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We study variants of the Dixmier property that apply to elements of a unital C*-algebra, rather than to the C*-algebra
itself. By a Dixmier element in a C*-algebra we understand one that can be averaged into a central element by means
of a sequence of unitary mixing operators. Examples include all self-commutators and all quasinilpotent elements. We
do a parallel study of an element-wise version of weak centrality, where the averaging to the centre is done using unital
completely positive elementary operators (as in Magajna’s characterization of weak centrality). We also obtain complete
descriptions of more tractable sets of elements, where the corresponding averaging can be done arbitrarily close to the

centre. This is achieved through several “spectral conditions”, involving numerical ranges and tracial states.

1 Introduction

Let A be a unital C*-algebra with centre Z(A) and unitary group U(A). By a unitary mizing operator on A we

mean a map ¢: A — A of the form

n
o(x) = Z tiul T,
i=1

where n is a positive integer, u1, ..., u, € U(A) and t1,...,t, non-negative real numbers such that t; + ...+ ¢, =
1. The set of all such maps is denoted by Av(A,U(A)). Given a € A, we define the Dizmier set Da(a) as the
norm-closure of the set {¢(a) : ¢ € Av(A,U(A)}. If Da(a) N Z(A) # @ for all a € A, then A is said to have the
Dixmier property.

It is well-known that if A satisfies the Dixmier property, then A is weakly central, that is, for any pair

of maximal ideals M; and My of A, M1 NZ(A) = MaNZ(A) implies My = My (see e.g. [, p. 275]). It was
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shown by Haagerup and Zsidé in [I3] that a unital simple C*-algebra satisfies the Dixmier property if and only
if it admits at most one tracial state. In particular, weak centrality is not sufficient to guarantee the Dixmier

property. A complete generalization of the Haagerup-Zsidé theorem was obtained in [0, Theorem 2.6].

In [16], Magajna gave a characterisation of weak centrality in terms of a more general averaging as follows.

By a unital completely positive elementary operator on A we mean a map ¢: A — A of the form

n

$(x) =Y ajwa;, (1.1)

i=1
where n is a positive integer and aq,...,a, elements of A such that Z?:l aja; = 1. The set of all such maps
on A is denoted by EUCP(A). Given a € A, we define the Magajna set Ma(a) as the norm-closure of the
set {¢(a): ¢ € EUCP(A)} (i.e. the closed C*-convex hull of a in the sense of [I5]). Magajna showed in [I6]

Theorem 1.1] that A is weakly central if and only if for any a € A, Ma(a) N Z(A) # @.

By a well-known result of Vesterstrom [24] a unital C*-algebra A is weakly central if and only if
it satisfies the centre-quotient property (the CQ-property), that is for any closed two-sided ideal I of A,
(Z(A)+1)/1I = Z(A/I). Motivated by results in [9], where the setting is purely algebraic, the first two authors
defined in [5] a local version of the CQ-property as follows. An element a € A is called a CQ-element if for every
closed two-sided ideal I of A, a + I € Z(A/I) implies a € Z(A) + I (|5}, Definition 4.1]). In [5, Theorem 4.8], a
description of the set CQ(A) of all CQ-elements of A was obtained in terms of those maximal ideals of A which
witness the failure of the weak centrality of A. Further, it was shown that CQ(A) contains all commutators and
products by quasinilpotent elements. However, from both the algebraic and topological viewpoint the set CQ(A)
is in general rather strange. It always contains Z(A) + Jye(A) (where Jy,.(A) is the largest weakly central ideal
of A, see [5l Theorem 3.22]), with equality if and only if A/.J,,.(A) is abelian. Otherwise it fails dramatically
to be a C*-subalgebra of A: it is not norm-closed and it is neither closed under addition nor closed under

multiplication.

