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ABSTRACT 

Pipeline lateral Out-of-Straightness (OoS) can act as buckle trigger in unburied (exposed) subsea 

pipelines. Determining the Critical Buckling Force (CBF) of the pipeline is a computationally 

challenging task due to the inherent uncertainties in contributing parameters which requires utilising 

reliability-based approaches. This implies the need for a novel framework to develop the response 

surface (RS) of the CBF of a nominally straight pipeline with rogue lateral OoS which is the subject of 

this paper and so far, has not been fully explored in the literature. The contributing parameters in CBF 

are narrowed down through sensitivity studies and the trend of the CBF variation versus OoS curvature 

and soil lateral mobilisation is established. A novel and structured approach is taken to select the RS 

sample points. To calculate the CBF of a pipeline with arbitrary design variables, a kriging-based 

surrogate model is adopted and automated by deploying a Visual Basic Application script. The 

framework is fully implemented for 6” to 14” pipelines. Monte Carlo simulation is utilised to show 

some applications of the RS such as reliability of the buckle initiation at engineered buckling sites and 

susceptibility of lateral buckling considering target reliability limits.  

 

1. INTRODUCTION 

The unwanted rogue lateral OoS along the route of a nominally straight subsea pipeline is prone to 

develop a lateral buckle due to the axial force built up caused by operating pressure and temperature. 

The integrity of the pipeline can be affected by the excessive curvature (bending moments) caused by 

rogue lateral buckles [1]. In addition, reliability of the buckle initiation at the engineered buckling sites 

such as sleepers or pipeline engineered curves (between straight sections of the pipeline in a snake–lay 

lateral buckling mitigation design) can be adversely affected by those unwanted buckles [2,3].  

 

There are several approaches to define the shape of a lateral OoS. This can be performed based on 

the laybarge worse case movements [4] which is a computationally complicated and expensive task or 

it can be carried out based on defining a geometrical configuration of OoS with a certain value of 

maximum curvature [5]. There are various analytical methods for calculation of the CBF which were 
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developed by Hobbs et al [11,12], Taylor et al [13] and Maltby et al [14,15]. Hobbs’s work was based 

on developing the differential equations of a laterally buckled pipeline and therefore, initial pipeline 

OoS was not explicitly addressed. Taylor extended Hobbs’s methodology by including the pipeline 

initial OoS, however, it was assumed that the shape of the OoS was following the same differential 

equation of the buckle which is not a very valid assumption. Maltby’s analytical expression included 

the pipeline initial OoS and it was developed based on the classical beam-column differential 

equation with simple supports at the ends. This boundary condition is not reflective of the pipeline 

real configuration at the intersecting points of the OoS and the straight sections. This implies 

that existing analytical and empirical expressions cannot accurately calculate the CBF of a nominally 

straight pipeline as the contribution of the OoS configuration (shape) and / or soil lateral mobilisation, 

to which CBF is very sensitive, is disregarded. In an FE simulation, the pipeline–seabed contact frictions 

in axial and lateral directions need to be decoupled. The Abaqus FE package requires utilising user 

defined subroutines which is a very complex task [7,8,9].  

 

The uncertainties in design parameters of CBF results in the need for deploying reliability-based 

assessments. However, due to lack of accuracy in analytical solutions, those assessments require 

execution of thousands of computationally intensive FE simulations which is not practically feasible. 

Therefore, a framework for developing the response surface (RS) of the CBF by performing a limited 

number of FE simulations is required. Development of such a framework is the main subject of this 

paper as it has not been fully addressed by other researchers yet. By having the RS, the CBF for a 

pipeline with any arbitrary design parameters can be extracted easily without the need to perform any 

further FE work.  

 

In this paper, the Finite element modelling is carried out by utilising Abaqus FE software to compute 

the CBF of the sample points which are required for developing the RS. To avoid the use of Abaqus 

user–defined FRIC subroutine, the FE modelling technique outlined in [6] which benefits from a two-

surface seabed is adopted here to decouple the axial and lateral pipeline-seabed interaction behaviour 

as required by the constitutive relationships. The methodology adopted here for defining the shape of 

lateral OoS is based on characterising the OoS as a single sinusoidal curve defined by its wavelength 

and curvature [6]. A “moment of inertia” versus “pipeline submerged weight” (𝐼 vs W𝑠𝑢𝑏) envelope 

covering pipeline sizes between 6” and 14” is presented as the bases for selection of the sample points 

for developing the RS of CBF. Sensitivity studies are performed to narrow down the contributing 

parameters in CBF which are outlined in [6]. The trend of CBF variation against the maximum OoS 

curvature and soil lateral mobilisation is established. To develop the RS, the CBF of sample points need 

to be computed. The sample point selection has been carried out through a very novel and structured 

process addressing the range, distribution and the trend of variation of corresponding CBFs. A series of 
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Python scripts (Figure 4) were developed to build, run and extract the CBF values for all sample points 

(i.e. 1600 points). It was initially investigated if polynomial regressions can be used to address the 

dependency between CBF of sample points [17,18]. However, due to the high error percentages in 

regression method, a kriging-based surrogate model [19,20] was adopted to interpolate the CBF of a 

pipeline with arbitrary design variables. That was performed by computing the weighted average of 

CBFs of the known sample points in the neighbourhood of the design point through a two-step 

interpolation. In order to use the RS in reliability-based assessment which requires a large number of 

iterations, a Visual Basic Application (VBA) script was developed and validated to automate the kriging 

process. This provides a unique and comprehensive framework to demonstrate the methodology for 

developing the RS of CBF. The framework was utilised and the RS of CBF for pipeline sizes between 

6” and 14” laid on the sandy seabeds was developed. The applications of RS were demonstrated through 

utilising Monte Carlo simulation (MCS) [21,22,23] in numerical examples. The required minimum 

sleeper height to fulfil a target failure probability of buckle initiation at sleeper was calculated and 

probability of buckle initiation at nominally straight sections of the pipeline (buckling susceptibility) 

was established. 

