Figure 5. FRFs of the workpiece after modifications. The blue line shows the FRF of the workpiece at Stage 1; 
the green line shows the FRF of the workpiece at Stage 2; the red line shows the FRF of the workpiece at Stage 
3; the black line shows the FRF of the workpiece at Stage 4. 
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According to Eqs. (16) and (17), the receptance at the top of the assembly can be converted into the 

receptance at any position on the assembly, and the related terms of Substructure B are implicit. The mode shapes 

of the assembly only need the receptance of Substructure A and Assembly C (see Figure 2(a)). According to the 

FRF of the different axial depths of cut, the mode shapes and time-varying frequency for different radial milling 

lengths are then presented in Figure 6. When comparing the dynamic test results at different machining stages 

shown in Figure 4, it can be found that the frequency variation range in Figure 6(c) is in good agreement with the 

dynamic test results both showing an increasing trend. Although the maximum mass-normalized mode shapes are 

adopted at the discretization nodes, the value of mass-normalization mode shape presented in Figure 6(a) is small, 

which leads to less significant changes in the amplitude of FRF. This is also consistent with the dynamic test 

results at T1 in Figure 4(a). Similar to the above, the predicted FRFs in Figure 5 also match well with Figure 6 

when the flexible-damped coupling model is applied. Figure 6 indicates that with the radial milling length increase, 

the mode shapes and natural frequencies at different axial depths show a slow increasing trend. When the radial 

milling length is greater than 6 mm, the change of frequency is more evident, which further indicates that the 

modal parameters of the workpiece change very drastically as the radial material is continuously removed. 

 

 

 
Figure 6. Determination of mass-normalized mode shapes and frequency; (a) mode shape variation in Y 
direction with material removal in radial and axial directions; (b) schematic illustration of the length in the axial 
and radial directions; (c) Frequency variation with material removal in axial and radial directions. The yellow 
column is the ADOC of 10 mm; the red column is the ADOC of 8 mm; the blue column is the ADOC of 6 mm; 
the green column is the ADOC of 4 mm; the pink column is the ADOC of 2 mm; the grey column is the ADOC 
of 0 (ADOC is short for Axial Depth in of Cut). 
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4. Conservative SLD and passive chatter suppression measures  

The SLD is an important tool to predict the stability during continuous radial immersion milling process. To 

further enhance the boundary of the SLD and improve the material removal rate, passive chatter suppression 

measures can be employed. This section shows how to create a conservative 3D SLD using the modal parameters 

of the milling tool and the time-varying modal parameters of the workpiece. In order to suppress chatter, two 

modifications of the workpiece with additional cylinder masses and a passive support are explored. As the FRF 

can reflect the dynamic characteristics of the workpiece, the FRFs of the two modifications are analyzed. 

4.1. Development of 3D SLD for continuous radial immersion milling process 

In order to construct a conservative SLD for general workpiece with continuous machining, in addition to the 

time-varying modal parameters of workpiece, the modal parameters of the milling tool and the cutting force 

coefficients also need to be measured and identified. The modal parameters of the tool are obtained by using 

capacitive sensor and force hammer, and the measurement procedure was described in [66]. The damping ratio of 

the workpiece identified from the data to construct Figure 5 is 0.025, and the mass-normalized modal parameters 

are shown in Table 2. 

Table 2. Measured mass-normalized two first mode shapes for the milling tool in feed and normal directions  

Directions Number of modes Natural frequencies (Hz) Damping ratio (%) Normalized mode shape size (1 �kg⁄ ) 

Feed direction 1 3122 2.5 [2.56 1.70 0.98] 

2 3814 2.8 [1.24 1.15 0.95] 

Normal direction 1 3165 2.1 [2.83 1.82 1.13] 

2 3873 2.6 [1.35 1.07 0.54] 

 

In the milling experiment, a four-fluted carbide end mill with diameter of 10 mm is applied and the helix angle of 

the milling tool is 30°. The linear cutting force model is employed to calibrate the cutting force coefficients as 

proposed in [67], and the results are as follows [65]: 𝐾𝐾tc = 1.03 × 109 Pa, 𝐾𝐾nc = 5.15 × 108 Pa. 
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Figure 7. Flowchart of the conservative 3D-SLD with considering both dynamics of the milling tool and 
workpiece. The modal parameters of milling tool is measured with capacitive sensor, and the time-varying 
dynamics of workpiece is determined by receptance coupling and dynamic tests. The above modal parameters 
are used to develop the conservative SLD with a third-order updated full-discretization method. 

Compared with Y direction, the mass-normalized mode shapes in X direction varies very slightly, which 

can be obtained from the element stiffness and mass matrices of the workpiece, and its variation ranges from 2 ×

10−3  to 3 × 10−3 . The low radial immersion ratio is 10% (1 mm) with the feed per tooth of 0.1 mm/tooth. 

Following the procedures outlined in Figure 7, the third-order updated full-discretization method is employed to 

solve the dynamic equation [68], and the conservative SLD under the clamping force of 3000 N is then established, 

as shown in Figure 8. 
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Figure 8. Conservative SLD and lobes distribution; (a) conservative 3D-SLD and its development trend without 
passive chatter suppression measures; (b) main lobe shift and distribution in the rage of 10000-15000 rpm. The 
black line shows the SLD at the radial milling length of 5 mm, and the blue line shows the SLD at the radial 
milling length of 11 mm. 