In this paper we study local versions of the Dixmier property and of weak centrality, the latter motivated
by Magajna’s characterization in terms of EUCP maps. More precisely, given an element a € A, we call a a
Magajna element if M4(a) N Z(A) # &, and we call it a Dixmier element if D4(a) N Z(A) # &. We denote by

Mag(A) and Dix(A) the sets of Magajna and Dixmier elements of A, respectively. That is,

Mag(A) := {a € A: Ma(a) N Z(A) £ 2},

Dix(A):={a € A: Da(a)N Z(A) # o}.

Obviously, A has the Dixmier property if and only if Dix(A) = A, and A is weakly central if and only if
Mag(A) = A. Quasinilpotent elements and self-commutators are Dixmier (and Magajna) elements. However, a

complete description of Dix(A) and Mag(A) is in general difficult to obtain. This has led us to also consider the
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sets

Mag(A) = {a € A : dist(Ma(a), Z(A)) = 0},

Dix(A) = {a € A : dist(Da(a), Z(A)) = 0}.

These are more tractable sets. In our two main results, Theorems [3.3] and [£.4] we characterize membership of a
given element in the sets Mag(A) and Dix(A) through several “spectral conditions”, involving numerical ranges
and tracial states. Moreover, we show that on selfadjoint elements these spectral conditions also characterize
membership in Mag(A) and Dix(A), so that Mag(A) N A, = Mag(A) N Ay, and Dix(A) N A, = Dix(A) N Ag,.

In general, one has the inclusions

Dix(A)
C <
Dix(A) Mag(4) C CQ(A).
S C
Mag(A)

All these inclusions may be proper. A question left unanswered in our investigations is whether the norm closures

of Mag(A) and Dix(A) agree with Mag(A) and Dix(A), respectively (the latter are always closed sets).

If A=Mag(A), i.e., Ais weakly central, then obviously Mag(A) carries a C*-algebra structure. It is thus
natural to ask whether Mag(A) can be in general closed under addition or multiplication. As it turns out,
imposing either one of these conditions on Mag(A) implies that A is not far from being weakly central. We show
that if Mag(A) is either closed under addition or multiplication, then A/J,,.(A) is abelian (Theorem [3.15)). In
the case of Dix(A), the situation is somewhat different: For a large class of unital C*-algebras, which includes
those that have a tracial state on every simple quotient, Dix(A) = Dix(A) = Z(A) + [A4, A], and in particular,
Dix(A) is closed under addition (Theorem [4.11]). On the other hand, if Dix(A) is closed under multiplication,
A is not too far from having the Dixmier property, in the sense that A/J4,(A) is abelian, where Jy,(A) is the

largest ideal of A with the Dixmier property (Theorem [4.15)).

Although Mag(A) and Dix(A) are not necessarily closed under addition, these sets are always pervasive

in the sense that span(Mag(A)) = Z(A) + Ideal([A, A]) (Corollary [3.12) and span(Dix(A)) = Z(A) + [4, 4]
(Lemma [4.10)).

As well as using earlier results on the Dixmier property and weak centrality [5, [0} 15, 16} 24], the methods of
this paper rely on the Dauns-Hofmann theorem [22], Michael’s selection theorem [I8] and results on commutators,

square zero elements and their lifts [, 177 20, 211 23].
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2 Preliminaries

Let A be a unital C*-algebra. Let Z(A) denote its centre. By an ideal of A we shall always mean a closed
two-sided ideal. For any subset X of A, we denote by Ideal(X) the ideal of A generated by X. It is well-known
that if I is an ideal of A, then Z(I) =INZ(A). As usual, if z,y € A, then [z,y] stands for the commutator

xy — yx. By [A, A] we denote the linear span of all commutators in A.

By S(A) we denote the set of all states on A. Given a € A we denote by W4 (a) the (algebraic) numerical
range of a, that is

Wa(a) ={w(a) :we S(A)}.

It is well-known that W4 (a) is a compact convex set that contains the spectrum of a. We use frequently in what
follows that if I is an ideal of A, then Wy ;(a 4 I) € Wa(a).