 

 

2. CONTRIBUTING PARAMETERS IN CBF 

 

The detailed selection process of the principal contributing parameters in the CBF, their 

dependencies and ranges are discussed in [6] and are briefly outlined here. The contribution parameters 

in CBF and their range are required to be identified as an input to FE simulation sensitivity studies. This 

results in identifying the parameters with minor impact or minimizing the variation range of the 

parameters. This facilitates limiting the number of sample points which are required for developing the 

RS. In specific, the resistance is provided by pipeline bending stiffness (𝐸𝐼) and soil lateral and axial 

resistance. The range of the soil axial friction coefficient (𝜇𝑎𝑥) and mobilisation (𝑀𝑜𝑏𝑎𝑥) are from 0.55 

to 1.2 [24] and from 0.42mm to 250mm [25], respectively. The pipeline diameter (𝐷), submerged weight 

(𝑊𝑠𝑢𝑏)  and soil submerged weight (γ) are contributing parameters to the soil lateral friction coefficient 

(𝜇𝑙𝑎𝑡) and lateral mobilisation (𝑀𝑜𝑏𝑙𝑎𝑡). The range of the 𝜇𝑙𝑎𝑡 studied here is assumed to be from half 

to two times of the best estimated value of 0.678. This provides a conservative range covering the 

recommendations stated in [24]. The 𝑀𝑜𝑏𝑙𝑎𝑡 covers values between 0.00073m to 0.06m. 

 

The severity of the pipeline OoS in horizontal plane which acts as buckle trigger, influences the 

pipeline CBF. The initial configuration of pipeline can be idealised by a sinusoidal shape as a function 

of its wavelength (𝐿) and maximum curvature (𝜅𝑚𝑎𝑥). The parameter 𝜅𝑚𝑎𝑥 can be represented by a 

normal distribution with mean and standard deviation values of 0 1/m and 0.0002 1/m, respectively [3]. 

However, to ensure the selected range of 𝜅𝑚𝑎𝑥 covers a wide range of values, the standard deviation is 
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increased to 0.00033 which results in an upper bound 𝜅𝑚𝑎𝑥 of 0.001 (3 x 0.00033) as 99.73% of the 

values lie within +/-3 standard deviations. The lower bound 𝜅𝑚𝑎𝑥 value can be considered 0.00004 1/m 

as it is practically impossible to lay a pipeline without such a small curvature (radius of 25 km). For 

𝜅𝑚𝑎𝑥 values less than this amount, the CBF approaches infinity and is not relevant. The equivalent 

sinusoidal wavelength (𝐿) considered here is 120m [3] which is the best available data in the literature. 

This wavelength is potentially an important parameter, and further research is required to quantify the 

impact of the wavelength of the OoS (in conjunction with maximum curvature) on CBF. 

 

The parameters contributing to pipeline resistance against lateral buckling together with their range 

are outlined in Table 1. It is to be noted that the ranges stated in this table are valid for pipelines of sizes 

between 6” and 14” laid on the sandy seabeds. The pipeline size range adopted here covers the 

production pipelines routing between subsea wells / manifolds and receiving facilities. These pipelines 

contain high temperature and high pressure well fluids and are prone to lateral buckling. 

   

Parameter Symbol  Value / Range Unit 

Soil Axial Friction Coefficient 𝜇𝑎𝑥 0.55 - 1.2 - 

Soil Axial Mobilisation 𝑀𝑜𝑏𝑎𝑥 0.00042 - 0.25 𝑚 

Soil Lateral Friction Coeff. 𝜇𝑙𝑎𝑡 0.339 – 1.356 - 

Soil Lateral Mobilisation 𝑀𝑜𝑏𝑙𝑎𝑡 0.00073-0.06 𝑚 

As-Laid OoS Wavelength 𝐿 120 𝑚 

As-Laid OoS Curvature 𝜅𝑚𝑎𝑥 0.00004 - 0.0010 1/𝑚 

Table 1. Range of Contributing Parameters in CBF (Resistance) 

 

  To address the contribution of the pipeline weight (𝑊𝑠𝑢𝑏) and stiffness (𝐸𝐼) in the CBF, a moment 

of inertia (𝐼) versus 𝑊𝑠𝑢𝑏 envelope needs to be developed. The pipeline thickness is predominantly a 

function of the internal and external pressures and therefore can vary over a wide range. Therefore, for 

each of the selected pipeline diameters stated above, the standard pipe thicknesses (𝑡) are extracted from 

ASME B36.10M [33], while the thicknesses which result in a positive pipeline submerged weight are 

selected as realistic thicknesses for that specific pipe diameter.  The pipeline moment of inertia and 

submerged weight are dependant parameters as both are functions of the diameter and thickness. To 

address this dependency, a scatter matrix including pipeline diameter (D) versus its thickness (t) was 

developed and then for combinations of 𝐷 and 𝑡,  𝐼 and W𝑠𝑢𝑏 were calculated. Through this 

methodology, all realistic combinations of  𝐼 and W𝑠𝑢𝑏 were populated as presented in Figure 1. The 

𝐼 − W𝑠𝑢𝑏 envelope will be utilised for developing the CBF response surface.    
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Figure 1. 𝑰 vs 𝐖𝒔𝒖𝒃 envelope (for 6” to 14” pipelines) 

 

 

3. FINITE ELEMENT SIMULATION 

Finite element in-place model 

The in-place model of the pipeline was built in the Abaqus FE software and the modelling technique 

developed in [6] is used here. To carry out a parametric study of the CBF and assess the sensitivity of 

the results to the contributing parameters outlined in Table 1, finite element simulations need to be 

utilised. The technique benefits from a two-surface seabed concept which can correctly capture and 

decouple axial and lateral pipeline-seabed interaction as required by the pipeline-seabed constitutive 

relationships. This technique eliminates the need for user-defined friction subroutines of Abaqus FE 

software which is a technically complex task. In this approach the pipeline is lowered onto the seabed 

to initiate normal contacts. Then initial lateral OoS profile of pipeline is obtained based on Eq. 1 for the 

known values of 𝐿 and 𝜅𝑚𝑎𝑥. This is applied to the pipeline as pre-defined displacements to simulate 

the configuration of a sinusoidal as-laid lateral OoS. 