 

Since changes in the natural frequency can cause a horizontal shift for the stability lobes, different machining 

stages correspond to different lobes. As depicted in Figures 8(a) and (b), Lobe 1 is the main lobe and it runs 

through the whole machining process in the range of 10000-15000 rpm. Lobe 2 appears slowly and starts to 

dominate the boundary when the radial milling length increases to 11 mm. In the range of 10000-15000 rpm, this 

3D-SLD has the same development trend as the 3D-SLD constructed by the method presented in [65]. 

 

4.2. Workpiece FRF for passive chatter suppression measures 

The stability enhancement relies on the stiffness of the machining system, i.e., the reduction of the FRF’s 

amplitude and the increase of the natural frequency [54]. The structural dynamic modification method can be used 

to change the workpice FRF [69, 70], which affects the stability boundary. In the frequency domain, Eq. (12) can 

be written as: 

𝐅𝐅(𝛚𝛚) = 𝐁𝐁𝟎𝟎(𝛚𝛚)𝐪𝐪𝟎𝟎(𝛚𝛚), (21) 

where 𝐁𝐁𝟎𝟎(𝛚𝛚) = 𝐇𝐇𝟎𝟎
−𝟏𝟏(𝛚𝛚), 𝐇𝐇𝟎𝟎(𝛚𝛚) is the FRF of the original structure, 𝐅𝐅(𝛚𝛚) is the external excitation and 

𝐪𝐪𝟎𝟎(𝛚𝛚) is the corresponding displacement of the original structure. When the local structural modification of the 

workpiece is applied, the dynamic modification matrix can be expressed as: 

∆𝐁𝐁(ω) = ∆𝐊𝐊 + iω∆𝐂𝐂 − ω2∆𝐌𝐌, (22) 

0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

Spindle speed (rpm) 10 4

0

2

4

6

8

10

A
xi

al
 d

ep
th

 o
f c

ut
 (m

m
)

Lobe 1 Lobe 2

.0

(b)



 

 
Page 23 of 43 

 

where ∆𝐊𝐊, ∆𝐂𝐂 and ∆𝐌𝐌 are stiffness modification matrix, damping modification matrix and mass modification 

matrix, respectively. Now Eq. (21) can be further developed as: 

𝐅𝐅(ω) = [𝐁𝐁0(ω) + ∆𝐁𝐁(ω)] 𝐪𝐪u(ω), (23) 

where 𝐪𝐪𝐮𝐮(𝛚𝛚) is the response displacement of the updated modified structure. By multiplying Eq. (23) by 

𝐇𝐇𝟎𝟎(𝛚𝛚), Eq. (23) becomes: 

𝐇𝐇𝟎𝟎(𝛚𝛚)𝐅𝐅(𝛚𝛚) = 𝐇𝐇𝟎𝟎(𝛚𝛚)[𝐁𝐁𝟎𝟎(𝛚𝛚) + ∆𝐁𝐁(𝛚𝛚)] 𝐪𝐪𝐮𝐮(𝛚𝛚) = [𝐈𝐈 + 𝐇𝐇𝟎𝟎(𝛚𝛚)∆𝐁𝐁(𝛚𝛚)]𝐪𝐪𝐮𝐮(𝛚𝛚), (24) 

and consequently the FRF of the updated modified structure reads as: 

𝐇𝐇u(ω) =
𝐪𝐪u(ω)
𝐅𝐅(ω) = [𝐈𝐈 + 𝐇𝐇0(ω)∆𝐁𝐁(ω)]−1𝐇𝐇0(ω). (25) 

As the passive chatter suppression measures are imposed on Substructure B being the basis for subsequent 

coupling analysis, the unmodified Substructure B is regarded as the FRF original structure. Therefore, the FRF of 

the updated modified structure can be written as: 

𝐇𝐇u(ω) =
𝐇𝐇0(ω)

1 + 𝐇𝐇0(ω)∆𝐁𝐁(ω) . (26) 

 

 
Figure 9. Milling experiment with additional cylinder masses applied to workpiece; (a) 3D model of the 
workpiece with additional cylinder masses; (b) experimental setup of the workpiece with additional cylinder 
masses. The two cylinder masses are symmetrically positioned on the workpiece and the clamping force was 
kept at 3000 N. 