By Prim(A4) and Max(A) we respectively denote the sets of all primitive and all maximal ideals of A.
As usual, we equip Prim(A) with the Jacobson topology. As A is unital, both sets Prim(A4) and Max(A) are

compact. For any ideal I of A we write
Max”(A) := {M € Max(A) : I C M}.

It is easy to check that the assignment M +— M /I defines a homeomorphism from the set Max’(A) onto the set
Max(A/I).

Let us recall some facts around the Dauns-Hofmann theorem and the complete regularization map (see
[7] for further details). For all P,@ € Prim(A), define P~ Q if PN Z(A) = QN Z(A). By the Dauns-Hofmann

theorem ([22] Theorem A.34]), there exists a C*-algebra isomorphism Z(A) 3 z + z € C(Prim(A)) such that
z+P=2ZP)1+P (z€ Z(A), P € Prim(A)).

Hence, for all P,Q € Prim(A) we have P = @ if and only if f(P) = f(Q) for all f € C(Prim(A)). Note that
~ is an equivalence relation on Prim(A) and the equivalence classes are closed subsets of Prim(A). It follows
that there is one-to-one correspondence between the quotient set Prim(A)/~ and a set of ideals of A given by
[Pl~ <— [P]~, where [P]~ denotes the equivalence class of P € Prim(A). The set of ideals obtained in this way
is denoted by Glimm(A), and its elements are called Glimm ideals of A. The quotient map Prim(A4) — Glimm(A)
given by

PPl

is known as the complete regularization map. We equip Glimm(A) with the quotient topology, which coincides
with the complete regularization topology, since A is unital. In this way Glimm(A) becomes a compact Hausdorff

space. In fact, Glimm(A) is homeomorphic to Max(Z(A)) via the assignment Glimm(A) > N — NN Z(A) €



Local variants of the Dixmier property and weak centrality 5

Max(Z(A)), whose inverse is given by Max(Z(A)) 3 J — JA € Glimm(A) (JA is closed by the Hewitt-Cohen
factorization theorem).

For z € Z(A) we also write Z for the function in C(Glimm(A)) such that
2+ N=Z(N)1+ N (N € Glimm(A)).

Thus, the assignment Z(A) 3 z — z € C(Glimm(A)) is a C*-algebra isomorphism.

3 The set Mag(A)

Recall that for a € A we define the Magajna set M 4(a) of a as the norm-closure of the set {¢(a) : ¢ € EUCP(A)}.
Further, we denote by Mag(A) the set of all a € A such that M4(a) N Z(A) # @.

Our starting point in the investigation of the set Mag(A) is the following theorem of Magajna.

Theorem 3.1 (Theorem 4.1 of [15]). Let a € A. A normal element b € A belongs to My (a) if and only if

Wa/p(b+ P) € Wy p(a+ P) for each P € Prim(A). O

Given a € A, let us define the set-valued function ¥,: Glimm(A) — 2€ by

T, (N) = ﬂ Wan(a+ M),
MeMaxN (A)

for all N € Glimm(A). From Theorem we deduce the following proposition:

Proposition 3.2. Leta € Aand z € Z(A). Then z € M 4(a) if and only if Z(N) € ¥,(N) for all N € Glimm(A),

i.e., Z is a continuous selection of the set-valued map ¥,. O

Proof. Suppose that Z(N) € ¥, (N) for all N € Glimm(A), i.e., Z(N) € Wa,p(a+ M) for all N € Glimm(A)
and all M € Max”™ (A). Let P € Prim(A). Let N € Glimm(A) be such that N C P, namely N = (P N Z(A))A.
Since z + P = Z(N)1 + P, we have that W4,p(z 4+ P) = {Z(N)}. Choose any M € Max(A) such that P C M.
Then,

Wasp(z+ P) ={Z(N)} € Wasm(a+ M) C Wy, pla+ P),

where we have used that A/M is a quotient of A/P in the last inclusion. It follows from Theorem that
z € Ma(a). Conversely, if z € Ma(a), then again by Theorem [3.1| we have W4 ,p(z 4+ P) € W4, p(a + P) for all

P € Prim(A). Applying this to maximal ideals we get that
{ZIN)} = Wan(z+ M) S Wy p(a+ M)

for all N € Glimm(A) and M € Max™¥ (A), as desired. u
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Theorem 3.3. For an element a € A consider the following conditions:

(i) a € Mag(A).
(i) dist(Ma(a),Z(A)) = 0.
(iii) U,(N) # @ for all N € Glimm(A).