 

𝑓(𝑥) =
𝜅𝑚𝑎𝑥

4𝜋2 . 𝐿2. [1 + 𝑠𝑖𝑛(
2𝜋

𝐿
. 𝑥)],          

1𝐿

4
≤ 𝑥 ≤

5𝐿

4
             (1) 

 

The pipeline-seabed interaction parameters are altered as outlined in [6] and tangential contacts (axial 

and lateral frictions) are activated and then, temperature is increased gradually.  
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A static, large-deformation geometrically non-linear analysis is deployed as the pipeline elements 

(nodes) experience large displacements at the stage at which the initial configuration of the lateral 

OoS is applied. In addition, pipeline elements at the OoS area undergo severe rotations and 

displacements during buckling which can be captured by large-deformation geometrically non-

linear analysis only. Initially, a fully straight 6 km long pipeline section is modelled above the 

seabed level, considering Abaqus PIPE31 elements to model the pipeline, with the mesh size set to 

1m. This is selected by performing sensitivity analysis to establish the maximum mesh size which 

does not affect the accuracy of the results. The pipeline is placed 1m above the seabed and all 

degrees of freedom are set to zero. The seabed rigid surfaces are moved up to the pipeline level to 

initiate the normal contact with the pipeline. This is performed by applying pre-defined 

displacements to the reference point of the seabed surfaces. The pipeline self-weight is applied and 

pipeline boundary conditions are modified to reflect the on-seabed condition of a straight pipeline 

(Figure 2).  

 

 

Figure 2. Abaqus Screenshot - On-Seabed Configuration (before imposing OoS) 

 

The pipeline initial lateral OoS profile is applied as pre-defined displacements to form a sinusoidal as-

laid configuration. This will introduce an imperfection to initiate the buckling in the later stages of the 

simulation. The pipeline end boundary conditions are set to fixed to allow accumulation of the 

compressive axial force once the pressure and temperature are applied. 



Response Surface based Reliability Analysis of Critical Lateral Buckling Force of Subsea Pipelines  

 

 Page 7 of 27 

 

A python script is used to monitor pipeline effective axial force (EAF) at the crown of the OoS and to 

specify a point at which a sharp drop in EAF is observed. This EAF is considered as the critical buckling 

force. An Abaqus model screenshot of the pipeline configuration at initiation of a rogue lateral buckle 

is shown in Figure 3. 

 

 

Figure 3. Abaqus Model Screenshot Showing a Rogue Lateral Buckle at Initiation 

 

 

A global buckling design is acceptable provided all the stress values remain below the yield stress 

[34]. In addition, all the FE simulation results showed that the pipeline Von-Mises stress remained well 

under the yield stress at the point of the buckle initiation. Therefore, elastic material properties were 

considered for the pipeline. As the intention of the FE simulation is to compute the CBF of the sample 

of the RS, the residual lay tension is not required to be applied as it cancels in the limit state functions. 

This is further expanded in Section 6. In addition, it should be noted that the CBF is not a function of 

the residual lay tension as pipeline buckles after reaching the CBF regardless of the loading path (history 

of pressure and temperature increase) or initial loading condition (residual lay tension). The effects of 

the loading path for buckling over a sleeper is outlined in [10]. 

 

 

Simulation Process 

In a parametric study there is a need to run a large number of models to cover all variations of the 

contributing parameters. Therefore, it is very beneficial and time-efficient to automate the process. In 

this study, Python scripting is utilised for this task. The first python script produces the lateral OoS 

sinusoidal configurations for chosen combinations of wavelength (𝐿) and maximum curvature (𝜅𝑚𝑎𝑥) 

values.   

Lateral buckle initiation 
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Figure 4.  Numerical Simulation Flowchart 

The second Python script builds Abaqus input files (.inp) which cover the full range of contributing 

parameters. Then, Abaqus FE software executes all input files and produces output files (.odb). The 

third python script is developed to extract the desired results (critical buckling force) from output files. 

A flow chart for the numerical simulation is outlined in Figure 4. 

 

4. SENSITIVITY STUDY 

To establish the sensitivity of the CBF to the contributing parameters, three arbitrary points of 𝐼 −

W𝑠𝑢𝑏 envelope (Figure 1) are selected. The three points are shown in the Figure as “Point-A”, “Point-

B” and “Point-C” which correspond to 8”, 10” and 14” size pipelines with thicknesses of 19.05mm, 

25.4mm and 28.58mm, respectively. The CBF of these three points for the whole range of the 

parameters stated in Table 1 are calculated based on the FE modelling and simulation technique 

explained above. The results (Figure 5) show that the CBF values of three points are very different for 

the same values of as-laid OoS curvature (𝜅𝑚𝑎𝑥). This can easily be justified as those points represent 

pipelines with different values of submerged weight (𝑊𝑠𝑢𝑏) and moment of inertia (𝐼). This 

demonstrates that 𝜅𝑚𝑎𝑥, 𝑊𝑠𝑢𝑏 and 𝐼 are among the key contributors in CBF and therefore their whole 

range shall be considered for developing the CBF response surface as minor variation in those 

parameters can result in large variation in the buckling force. 
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Figure 5.  CBF at “Point-A”, “Point-B” and “Point-C” vs Curvature 

 

The values of CBF versus soil lateral mobilisation for “Point-A”, “Point-B” and “Point-C” are 

plotted for a fixed value of curvature (0.00016 1/m) in Figure 6 which shows that soil lateral 

mobilisation is another key contributor in the CBF. 

 

Figure 6.  CBF at “Point-A”, “Point-B” and “Point-C” vs Soil Lateral Mobilisation 

 

From the sensitivity assessment and the plots presented in Figure 5 and Figure 6,  the following can 

be concluded: 

• CBF is fully dependent on the pipeline moment of inertia (𝐼), submerged weight (𝑊𝑠𝑢𝑏) 

and lateral friction coefficient (𝜇𝑙𝑎𝑡); 

• 𝑀𝑜𝑏𝑙𝑎𝑡 is a key contributor to the CBF and the higher values of 𝑀𝑜𝑏𝑙𝑎𝑡 result in the lower 

values of CBF; 
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• The impact of 𝑀𝑜𝑏𝑙𝑎𝑡 on CBF is more prominent for lower values of the 𝜅𝑚𝑎𝑥. For higher 

values of 𝜅𝑚𝑎𝑥, the CBF remains almost constant and independent of 𝑀𝑜𝑏𝑙𝑎𝑡; 

• 𝜅𝑚𝑎𝑥 is among the key contributors in the CBF and the higher values of 𝜅𝑚𝑎𝑥 result in the 

lower values of CBF; 

• The impact of 𝜅𝑚𝑎𝑥 on CBF is more severe for lower values of 𝑀𝑜𝑏𝑙𝑎𝑡 . However, for higher 

values of 𝑀𝑜𝑏𝑙𝑎𝑡 the variation of CBF against 𝜅𝑚𝑎𝑥 decreases; 

• The effects of soil axial friction coefficient and mobilisation are negligible and therefore, 

the average values can be used as representative values. 