 

It can be seen from Eqs (26) and (22) that the updated FRF is mainly affected by the mass and stiffness 

modifications when the damping effect is neglected. In order to explore practical strategies for improving the 

stability of machining system, the FRF of the workpiece was investigated with two passive chatter suppression 

measures in form of additional cylinder masses and a passive support. As depicted in Figure 9, two cylinder 
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masses having diameter of 15 mm and length of 20 mm are symmetrically positioned on the workpiece and the 

material is a typical carbon steel C45. As the cylinder masses are much smaller than the workpiece pass, it is 

assumed that the natural frequency of the workpiece remains unchanged. Hence, Eq. (22) becomes ∆𝐁𝐁(𝛚𝛚) =

−𝛚𝛚𝟐𝟐∆𝐌𝐌  and in this case, the real part of 𝐇𝐇𝟎𝟎(𝛚𝛚)  is 0 at the natural frequency, and the imaginary part 

corresponds to the negative resonance amplitude (− 𝟏𝟏
𝟐𝟐𝜻𝜻𝟎𝟎𝐊𝐊𝟎𝟎

). The updated FRF can be expressed as follows: 

Im (𝐇𝐇u(ωn)) =
Im (𝐇𝐇0(ωn))

1 − Im (𝐇𝐇0(ωn))ωn
2∆𝐌𝐌

= −
1

𝟐𝟐𝜁𝜁0𝐊𝐊0 + ωn
2∆𝐌𝐌

 , (27) 

where 𝜁𝜁0  and 𝐊𝐊0  are the damping ratio and stiffness matrix of the original structure. As Im (𝐇𝐇u(ωn)) >

Im (𝐇𝐇0(ωn)), which indicates that the workpiece stiffness is increased after the cylinder masses are applied. 

 

Figure 10. Milling experiments with the passive support; (a) schematic representation of the workpiece with 
the passive support; (b) experimental setup of the workpiece with the passive support sensor (GTM, Serie K-
5kN). The passive support is applied at the center of the workpiece and the clamping force was kept at 3000 
N. 

The passive support force of 400 N was applied via the vice to the centre of the workpiece as shown in Figure 10, 

but the actual support force fluctuated between 404 and 416 N due to a contact gap between the support head and 

the workpiece. When the passive support is applied, according to Eq. (22) reduces to ∆𝐁𝐁(ω) = ∆𝐊𝐊  as the 

dynamics components are zero. In this case, the imaginary part of 𝐇𝐇0(ω) is 0 at 0, and the real part corresponds 

to the compliance (
1
𝐊𝐊0

). Therefore, the updated FRF becomes: 

Re (𝐇𝐇u(0)) =
Re (𝐇𝐇0(0))

1 + Re (𝐇𝐇0(0))∆𝐊𝐊
=

1
𝐊𝐊0 + ∆𝐊𝐊

 . 
(28) 

Again as Re (𝐇𝐇u(0)) < Re (𝐇𝐇0(0)), the stiffness is higher, which also leads to an increase of the modified 

natural frequency. 

In order to validate the above analysis, the impact hammer tests were carried out to the check the region T1 at 
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Stage 1, and the FRFs of the workpiece with and without chatter suppression measures are presented in Figure 11. 

As suspected both the frequency and amplitude of the workpiece decrease after attaching the cylinder masses, but 

the change in frequency was not significant when compared to the amplitude. The amplitude of the FRF decreased 

and the frequency increased after the passive support force was applied, and the changes of both were prominent. 

The amplitude of the FRF with passive support is smaller than that with cylinder masses, which indicates that the 

stiffness of the workpiece with the passive support is higher than that with the cylinder masses. 

 
Fig. 11 FRFs comparison between the workpiece with and without cylinder masses. The blue line represents 
the FRF of workpiece with cylinder masses; the black line represents the FRF of workpiece with passive 
support; the red line represents the FRF of initial workpiece; the green line represents the FRF of milling tool 
in X direction; the pink line represents the FRF of milling tool in Y direction. 

5. Milling experiments and discussion 

From the dynamic tests shown in Figure 11, it can be deduced that the amplitude of the workpiece and the tool 

are basically in the same order of magnitude. Although the boundary of the conservative SLD is defined by the 

minimum stability limit, the milling tool may also dominate the machining process, and therefore, the SLD 

dominated by the milling tool is also used as an important reference. Whether the SLDs can be applied to practical 

milling processes needs to be validated by milling experiments. In addition, the effects of passive chatter 

suppression measures used in Section 4 also need validation. In this section, an experimental platform is 

introduced and the changes of cutting force and sound signal under different machining parameters are described 

1000 2000 3000 4000 5000

Frequency (Hz)

0.0

0.5

1.0

1.5

2.0

2.5

A
m

pl
itu

de
 (m

/N
)

10 -6

Workpiece with cylinder masses
Workpiece with passive support
Initial workpiece
FRF of milling tool in X direction
FRF of milling tool in Y direction



 

 
Page 26 of 43 

 

in detail in both time and frequency domains. Combined with the flowchart in Figure 7, the variation of the SLD 

and the dominant mode are analyzed. 

5.1. Validation of SLD without and with passive chatter suppression measures 

The SLD developed considering multiple modes of the machining system simultaneously is equivalent to the SLD 

that takes the lowest envelope of all single modes of the whole machining system separately, see [71] for details. 