Then (i) = (ii) <= (iii). If a is selfadjoint then (i), (ii) and (iii) are equivalent. O

Before proving Theorem [3.3] we establish some preliminary facts. First recall that if X and Y are topological
spaces, a set-valued function U: X — 2V is said to be lower semicontinuous (1.s.c.) if for every open set U C Y,
the set

{r e X :U(x)NU # @}
is open in X.
Lemma 3.4. Let a € A.

(i) The function f,: Glimm(A) — [0, 00) defined by

fa(N) :=inf{|la+ M| : M € Max"™(A)}.

is l.s.c.

(ii) If a is selfadjoint, then the set-valued function ¥, is ls.c.

Proof. (i) Let s > 0 and
Cy :={N € Glimm(A4) : fo(N) < s}.

We claim that Cj is closed in Glimm(A). Indeed, suppose that (N,)q is a net in Cy converging to some

Ny € Glimm(A). Let € > 0. For each index o there is M, € Max">(A) such that

la+ M| < s+e.

As A is unital, Max(A) is compact, so there is a subnet of (M), convergent to some My € Max(A). Then,
by the continuity of the complete regularization map from Prim(A) to Glimm(A), and the Hausdorffness of
Glimm(A), we conclude that My contains Ny. By the lower semi-continuity of the norm functions P — |la + P||
on Prim(A) (see e.g. [8, Proposition I1.6.5.6 (iii)]) we get |la + Mo|| < s+ €. Hence f,(Np) < s+ €. Since € > 0

was arbitrary, f,(No) < s, as required.
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(ii) Given a C*-algebra element b, let us denote by sp(b) its spectrum. Now let a € A be selfadjoint. Define

two functions g, h: Glimm(A) — R by

g(N) := inf{maxsp(a + M) : M € Max” (A)},

h(N) := sup{minsp(a + M) : M € Max”™ (4)}.

As maxsp(a+ M) = ||(Jla]| - 1 + a) + M]| — ||a||, we have that

9(N) = fjja1+a(N) — [lal|.

Similarly, minsp(a + M) = ||a|| — ||(||e]|]1 — a) + M|, from which we deduce that

h(N) = _fHaHlfa(N) + ||a||

Thus, by part (i), ¢g is lower semi-continuous and h is upper semi-continuous. Since the numerical range of a

selfadjoint element is the convex hull of its spectrum,

Wa nm(a+ M) = [minsp(a + M), maxsp(a + M)]

for all M € Max(A). We deduce at once that

where ¥, (N) = @ if h(N) > g(N). It follows that ¥, is a L.s.c. set-valued function. [ |

Given a set C C C and § > 0, let us denote by C=9 the set of complex numbers whose distance to C'is < 6.

For a € A, N € Glimm(A), and § > 0, let us define

<5
Wy s(a) = ﬂ (WA/M(‘1+M>)
MeMaxV (A)
Now fix 7 > 0 and define ¥, ,.: Glimm(A4) — 2€ by
Vo p(N) = Whs(a). (3.1)

o<r

Lemma 3.5. Let a € A. For each r > 0 the map V¥, , is lower semi-continuous. O
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Proof. Let U C C be an open set and N € Glimm(A) such that UN T, (N) # @. Let w e UN ¥, (V).