 

In view of the above conclusions, the ranges of the contributing parameters outlined in Table 1 are 

narrowed down and presented in Table 2 and will be utilised in developing the CBF response surface. 

It is to be noted that the CBF is fully influenced by 𝜇𝑙𝑎𝑡, however, it can be incorporated by altering the 

𝑊𝑠𝑢𝑏 as the soil lateral resistance is the product of 𝜇𝑙𝑎𝑡 and 𝑊𝑠𝑢𝑏. It should be noted that the sensitivity 

study was limited to three arbitrary points to provide the overall sensitivity of the CBF to the 

contributing parameters. However, to assure that the outcomes are fully applicable to the whole area of 

the  𝐼 − W𝑠𝑢𝑏 envelope, further arbitrary points covering the boundaries of the envelope could be 

selected. This is beyond the scope of the paper, but the approach proposed here can be extended in 

required cases. 

 

Parameter Symbol  Value / Range Unit 

Soil Axial Friction Coefficient 𝜇𝑎𝑥 0.875 - 

Soil Axial Mobilisation 𝑀𝑜𝑏𝑎𝑥  0.125 𝑚 

Soil Lateral Friction Coeff. 𝜇𝑙𝑎𝑡 0.339 – 1.356 - 

Soil Lateral Mobilisation 𝑀𝑜𝑏𝑙𝑎𝑡 0.00073-0.06 𝑚 

As-Laid OoS Wavelength 𝐿 120 𝑚 

As-Laid OoS Curvature 𝜅𝑚𝑎𝑥  0.00004 - 0.0010 1/𝑚 

Pipeline Stiffness and Weight Refer to Figure 1 – Full Range 

Table 2. Range of Parameters for developing the CBF Response Surface 

 

    

5. RESPONSE SURACE OF CBF 

The computation of the CBF via FE simulation for a large number of the design variable (𝐼, 𝑊𝑠𝑢𝑏, 

𝜅𝑚𝑎𝑥 and 𝑀𝑜𝑏𝑙𝑎𝑡) combinations as required for reliability–based assessments is not a realistic task. In 

addition, due to the non-linear nature of the CBF and its sensitivity to the design variables, an explicit 

expression is not available. This implies the requirement for developing a transfer function called the 

response surface [27].  The response surface provides the means to establish a relationship between 

input parameters (design variables) and the output (CBF) based on rationally chosen sample points.  
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The CBF response surface is developed based on the 𝐼 − 𝑊𝑠𝑢𝑏 envelope which is presented in 

Figure 1. The 𝐼 − 𝑊𝑠𝑢𝑏 envelope of each pipeline size is the area between the upper and lower dotted 

lines. The soil lateral resistance (𝐹𝑙𝑎𝑡) is the product of 𝜇𝑙𝑎𝑡 and 𝑊𝑠𝑢𝑏, and the variation of 𝜇𝑙𝑎𝑡 can be 

represented by altering W𝑠𝑢𝑏 accordingly. This has been considered in developing the 𝐼 − 𝑊𝑠𝑢𝑏 

envelope by considering the pipeline weight values to 0.5 and two times of the actual  𝑊𝑠𝑢𝑏 values. The 

response surface is developed based on an average value of 𝜇𝑙𝑎𝑡 which is 0.678 [6]. This covers the 𝜇𝑙𝑎𝑡 

values between 0.339 (0.678 / 2) and 1.356 (0.678 x 2). The outer dotted envelope represents the whole 

𝐼 − 𝑊𝑠𝑢𝑏 envelope which is used for developing the CBF response surface in this paper. The CBF is 

computed for 40 discrete sample points representing the perimeters of the 𝐼 − 𝑊𝑠𝑢𝑏 envelope as shown 

in Figure 1.  As 𝑀𝑜𝑏𝑙𝑎𝑡 and  𝜅𝑚𝑎𝑥 are other key contributors in CBF, all their possible combinations 

need to be considered in computing the CBF of each of the 40 discrete sample points stated above. The 

pipeline s-laid maximum curvature (𝜅𝑚𝑎𝑥) can be represented by a normal distribution with mean and 

standard deviation values of 0 1/m and 0.0002 1/m, respectively [3] as outlined in Figure 7 (dotted 

curve).  

 

 

Figure 7.  Probability Density Distribution of Maximum As-Laid Curvature (𝜿𝒎𝒂𝒙) 

 

The sign of curvature does not influence the CBF, therefore, to minimise the number of numerical 

simulations, there is a need to come up with a distribution which includes positive values only. A 

truncated normal distribution (sold line) which is derived from the original normal distribution function 

(pdf) fulfils this requirement by limiting the curvature values from either side to zero (mean value of 

normal distribution) and infinity, respectively. The general form of a truncated normal distribution 

density function for 𝑎 ≤ 𝑥 ≤ 𝑏 is:  
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(𝑥, 𝜇, 𝜎, 𝑎, 𝑏) =
1

𝜎
.

Φ(
𝑥−𝜇

𝜎
)

Φ(
𝑏−𝜇

𝜎
)−Φ(

𝑎−𝜇

𝜎
)
  and  Φ(𝑥) =

1

2
(1 + 𝑒𝑟𝑓(𝑥/√2))                               (2) 

where 𝜇 is mean value, 𝜎 is standard deviation and 𝑒𝑟𝑓 is the error function. By substituting the above 

boundary limit (i.e. 𝑎 = 𝜇) the following is achieved: 

                                                                          

Φ (
𝑎−𝜇

𝜎
) =

1

2
(1 + erf (

𝑎−𝜇

𝜎√2
)) =

1

2
(1 + erf (0)) =

1

2
                                                                              (3) 

 

erf(𝑥) =
2

√𝜋
∫ 𝑒−𝑡2

𝑑𝑡
𝑥

0
, erf(0) =

2

√𝜋
∫ 𝑒−𝑡2

𝑑𝑡
0

0
= 0                                                                                    (4) 

 

Also, based on the definition of the truncated normal distribution, if 𝑏 = ∞ then: 

 

Φ (
𝑏−𝜇

𝜎
) = 0                                                                                                                                                        (5) 

 

By substituting the above values in the original truncated distribution function, the density function 

will be simplified as following: 

f(𝑥, 𝜇, 𝜎) =

1

√2𝜋𝜎
 exp(−

1

2
.(

𝑥−𝜇

𝜎
)

2
)

0.5
                                                                                                                               (6) 

 

By comparison, it can be concluded that the pdf of truncated distribution function is two times of 

the pdf of normal distribution. The Cumulative Distribution Function (CDF) can be calculated 

accordingly.  