In order to verify the excited modes in the SLD, Figure 8(a) is projected onto a two-dimensional coordinate system 

with the SLD induced by milling tool modes, and the minimum boundary of the system's stability is taken as the 

final conservative SLD to ensure the stability of continuous radial immersion milling process. Figure 12(a) shows 

the conservative 2D-SLD for the reference workpiece without any modifications. The maximum boundary of the 

SLD of the system does not exceed the SLD dominated by the milling tool, which indicates that the conservative 

2D-SLD without modifications is dominated by the modal parameters of the workpiece. 
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Figure 12. Comparison of SLDs for different scenarios; (a) conservative 2D-SLD without passive chatter 
suppression measures; (b) conservative 2D-SLD with cylinder masses attached to the workpiece; (c) 
conservative 2D-SLD with passive support applied to the workpiece. The blue curve represents the SLD of 
milling tool; the pink curve marks the maximum boundary of the SLD of machining system; the green curve 
represents the minimum boundary of the SLD of machining system. The circles and triangle mark stable and 
unstable machining responses respectively. 

The spindle speeds at 7500 rpm, 8000 rpm, 8500 rpm and 12400 rpm were selected to conduct the cutting tests 

and Figure 10 shows the experimental passive support setup, where the clamping force was fixed to be 3000 N. 

The sound and dynamic force of the cutting process were recorded by a microphone and a dynamometer, which 

were used to determine whether the machining process was stable or not. 

 

 

Figure 13. (a) Sound signal collected in time domain; (b) frequency analysis of the sound signal. The sound 
signal was collected at the spindle speed of 7500 rpm and axial depth of cut of 20 mm when the passive chatter 
suppression measures with no the passive chatter suppression measures. The fundamental and tooth passing 
frequencies were 125 and 500 Hz respectively. 
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Figure 13 shows the sound signal in the time domain at the speed of 7500 rpm (the spindle and tooth passing 

frequencies are 125 and 500 Hz) with the axial depth of cut of 20 mm, and slight fluctuations can be observed. As 

depicted in Figure 13(b), the chatter frequency of 3303 Hz was found in the sound signal spectrum, which was 

very close to the first mode natural frequency of the milling tool. To further verify the machining result, the surface 

topography of the machined workpiece was observed. As shown in Figure 14(a), there were obvious chatter marks 

in the machined surface topography. A similar verification of different machining parameters was shown in Figure 

12(a). From the experimental results, it was clear that the machining process was closer to the SLD dominated by 

the dynamics of the milling tool at the spindle speeds of 7500 rpm, 8000 rpm and 8500 rpm, though the stiffness 

of the workpiece was lower. Therefore, the modes of the milling tool were excited instead of the workpiece. 

 

 

 

Figure 14. Surface topography of the workpiece measured by white light interferometer at different machining 
parameters; (a) workpiece without passive chatter suppression measures at the spindle speed of 7500 rpm and 
axial depth of cut of 20 mm; (b) workpiece without passive chatter suppression measures at the spindle speed 
of 12400 rpm and axial depth of cut of 5 mm; (c) workpiece with passive support at the spindle speed of 12400 
rpm and axial depth of cut of 5 mm. 

From Figure 12(a), it can be seen that the minimum stable depth of cut was 7 mm when the milling tool dominated 

the whole machining process. When the workpiece was continuously machined for 8 times with the spindle speed 

of 12400 rpm, which translates to the fundamental and tooth passing frequencies of 206.7 and 826.7 Hz, and axial 

depth of cut of 5 mm, severe chatter occurrences were observed. As shown in Figures 15(a) and 16(a), the cutting 

force tended to disperse and significant peaks appeared in the acoustic signals due to the occurrence of chatter. 
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Figure 15. (a) Cutting force time history collected for 8 times immersion milling tests; (b) force spectrums of 
the 8 times immersion milling; (c) force spectrum at the sixth time immersion milling. The sound signal was 
collected at the spindle speed of 12400 rpm and axial depth of cut of 5 mm and with no the passive chatter 
suppression measures. The fundamental and tooth passing frequencies were 206.7 and 826.7 Hz respectively. 

It can be seen from Figure 15(a) that the cutting force peak had gradually increased during the first radial 

immersion, which is a typical feature of chatter generation, indicating that the previous and current dynamic 

cutting thicknesses were out of phase. Accordingly, large fluctuations in dynamic cutting force appeared. When 

entering the next radial immersion, the phase relations were still unfavorable, so the chatter of each radial 

immersion had made the fluctuation of cutting force more and more intense. It can be seen from Figure 15(b) that 

the highest amplitude of chatter frequency at 1479 Hz had slowly increased from the first radial immersion, and 

this frequency ran through the whole machining process. The sound signal in Figure 16(a) was relatively gentle 

during the first radial immersion, and it gradually had showed larger fluctuations at the second radial immersion 

reaching the maximum value at the seventh radial immersion, which indicated that the influence of chatter was 

strengthened. The amplitude of chatter frequency at 1479 Hz in Figure 16(b) had shown a similar trend. 
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Figure 16. (a) Sound signal collected in time domain with 8 times immersion milling; (b) acoustic spectrums 
of the 8 times immersion milling; (c) acoustic spectrum at the sixth time immersion milling. The sound signal 
was collected at the spindle speed of 12400 rpm and axial depth of cut of 5 mm with no the passive chatter 
suppression measures. The fundamental and tooth passing frequencies were 206.7 and 826.7 Hz respectively. 
 