 

The CDF of the as-laid curvatures based on truncated normal distribution is plotted in Figure 8. The 

solid curve represents the CDF with a standard deviation of 0.0002 1/m which is utilised here to develop 

the response surface. The Latin Hypercube Sampling (LHS) methodology [28, 29] is adopted here to 

ensure sample points are representative of the curvature distribution. For values of the CDF with an 

interval of 0.2 (i.e., 0.2, 0.4, 0.6, 0.8 and 1.0), corresponding curvature values (i.e., 0.4e-5, 1.0e-4, 1.6e-

4, 2.5e-4 and 5.5e-4) are extracted (Figure 8) and used as discrete curvature values (curvature sample 

points) for developing the RS. 
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Figure 8.  Probability Density Distribution of As-Laid Curvature 

 

To ensure the distributions with wider standard deviations up to SD=3.33e-4 (dotted curve in Figure 

8) are properly covered, three extra points (4e-4, 7e-4 and 1.0e-3) are added.  This implies that in total 

eight curvature sample points are selected. The trend of CBF change versus soil lateral mobilisation is 

shown in Figure 6. The 𝑀𝑜𝑏𝑙𝑎𝑡 sample points are selected to address the gradient of CBF by having 

extra point in the areas where large deviations are observed.  In total five 𝑀𝑜𝑏𝑙𝑎𝑡 sample points (i.e., 

0.00073, 0.005, 0.01, 0.025, 0.06) are selected. 

 

This implies that for each of the 40 sample points of 𝐼 − W𝑠𝑢𝑏 envelope, there are 40 combinations 

of the  𝜅𝑚𝑎𝑥 (8-off) and 𝑀𝑜𝑏𝑙𝑎𝑡 (5-off). In total 1600 FE simulations were executed to ensure the whole 

range of design variables (contributing parameters) are covered. The FE simulation results were used 

to develop the CBF response surface. The response surface is represented by 40 planes. Each plane 

covers the full boundaries of  𝐼 − W𝑠𝑢𝑏 envelope for a specific combination of 𝜅𝑚𝑎𝑥 and 𝑀𝑜𝑏𝑙𝑎𝑡.   

 

Legend in Figure 9 𝜿𝒎𝒂𝒙  𝑴𝒐𝒃𝒍𝒂𝒕 

CBF_1st_Comb 0.00016 0.005 

CBF_2nd_Comb 0.00016 0.025 

Table 3.  𝜿𝒎𝒂𝒙 and 𝑴𝒐𝒃𝒍𝒂𝒕 combinations used in Figure 9 

 

As an illustration, for the combinations outlined in Table 3, the CBF response planes are shown in 

Figure 9.  
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Figure 9.  CBF Typical Response Planes 

 

The polynomial response surface method which is widely used for engineering purposes [17,18] 

was initially investigated by performing the first, second and third-degree polynomial regressions to fit 

the best planes to each individual response plane. Further second order polynomial regressions were 

carried out to address the dependency of the CBF planes on 𝜅𝑚𝑎𝑥 and 𝑀𝑜𝑏𝑙𝑎𝑡.  The CBF of the pipelines 

with arbitrary design variables were computed by FE simulation and compared with the results from 

the above regression. The error percentages were very high and therefore, it was concluded that the 

polynomial regression is not the best approach to model the CBF response surface. 

 

A kriging-based surrogate model [19,20] was adopted to interpolate the CBF of a pipeline with 

arbitrary design variables (𝐼_𝑑, W𝑠𝑢𝑏_𝑑, 𝜅𝑚𝑎𝑥_𝑑, 𝑀𝑜𝑏𝑙𝑎𝑡_𝑑) referred as deign point. In kriging, it is 

assumed that there is a spatial correlation between the model prediction and the dependencies between 

the CBF values formulated. This is performed by computing the weighted average of CBFs of the 

known sample points in the neighbourhood of a design point through a two-step interpolation: 

• Four known sample points from 𝐼 − W𝑠𝑢𝑏 envelope (Figure 1) surrounding the design point (𝐼_𝑑 

and W𝑠𝑢𝑏_𝑑) are selected. 

CBF_1st_Comb 

CBF_2nd_Comb 
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• For each of the four selected sample points, the CBFs of all 40 combinations of 𝜅𝑚𝑎𝑥, 𝑀𝑜𝑏𝑙𝑎𝑡 are 

looked up. And then, based on the values of 𝜅𝑚𝑎𝑥_𝑑 and 𝑀𝑜𝑏𝑙𝑎𝑡_𝑑, a bi-linear interpolation is 

carried out to calculate the interpolated CBF (𝐶𝐵𝐹𝜅_𝑀𝑜𝑏) corresponding to each of the selected 

sample points: 

 

𝐶𝐵𝐹𝜅_𝑀𝑜𝑏(𝜅𝑚𝑎𝑥_𝑑, 𝑀𝑜𝑏𝑙𝑎𝑡_𝑑) =
𝑀𝑜𝑏2−𝑀𝑜𝑏𝑙𝑎𝑡_𝑑

𝑀𝑜𝑏2−𝑀𝑜𝑏1
 [

𝜅2−𝜅𝑚𝑎𝑥_𝑑

𝜅2−𝜅1
𝐶𝐵𝐹(𝜅1, 𝑀𝑜𝑏1) +

𝜅𝑚𝑎𝑥_𝑑−𝜅1

𝜅2−𝜅1
𝐶𝐵𝐹(𝜅2, 𝑀𝑜𝑏1)] +

𝑀𝑜𝑏𝑙𝑎𝑡_𝑑−𝑀𝑜𝑏1

𝑀𝑜𝑏2−𝑀𝑜𝑏1
 [

𝜅2−𝜅𝑚𝑎𝑥_𝑑

𝜅2−𝜅1
𝐶𝐵𝐹(𝜅1, 𝑀𝑜𝑏2) +

𝜅𝑚𝑎𝑥_𝑑−𝜅1

𝜅2−𝜅1
𝐶𝐵𝐹(𝜅2, 𝑀𝑜𝑏2)]                                                                                                                                  (7) 

 

In the above expression, 𝜅1, 𝜅2, 𝑀𝑜𝑏1 and 𝑀𝑜𝑏2 represent the curvature and mobilisation values 

of the known sample points surrounding the 𝜅𝑚𝑎𝑥_𝑑 and 𝑀𝑜𝑏𝑙𝑎𝑡_𝑑. The 𝐶𝐵𝐹(𝜅𝑖, 𝑀𝑜𝑏𝑗) represent the 

known values of the corresponding CBFs which are available from FE simulations. 

 

• This is further explained in Figure 10 for a design point with design variables of: 𝐼_𝑑 =15.3e-5 𝑚4, 

W𝑠𝑢𝑏_𝑑 =1237 𝑁𝑚−1, 𝜅𝑚𝑎𝑥_𝑑 =0.00011 𝑚−1 and 𝑀𝑜𝑏𝑙𝑎𝑡𝑑
=0.0075 m. The surface represents 

the CBF for all combinations of  𝜅𝑚𝑎𝑥 and 𝑀𝑜𝑏𝑙𝑎𝑡 belonging to one of the surrounding sample 

points. The interpolated value of CBF is shown as a hexagon.  

 

• By knowing four values of CBF, an inverse distance weighing interpolation [30] is carried out and 

the CBF corresponding to the design point is computed. For the design point stated above, the 

calculated CBF is 3977 kN.  

 

For a reliability-based assessment, a very large number of iterations are required. To address this 

issue, a Visual Basic Application (VBA) script was developed to automate the above explained kriging 

process. The VBA deploys several subroutines and functions to carry out the kriging interpolation. To 

validate the interpolation process and the algorithms used in the VBA script, the CBF of three arbitrary 

design points from 𝐼 − W𝑠𝑢𝑏 envelope (shown in Figure 1), were computed by FE simulation and 

compared with the VBA script outputs. The results for arbitrary values of  𝜅𝑚𝑎𝑥 and 𝑀𝑜𝑏𝑙𝑎𝑡of are 

presented in Table 4. 
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Figure 10.  Illustration of Bi-Linear Interpolation (𝜿𝒎𝒂𝒙 and 𝑴𝒐𝒃𝒍𝒂𝒕) 

 

Considering the wide range of buckling force, the error levels can be treated as acceptable.  

Therefore, it can be concluded that the kriging methodology and VBA script are validated and can be 

used for further studies. It should be noted that more accuracy can be obtained by increasing the sample 

points in the neighbourhood of the desired design point(s). 
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CBF (kN) 

Point-A Point-B Point-C 

𝜅
𝑚

𝑎
𝑥

 

𝑀
𝑜

𝑏
𝑙𝑎

𝑡
 

VBA Script 

(Interpolation) 

FE 

Simulation 

Error 

(%) 

VBA Script 

(Interpolation) 

FE 

Simulation 

Error 

(%) 

VBA Script 

(Interpolation) 

FE 

Simulation 

Error 

(%) 

1.1e-4 0.0075 1816 1824 0.48 3977 3681 8.05 6856 6989 1.90 

1.1e-4 0.055 679 682 0.39 1501 1392 7.78 2652 2692 1.51 

3.3e-4 0.0075 1374 1442 4.72 2565 2478 3.48 3912 3780 3.49 

3.3e-4 0.055 662 677 2.33 1430 1347 6.21 2436 2610 6.68 

6.6e-4 0.0075 791 785 0.72 1374 1348 1.94 2107 2115 0.37 

6.6e-4 0.055 587 617 4.88 1146 1196 4.23 1746 1734 0.68 

Table 4. Comparison between FE Simulation and Kriging Results 

 

The framework presented in Figure 11, outlines the methodology which is utilised in this paper for 

developing the RS of CBF. 

 

 

Figure 11.  Framework for developing the RS of CBF 

The variations in other primary variables such as pipeline diameter, thickness and Young’s Modulus 

of steel can be incorporated by altering W𝑠𝑢𝑏 and / or  𝐼. Also, variation in the lateral friction can be 

addressed by altering the W𝑠𝑢𝑏. 

 

It should be noted that any reliability-based assessment heavily relies on robust uncertainty 

quantification. Therefore, careful consideration shall be given to the statistical representation of the 
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input parameters and their probability distributions. For example, the distribution of the OoS curvature 

can be extracted from the post-lay surveys of the pipelines with similar features such as cross-sectional 

dimensions (stiffness), water depth, and laybarge characteristics. 

 

 

6. APPLICATIONS OF RS OF CBF 

 

The RS can be used in all deterministic assessments where the CBF for a specific design point is 

required. The use of RS eliminates the requirement for performing the FE assessment. For example, by 

knowing the CBF and utilising Eq. 11, the envelope of pressure-temperature values which can cause 

lateral buckling can be obtained. The RS can be utilised for reliability–based assessments which is 

explained further below. 