As shown in Figures 15(c) and 16(c), the spectrums of the cutting force and sound signal in the frequency 

domain were calculated analyzed, and the chatter frequency of 1479 Hz was close to the natural frequency of the 

first mode of the workpiece. This meant the one of the workpiece modes was excited when machining with the 

spindle speed of 12400 rpm and axial depth of cut of 5 mm. After examining the surface topography of the 

machined workpiece shown in Figure 14(b), chatter marks were clearly visible. 

The passive chatter suppression measures affect the contact state of Substructure B (see Figure 2) and does 

not affect the method used to extract the mode shapes presented in Section 2. As shown in Figure 12(b), the 

conservative 2D-SLD with cylinder masses is obtained according to the procedure presented in Figure 7. The 

maximum boundary of the system’s SLD is limited by the boundary of the tool-dominated SLD. It means that the 

conservative 2D-SLD with cylinder masses is jointly determined by the modal parameters of the milling tool and 

workpiece. At this time, the machining process was still closer to the SLD dominated by the milling tool. However, 

the boundary of the SLD dominated by milling tool varied, which indicated that the cylinder masses not only 
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directly changed the dynamics of the workpiece, but also indirectly affected the dynamics of the milling tool. 

Therefore, during the contact interaction between the milling tool and workpiece, modifications of the workpiece 

could affect the dynamics of the milling tool through the contact zone. When the machining parameters with 

spindle speed of 12400 rpm, axial depth of cut of 5 mm, were selected for 8 times radial consecutive immersion, 

the whole machining process became unstable, which caused the cylinder masses to fall off. This further suggested 

that the resonant mode of workpiece played a dominant role for 8 times consecutive machining. 

 

 

 

Figure 17. (a) Cutting force time history collected during 8 times immersion milling tests; (b) force spectrums 
of the 8 times immersion milling; (c) force spectrum at the sixth time immersion milling. The sound signal was 
collected at the spindle speed of 12400 rpm and axial depth of cut of 5 mm when the passive support was 
applied to the workpiece. The spindle and tooth passing frequencies were 206.7 and 826.7 Hz respectively. 

Once the passive support was applied to the workpiece, the stability of the machining parameters had changed 

significantly. As shown in Figures 17(a) and 18(a), when the spindle speed of 12400 rpm and axial depth of cut 

of 5 mm were used for 8 times continuous radial immersion, the cutting force and the sound signal did not show 

significant fluctuations in the time domain. In Figures 17(b, c) and 18(b, c), there was no chatter signals in the 

frequency domain, which showed that the whole milling process was stable. As shown in Figure 14(c), there was 

no obvious chatter marks in the machined surface, and only the traces left by the tool feed can be found. Therefore, 
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chatter did not occur during this machining process. At this time, the stable responses shown in Figure 12(c) were 

still close to the SLD dominated by the milling tool, but the stability boundary seemed to change with the passive 

support applied. 

 

 

 

Figure 18. (a) Sound signal time history for 8 immersion milling tests; (b) acoustic spectrums of the 8 times 
immersion milling; (c) acoustic spectrum at the sixth time immersion milling. The sound signal was collected 
at the spindle speed of 12400 rpm and axial depth of cut of 5 mm when the passive support was applied to the 
workpiece. The spindle and tooth passing frequencies were 206.7 and 826.7 Hz respectively. 

 

5.2. Discussion and analysis of the experiments 

The main reason for the variation in the SLDs depicted in Figures 12(b) and (c) is the mass-normalized mode 

shape and frequency change when the passive chatter suppression measures are applied, i.e., the change in the 

FRFs. The FRFs of the workpiece with cylinder masses and passive support are calculated and fitted according to 

the methodology presented in Section 2 and 3, as shown in Figure 19. From Figures 5 and 6, it can be seen that 

the variation of mass-normalized mode shapes is small, while the change of natural frequency is relatively large 

and Figure 19 exhibits also a similar trend. The FRFs in Figure 5 corresponds to Figure 12(a), and the two sets of 

FRFs in Figure 19 correspond to Figures 12(b) and 12(c) respectively. From the results in Figure 19, the 
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amplitudes of the FRFs are reduced, so the mass-normalized mode shapes are also decreased, especially for the 

workpiece with the passive support. The decrease of mass-normalized mode shape and the increase of natural 

frequency, make an improvement in the stability limit of the workpiece for the passive support case more evident. 

 

 
Figure 19. FRFs with passive chatter suppression measures applied to workpiece at different machining 
stages. There are two groups of FRFs: one is the workpiece with cylinder masses (1312 Hz→1346 Hz→1355 
Hz→1415 Hz), and the other is the workpiece with passive support (1715 Hz→1780 Hz→1883 Hz→1896 
Hz). The blue curve marks the FRF of the workpiece at Stage 1; the red curve depicts the FRF of the 
workpiece at Stage 2; the black curve represent the FRF of the workpiece at Stage 3; the pink curve marks 
the FRF of the workpiece at Stage 4. 

 

For the SLD without passive chatter suppression measures in Figure 12(a), when the milling tool dominates the 

machining process at the spindle speed of 7500 rpm, 8000rpm and 8500 rpm, the maximum stability limit of the 

system shows three small increasing trends (Arrow A, Arrow B and Arrow C). The minimum stability limit of the 

system shows a slow increasing trend (Arrow D). For the SLD with cylinder masses in Figure 12(b), the maximum 

stability limit of the system is located at the bottom of the lobe at the spindle speed of 7500 rpm and 8000rpm, 

and shows a large decreasing trend (Arrow E and Arrow F); while the maximum boundary and the minimum 

boundary of the SLD at the spindle speed of 8500 rpm are in an obvious upward stage (Arrow F, Arrow G and 

Arrow H). It can be found that the stability limit decreases from 16 mm to 14 mm at 7500 rpm and from 11 mm 

to 7 mm at 8000 rpm. However, the stability limit increases from 10 mm to 13 mm at 8500 rpm. Although the 
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stability limit corresponding to the above spindle speeds is very close to the dominant mode of the milling tool, it 

is clear that the trend of the stability boundaries o also affects the stability of the selected machining parameters. 

For the SLD with passive support in Figure 12(c), the maximum and minimum stability limits of the system show 

an increasing trend at the above spindle speeds (Arrow I, Arrow J, Arrow K and Arrow L), and the unstable 

machining parameters in Figure 12(a) become stable from the experimental results. Compared with the 

conservative SLD without the passive chatter suppression measures, it can be seen that both passive chatter 

suppression measures improve the boundary of the conservative SLDs. The stability limit of the conservative SLD 

without suppression measures is about 1.5 mm, and it increases to 2.2 mm after adding additional cylinder masses. 

When the passive support is applied, the stability limit grows to 5.3mm. Obviously, the boundary of conservative 

SLD with the passive support is significantly higher than that with cylinder masses, which further indicates the 

modification effect of passive support is better than that with additional cylinder masses. Therefore, modifications 

to the passive support can be preferentially used to suppress chatter during continuous radial immersion milling. 

The experimental results presented in Section 5.1 indicate that when the system stability boundary shows 

a downward trend, it can reduce the stability limit dominated by the tool mode, and when the system stability 

boundary shows an upward trend, it can increase the stability limit dominated by the tool mode. When the 

workpiece dominates the whole machining process, there is a maximum and minimum boundary for the stability 

limit of the system. As the maximum boundary does not necessarily satisfy all machining stages, and using the 

maximum stability limit of the system still faces a risk of inaccurate predictions shown in Figures 12(a) and (b),  

obtained at the spindle speed of 12400 rpm and axial depth of cut of 4 and 3 mm. Therefore, the minimum limit 

of the system’s SLD is selected as the conservative SLD. Due to the influence of rotating speeds and tool-

workpiece contact interactions, the modal parameters of the milling tool obtained under static conditions change 

during the cutting process. When the passive chatter suppression measures are applied to the workpiece, the 

influence of the tool-workpiece contact on the tool-dominated SLD is more significant. From the experimental 

results, the passive chatter suppression measures applied to the workpiece also affect the dynamic response of the 

milling tool. 

Stability predictions for continuous machining processes is only one of the important means to ensure 

stability. It is not the first choice to ensure the stability only through the selection of machining parameters. The 

ultimate goal of cutting process is to ensure the machining quality and improve the machining efficiency as much 

as possible. An increase of the stiffness can not only prevent the occurrence of chatter, but also improve the 
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machining efficiency indirectly. Therefore, a right combination of the machining and system parameters,  

especially the stiffness, is a key to achieve high cutting performance. It is clear from the carried out experiments 

that determination of the time-varying modal parameters during the continuous radial immersion needs to be 

analyzed in a specific clamping state. Undertaking a programme of dynamic tests is particularly important, when 

the workpiece is flexibly clamped, and these results can provide practical modal parameters to construct SLDs. 

During continuous material removal process, there are also cases where the flexibility of workpiece is not very 

different from the flexibility of tool, and therefore the dominant mode of the machining system changes. In essence, 

the chatter can be effectively avoided by using conservative SLDs. To further enhance the boundary of the SLD, 

the workpiece is modified to improve its stiffness, which is also an effective measure to ensure stability for 

continuous radial immersion milling operations. 

 

6. Conclusions 

In this paper, a new method for rapid acquisition of workpiece mode shapes in continuous radial immersion 

milling is proposed, which combines the mass-normalized mode shapes and receptance coupling. The 

Timoshenko beam model was applied to simulate the dynamics of the workpiece, however in general, for very 

thin-walled workpieces shell theory can be advantageous. In addition, we developed an experimental rig for 

measuring and adjusting the clamping force between the workpiece and the vise and through the experimental 

identification was employed to obtain the dynamic coupling matrix between workpiece and vise. Finally, the time-

varying frequencies and mode shapes under different machining stages were obtained, which shortened the time 

for the creation of the conservative SLD and provided a theoretical basis for continuous stable radial immersion 

milling. Based on the proposed method, the conservative SLDs for the cases of additional cylinder masses and 

passive support were investigated separately and verified by dedicated cutting experiments. 

The paper focuses on the continuous radial immersion milling process for general shape workpiece, in 

which the thickness of the workpiece is gradually reduced. A thin-walled workpiece is the main feature of the 

continuous radial immersion milling process, so the method is applicable for other machining operations of thin-

walled workpieces. For large and typical shape workpieces, the proposed method has extra advantages due to its 

ability to obtain the modal parameters of workpiece for different machining stages. For smooth surfaces with 

moderate curvature changes, the time-varying modal parameters can be obtained by this method, however for the 
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complex surfaces, the FRF of substructure is difficult to calculate due to demanding discretization and difficulties 

in simplifying cross-sectional areas. 