 

Monte Carlo Simulation  

In a reliability-based assessment, the statistical distributions of the load effect (𝑆) and resistance (𝑅) 

are required to be known and the probability of failure (𝑝𝑓) is calculated based on: 

 

𝑝𝑓 = 𝑃(𝑅 ≤ 𝑆) = 𝑃[𝐺(𝑅, 𝑆) ≤ 0] = ∫ 𝐹𝑅(𝑥). 𝑓𝑠(𝑥). 𝑑𝑥
∞

−∞
                                                               (8) 

 

The 𝐺(𝑅, 𝑆) is called the limit state function and the probability of failure is represented by the 

probability of limit state violation i.e., probability of 𝐺(𝑅, 𝑆) being ≤ 0 (or probability of  𝑅 being less 

than or equal to 𝑆). Here 𝐹𝑅(𝑥) and 𝑓𝑠(𝑥) are the CDF of 𝑅 and pdf of 𝑆, respectively.  In the context 

of this paper, the resistance (𝑅) is the CBF of a nominally straight pipeline. In contrast, the load effect 

(𝑆) can be selected to solve various engineering problems. For example, if the reliability of buckle 

initiation at an engineered buckling site (sleeper) is of interest, 𝑆 is the buckling force at sleeper and 

cases at which 𝑆 is greater than 𝑅, represent limit state violations (Failure). Solving the above integral 

- known as convolution integral - can be very difficult for real engineering problems involving several 

load effect and resistance parameters [16]. However, solving the convolution integral can be avoided as 

other techniques such as Monte Carlo simulation (MCS) are utilised to derive the reliability index 

[21,22,23]. In MCS, the limit state is evaluated for a large number of random variable sets (𝑁 trials) 

covering both 𝑅 and 𝑆. The probability of failure is defined as 

𝑝𝑓 =
𝑛(𝑅−𝑆≤0)

𝑁
                                                                                                                       (9)  

where n denotes the number of trials for which 𝑅 − 𝑆 ≤ 0.  
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Application 1: Reliability of buckle initiation at engineered buckling site (sleeper) – Selection of 

Sleeper Height 

The CBF at an engineered buckling site (𝑆) needs to be less that the CBF of the adjacent nominally 

straight sections of the pipeline (𝑅). The 𝑆 can be assumed as a fixed (deterministic) value (𝑆𝑑𝑒𝑡) as it 

is predominantly a function of the sleeper height. The problem here is to specify a sleeper height to 

provide a buckle initiation target failure probability of 1e-3, 1e-4 and 1e-5 corresponding to low, 

medium and high safety classes of DNVGL-ST-F101 [31]. The assessment is carried out for a pipeline 

with diameter, thickness and weight of 0.273m (10”), 0.0254m and 1237kg/m, respectively. A design 

pressure of 460bar and temperature of 25 °C are adopted in this example. The random design variables 

contributing to 𝑅 and their assumed statistical distributions are outlined in Table 5. The other design 

variables contribution to 𝑅 (i.e., 𝐸, 𝐷 and 𝑡) and S (i.e., 𝜈 and 𝐸)  are assumed to be fixed (deterministic).  

   

Random Variable Distribution Mean Standard Deviation 

𝜅𝑚𝑎𝑥  Truncated Normal 0 (𝑚−1) 2e-4 (𝑚−1) 

𝑀𝑜𝑏𝑙𝑎𝑡 Lognormal 0.01(𝑚) 0.25 (𝑚) 

𝜇𝐿𝑎𝑡 Lognormal 0.678 (-) 0.16 (-) 

Table 5. Statistical Distributions of Random Variables Contributing to 𝑹 

 

The limit state function can be defined as shown in Eq. 10. The VBA script is utilised to 

automatically calculate the value of 𝑆𝑢𝑟𝑓( ) in each iteration.  Then Eq. 9 is used to calculate the 

probability of failure. 

 

𝐺(𝑅, 𝑆) = 𝑆𝑢𝑟𝑓(𝐼, W𝑠𝑢𝑏, 𝜅𝑚𝑎𝑥, 𝑀𝑜𝑏𝑙𝑎𝑡) − 𝑆𝑑𝑒𝑡                                                                                        (10) 

 

An MCS with 50,000 trials was carried out to obtain the CDF of the CBF at nominally straight 

sections of the pipeline (𝑅) as shown in Figure 12. The selected number for trials is based on the 

sensitivity checks which showed that the results remain almost unchanged for trials equal to or greater 

than 50,000. 
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Figure 12.  CDF of CBF at Nominally Straight Sections of Pipeline 

The CBF at sleeper was calculated for a range of sleeper heights based on the methodology outlined 

in [10]. A screenshot of the Abaqus model is presented in Figure 13. In this example, pipeline lateral 

OoS at the sleeper is conservatively overlooked. The lateral OoS at the sleeper results in reduction in 

the CBF and facilitates buckling. To initiate the lateral displacement at the sleeper, a very small artificial 

lateral load (i.e., 2000 N) is introduced. An alternative approach to initiate the lateral displacement at 

the sleeper (by introducing lateral OoS) was outlined in [35,36].       

 

Figure 13.  Abaqus Screenshot – Buckling of the pipeline at sleeper 
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The CBF at sleeper is extracted by utilising a python script which monitors the effective axial force 

(EAF) in the pipeline and defines the point at which buckle initiation occurs and a severe drop in EAF 

is observed. The sleeper’s CBF versus sleeper height is plotted in Figure 14.  

 

 
Figure 14.  CBF at Sleeper vs Height 

 

The values of 𝑆 corresponding to CDFs of 1e-3, 1e-4 and 1e-5 are 1236kN, 1035kN and 776kN, 

respectively (Figure 12). From Figure 14, the sleeper heights to provide those values of CBF (or less) 

required to be greater than 0.4m, 0.55m and 1m, respectively. The target failure probability of a pipeline 

depends on its safety class (i.e., proximity to a manned offshore platform and fluid category). The 

minimum sleeper heights and the corresponding free span lengths for different locations and conditions 

are presented in Table 6. This shows the impact of the target failure probability on the free span length 

which can severely increase fatigue damage due to direct wave actions and vortex induced vibration 

(VIV) [32]. 

 

Condition Location of Sleeper 
Target Failure 

Probability 

Sleeper 

Height (m) 

Free Span 

Length (m) 

Operating Inside Platform 500m Zone 1e-5 1.0 90 

Operating Outside Platform 500m Zone 1e-4 0.55 60 

Hydrotest N/A 1e-5 0.4 48 

Table 6. Sleeper Height and Free Span Length 

 

Application 2: Lateral Buckling Susceptibility of a Nominally Straight Pipeline (NSP) 

 

The effective axial force (𝐸𝐴𝐹) in a pipeline is predominantly a function of the internal pressure 

(∆𝑝𝑖), temperature (Δ𝑇) and residual lay tension (𝐻):  

 

𝐸𝐴𝐹 = −∆𝑝𝑖. 𝐴𝑖 . (1 − 2𝜈) − 𝐴𝑠. 𝐸. 𝛼. Δ𝑇 + 𝐻                                                                                (11) 
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Where 𝐴𝑖, 𝜈, 𝐸, and 𝛼 are internal area of the pipe, Poisson’s ratio, Young’s modulus and coefficient 

of thermal expansion of steel, respectively. The EAF can be treated as 𝑆 and it should be less than the 

CBF of an NSP (𝑅) to avoid buckling. The limit state function can be defined as following.  