As the FRFs of the workpiece change with respect to the clamping forces, the measured dynamics are 

employed to identify the dynamic coupling matrix and the FRF of the workpiece in the real clamping state can be 

determined. Compared with the test results, the flexible-damped coupling model with the dynamic coupling matrix 

can effectively predict the workpiece FRF under a chosen clamping condition, which lays the foundations for an 

accurate extraction of the modal parameters. When the milling tool-workpiece system has a little difference in 

stiffness, the modes with lower stiffness under static test are not always excited. As a result, the conservative SLD 

varied with radial milling length does not necessarily accurately accord with the real machining process. Although 

the material removal rate is reduced, the minimum boundary of the conservative SLD ensures the stability of the 

entire machining process. For the passive chatter suppression, both measures with the additional cylinder masses 

and passive support were effective for improving the minimum boundary of the conservative SLD, and the passive 

support worked better. 

For the machining system that is difficult to determine a relative stiffness between the workpiece and tool, 

it is difficult to determine which mode of the system will be excited. The modal parameters of the system during 

machining process are time-varying and the SLD of the system changes, which is the main reason why the SLD 

is difficult to be widely used in practice. When the vibration modes during machining are transferred between the 

milling tool and workpiece, the mode transition mechanism is yet to be unveiled. 
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Appendix A: Receptance coupling for Timoshenko beam model 

When the axial effects are not considered, the Timoshenko beam model can be described by the linear partial 

differential equations: 
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where 𝜌𝜌 is the density, 𝜌𝜌 is the cross-section area, 𝐸𝐸 is the elastic modulus, 𝐺𝐺 is the shear modulus, 𝜌𝜌 is the 

area moment of inertia, 𝜅𝜅 is the Timoshenko shear coefficient [72], and 𝜑𝜑 is the angular displacement. Based 

on Eq. (A-1), the differential equation describing the Timoshenko beam model can be further expressed as: 
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After the trial function, 𝑦𝑦 = 𝑌𝑌(𝑥𝑥)sin (𝜔𝜔𝑡𝑡), is applied to eliminate the time dependence, Eq. (A-2) becomes: 
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 and 𝜔𝜔 is angular frequency. 

The eigen solution to Eq. (A-3) can be written as: 
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The general solution to Eq. (A-2) can be developed as: 

𝑌𝑌 = 𝜌𝜌1 cos(𝑚𝑚𝑥𝑥) + 𝐵𝐵1 sin(𝑚𝑚𝑥𝑥) + 𝐶𝐶1 cosh(𝑛𝑛𝑥𝑥) + 𝐷𝐷1 sinh(𝑛𝑛𝑥𝑥) , (A-5) 

where 𝜌𝜌1, 𝐵𝐵1, 𝐶𝐶1 and 𝐷𝐷1 are the constants for different initial boundary conditions. 

For the clamped-free beam model, the constants satisfy: 

�
𝜌𝜌1 = −𝐶𝐶1,

𝐵𝐵1 = −
𝑛𝑛
𝑚𝑚
𝐷𝐷1. 

(A-6) 

When harmonic force 𝐹𝐹 sin(𝜔𝜔𝑡𝑡) is applied: 
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⎩
⎪
⎨

⎪
⎧𝐶𝐶1 =

𝐹𝐹 sin(𝜔𝜔𝑡𝑡)[𝑚𝑚𝑛𝑛 sin(𝑚𝑚𝐿𝐿) + 𝑛𝑛2 sinh(𝑛𝑛𝐿𝐿)]
𝐸𝐸𝜌𝜌[𝑚𝑚4𝑛𝑛 + 𝑛𝑛5 + 2𝑚𝑚2𝑛𝑛3 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + (𝑚𝑚3𝑛𝑛2 − 𝑚𝑚𝑛𝑛4) sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)] ,

𝐷𝐷1 =
−𝐹𝐹 sin(𝜔𝜔𝑡𝑡)[𝑚𝑚2 cos(𝑚𝑚𝐿𝐿) + 𝑛𝑛2 cosh(𝑛𝑛𝐿𝐿)]

𝐸𝐸𝜌𝜌[𝑚𝑚4𝑛𝑛 + 𝑛𝑛5 + 2𝑚𝑚2𝑛𝑛3 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + (𝑚𝑚3𝑛𝑛2 − 𝑚𝑚𝑛𝑛4) sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)] ,
 (A-7) 

where 𝐿𝐿 is the length of the beam in Eq. (A-5), i.e., 𝑥𝑥 = 𝐿𝐿. 