 

𝐺(𝑅, 𝑆) = 𝑆𝑢𝑟𝑓(𝐼, W𝑠𝑢𝑏 , 𝜅𝑚𝑎𝑥 , 𝑀𝑜𝑏𝑙𝑎𝑡) − (−∆𝑝𝑖. 𝐴𝑖 . (1 − 2𝜈) − 𝐴𝑠. 𝐸. 𝛼. Δ𝑇)                                 (12) 

 

To demonstrate the application of the RS of the CBF for assessing the pipeline buckling 

susceptibility, the same pipeline (which was used in application 1) and with the same distribution of the 

design variables contributing to 𝑅 is studied here.  However, the pressure and temperature are assumed 

to follow the distributions outlined in Table 7. The other design variables are assumed to be fixed 

(deterministic). 

 

Random Variable Distribution Mean Coeff. Of Variation 

Temperature (°C) Normal 25 5% 

Pressure (barg) Normal 460 2% 

Table 7. Statistical Distributions of Random Variables Contributing in 𝑺 

 

By utilising the VBA script, 50,000 trials were carried out to obtain the CDF of 𝑅  and pdf of 𝑆 as 

shown in Figure 12. The Probability of Failure (𝑝𝑓) is obtained using an MCS approach in accordance 

with Eq. 9. The 𝑝𝑓 which in the context of this application represents probability of buckling in the NSP 

is 3.65%. This corresponds to a reliability of 96.35%. If the target reliability of 95% is of interest, it can 

be concluded that the pipeline is not prone to the buckling phenomenon. 

 

 

Figure 15.  CDF of 𝑹 and pdf of 𝑺 

 

It should be noted that the residual lay tension (𝐻) is not included in the above stated limit state 

functions (Eq. 10 and Eq. 12) as 𝐻 is present in both 𝑆 and 𝑅 and therefore, will be balanced in the limit 

state function. However, the variable 𝐻 can be added if different distributions of 𝐻 are available for 

different sections of the pipeline or if deterministic values of 𝐻 are of interest (e.g., to make the analysis 

more conservative by only adding 𝐻 to 𝑆). 
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As a further example of other reliability-based applications of the RS of CBF, the reliability of 

buckle initiation at the engineered bends utilised in a snake-lay lateral mitigation method can be stated. 

In such a design, the pipeline is laid with several engineered curves (bends) between the straight sections 

to promote the pipeline to buckle at those bends. The CBF at bends (𝑆), is predominantly a function of 

the bend curvature. Therefore, by knowing the target bend curvature and considering a distribution for 

that and utilising the RS, the distribution of S can be achieved. In this example, 𝑅 is the CBF of the 

adjacent nominally straight sections of the pipeline which was further explained in Application 1. 

 

7. CONCLUSIONS  

The work outlined in this paper narrows down the contributing parameters in CBF of a nominally 

straight pipeline through sensitivity studies and the trend of the CBF variation versus OoS curvature 

and soil lateral mobilisation. It is concluded that CBF is fully dependent on the pipeline moment of 

inertia (𝐼), submerged weight (𝑊𝑠𝑢𝑏), soil lateral friction coefficient (𝜇𝑙𝑎𝑡), soil lateral mobilisation 

(𝑀𝑜𝑏𝑙𝑎𝑡) and maximum OoS curvature (𝜅𝑚𝑎𝑥). It was shown that the impact of 𝑀𝑜𝑏𝑙𝑎𝑡 on CBF is more 

severe for lower values of the 𝜅𝑚𝑎𝑥. For higher values of 𝜅𝑚𝑎𝑥, the CBF remains almost constant and 

independent of 𝑀𝑜𝑏𝑙𝑎𝑡. It was demonstrated that the impact of 𝜅𝑚𝑎𝑥 on CBF is more severe for lower 

values of 𝑀𝑜𝑏𝑙𝑎𝑡 . However, for higher values of 𝑀𝑜𝑏𝑙𝑎𝑡 the variation of CBF against 𝜅𝑚𝑎𝑥 decreases. 

It was also concluded that the effects of soil axial friction and mobilisation are negligible.  

 

 It was observed that a truncated normal distribution function defines the maximum OoS curvature. 

A novel and structured approach was outlined to select the sample points which are required for 

developing the RS considering the range, distribution and the trend of variation of corresponding CBFs. 

The CBF of sample points (i.e., 1600 points) were computed by FE simulation utilising a number of 

Python scripts to automate the process (Figure 4). It was initially investigated whether the polynomial 

regression can be used to address the dependency between CBF of sample points. However, as the error 

percentage was very heigh, a kriging-based surrogate model was adopted instead. The process was 

automated by developing a Visual Basic Application (VBA) script. The VBA was validated against the 

FE simulation results for arbitrary design points. This resulted in a comprehensive and unique 

framework (Figure 11) for developing the RS of the CBF of a nominally straight pipeline with rogue 

lateral OoS. The framework was utilised to achieve a RS covering pipeline sizes between 6” and 14” 

laid on sandy seabeds. Finally, Monte Carlo simulation (MCS) was utilised to show some applications 

of the RS in reliability-based assessments. Truncated normal and lognormal distributions were selected 

for design variables of 𝜅𝑚𝑎𝑥 , 𝑀𝑜𝑏𝑙𝑎𝑡 and 𝜇𝐿𝑎𝑡. The sleeper heights fulfilling target failure probabilities 

of buckle initiation, with respect to the pipeline location class for both operating and hydrotest cases, 

were established. Subsequently, the impact of the sleeper height on the pipeline free span length (over 
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the sleeper) was demonstrated. Normal distributions for pipeline pressure and temperature were selected 

and relevant limit state function addressing probability of buckle initiation at nominally straight sections 

of the pipeline was developed. Accordingly, pipeline susceptibility to lateral buckling was studied. The 

proposed framework for RS development and subsequent reliability analysis can also be applied to 

study performance and reliability of the engineered buckle initiators such as sleepers, buoyancy module 

segments and snake-lay configurations. 
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