When harmonic bending couple 𝑀𝑀 sin(𝜔𝜔𝑡𝑡) is applied: 

⎩
⎪
⎨

⎪
⎧𝐶𝐶1 =

𝑀𝑀 sin(𝜔𝜔𝑡𝑡)[𝑚𝑚2𝑛𝑛 cos(𝑚𝑚𝐿𝐿) + 𝑛𝑛3 cosh(𝑛𝑛𝐿𝐿)]
𝐸𝐸𝜌𝜌[𝑚𝑚4𝑛𝑛 + 𝑛𝑛5 + 2𝑚𝑚2𝑛𝑛3 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + (𝑚𝑚3𝑛𝑛2 − 𝑚𝑚𝑛𝑛4) sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)] ,

𝐷𝐷1 =
𝑀𝑀 sin(𝜔𝜔𝑡𝑡)[𝑚𝑚3 sin(𝑚𝑚𝐿𝐿) − 𝑛𝑛3 sinh(𝑛𝑛𝐿𝐿)]

𝐸𝐸𝜌𝜌[𝑚𝑚4𝑛𝑛 + 𝑛𝑛5 + 2𝑚𝑚2𝑛𝑛3 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + (𝑚𝑚3𝑛𝑛2 − 𝑚𝑚𝑛𝑛4) sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)] .
 (A-8) 

For the free-free beam model, the constants satisfy: 

⎩
⎨

⎧𝜌𝜌1 =
𝑛𝑛2

𝑚𝑚2 𝐶𝐶1,

𝐵𝐵1 =
𝑛𝑛3

𝑚𝑚3 𝐷𝐷1.
 (A-9) 

When harmonic force 𝐹𝐹 sin(𝜔𝜔𝑡𝑡) is applied, we obtain: 

⎩
⎪
⎨

⎪
⎧
𝐶𝐶1 =

𝐹𝐹 sin(𝜔𝜔𝑡𝑡) �− 𝑛𝑛3

𝑚𝑚
sin(𝑚𝑚𝐿𝐿) + 𝑛𝑛2 sinh(𝑛𝑛𝐿𝐿)�

𝐸𝐸𝜌𝜌 �2𝑛𝑛5 − 2𝑛𝑛5 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + �𝑛𝑛
6

𝑚𝑚
− 𝑚𝑚𝑛𝑛4� sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)�

,

𝐷𝐷1 =
𝐹𝐹 sin(𝜔𝜔𝑡𝑡)[𝑛𝑛2 cos(𝑚𝑚𝐿𝐿) − 𝑛𝑛2 cosh(𝑛𝑛𝐿𝐿)]

𝐸𝐸𝜌𝜌 �2𝑛𝑛5 − 2𝑛𝑛5 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + �𝑛𝑛
6

𝑚𝑚
−𝑚𝑚𝑛𝑛4� sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)�

.

 (A-10) 

When harmonic bending couple 𝑀𝑀 sin(𝜔𝜔𝑡𝑡) is applied: 

⎩
⎪
⎨

⎪
⎧𝐶𝐶1 =

𝑀𝑀 sin(𝜔𝜔𝑡𝑡)[−𝑛𝑛3cos(𝑚𝑚𝐿𝐿) + 𝑛𝑛3 cosh(𝑛𝑛𝐿𝐿)]

𝐸𝐸𝜌𝜌 �2𝑛𝑛5 − 2𝑛𝑛5 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + �𝑛𝑛
6

𝑚𝑚
− 𝑚𝑚𝑛𝑛4� sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)�

,

𝐷𝐷1 =
𝑀𝑀 sin(𝜔𝜔𝑡𝑡)[−𝑚𝑚𝑛𝑛2 sin(𝑚𝑚𝐿𝐿) − 𝑛𝑛3 sinh(𝑛𝑛𝐿𝐿)]

𝐸𝐸𝜌𝜌 �2𝑛𝑛5 − 2𝑛𝑛5 cos(𝑚𝑚𝐿𝐿) cosh(𝑛𝑛𝐿𝐿) + �𝑛𝑛
6

𝑚𝑚
−𝑚𝑚𝑛𝑛4� sin(𝑚𝑚𝐿𝐿) sinh(𝑛𝑛𝐿𝐿)�

.
 (A-11) 

 

According to the boundary conditions of the beam, the receptance can be obtained with clamped-free mode and 

free-free mode. Since Timoshenko beam model considers the shear effects, 𝑁𝑁uv and 𝑃𝑃uv, Eq. (1) cannot be 

directly achieved by deriving from Eq. (A-5). Instead, the rotation angle is developed by iteration [73]. 

𝜑𝜑i = 𝜑𝜑i−1 + �
𝜌𝜌𝜌𝜌𝜔𝜔2

𝑘𝑘𝜌𝜌𝐺𝐺
�
i−1

𝜑𝜑i−1, (𝑖𝑖 > 1). (A-12) 

Thus, Eq. (1) can be redefined as: 

𝑅𝑅uv = �
𝑌𝑌u
𝑓𝑓v

= 𝐻𝐻uv,
𝜑𝜑u
𝑓𝑓v

= 𝑁𝑁uv,

 𝑌𝑌u
𝜒𝜒v

= 𝐿𝐿uv

 𝜑𝜑u
𝜒𝜒v

= 𝑃𝑃uv
�. (A-13) 
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Figure A-1. FRF prediction of workpiece at Stage 1 with Timoshenko beam model; (a) real part of the FRF in 
rigid coupling state; (b) imaginary part of the FRF in rigid coupling state. 
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