Observe that this means that w € Wy 5(a) for some § < r. Choose € > 0 such that B.(w) C U (where B(w) =

{w" € C:|w —w| < €}). Suppose, for the sake of contradiction, that there exists a convergent net Ny — N in

Glimm(A) such that B.(w) N ¥, ,(Ny) = @ for all \. Choose § < ¢’ < r. Then

<&

Bwn (WA/M(a+M)) — 9,
MeMaxVa (A)

for all A. By Helly’s theorem, for each A there exist My 1, My 2, M) 3, maximal ideals containing N}, such that

<é’

B.wn (WA/MM(HMM))‘ ~ 0. (3.2)
i=1,2,3

Pass to subnets if necessary so that M, ; — M;, with M; maximal. By the continuity of the complete
regularization map and the Hausdorffness of Glimm(A), we obtain that N C M; for i = 1,2, 3.

Since w € Wi s(a), we have that w € (W4 s, (a+ M;))S? for i =1,2,3. So for each i there exists w; €
Wa/n, (@ + M;) such that |w — w;| < . Now, by the lower semicontinuity of the map M +— W, p(a + M) ([6],

Lemma 4.7]) applied to the three nets M) ; — M;, there exists a common index ¢ such that
Wayn,, i (a+ Mxg,i) N By —s(wi) # 9,

for ¢ = 1,2, 3. This implies that

for ¢ = 1,2,3, which contradicts (3.2)). [ |
Lemma 3.6. Let a,b € A. Then the following numbers are equal:

(i) The distance between M4(a) and Ma(b).

(ii) The minimum number r > 0 satisfying

dist(Wa/ar(a+ M), Wan(b+ M)) <7, (M € Max(A)).

Proof. It is straightforward to show that the number in (i) bounds from above the number in (ii), using that
Wasn(d(a) + M) C Wy p(a+ M) for any ¢ € EUCP(A). Let us prove that the number in (ii) bounds the
number in (i) from above. We adapt the proof of [0 Theorem 4.12] to the present context.

First, let us show that the distance between M4 (a) and M4 (b) is the same as the distance between M 4+ (a)

and M 4-«(b). On the one hand, since M4 (a) C My«~(a) and M4 (b) C M-~ (b), the distance between the sets
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Ma(a) and M4(b) bounds from above the distance between the sets Ma«=(a) and M 4+« (b). On the other hand,
the opposite inequality follows from a standard Hahn-Banach /Kaplansky density argument. This argument runs
exactly as in the proof of [6, Lemma 4.1], except that unitary mixing operators are replaced by operators in
EUCP(A), and the application of the Glimm-Kadison theorem is replaced by the fact that, for z € A, My« ()
is contained in the o(A**, A*)-closure of M 4(z) (see the proof of [I5, Theorem 4.1]).

Observe now that the number r described in (ii) does not increase if we replace A by A**, since for each

maximal ideal M € Max(A**) and a € A we have that

WA/(AQM)(CL-‘,-AQM) = WA**/M(G+M).

In view of the facts observed above, it suffices to prove the desired inequality in the von Neumann algebra
A**, Let us therefore assume that A is a von Neumann algebra, and in particular, that it is weakly central.
Then Glimm(A) 2 Max(A) via the complete regularization map, and for each a € A the function ¥, is Ls.c. by

[6, Lemma 4.7] and takes non-empty values (since Max™ (A) is a singleton for all N € Glimm(A)).

Let € > 0. Consider the set-valued map

Glimm(A) 5 N s U, (N) N (T (N))7 e,

where (¥,,(IN))"T¢ denotes the set of complex numbers whose distance to U, (N) is < r + e. By [6, Lemma 4.8],
this map is l.s.c. and its values are non-empty compact convex subsets of C. By Michael’s selection theorem,
it has a continuous selection, which is of the form N > z1(N) for z; € Z(A). By Proposition z1 € My(a).

Consider the set-valued map

Glimm(A) 5 N > B, 2. (21(N)) N Ty ().

This is again a l.s.c. map whose values are non-empty compact convex subsets of C. Let 2o € Z(A) be a central
element corresponding to a continuous selection of this map. Then zo € M4(b) and |21 (N) — Za(N)| < 7 + 2¢ for
all N € Glimm(A). Hence, |21 — 22| < r + 2¢. Thus, the distance between M4(a) and M 4(b) is bounded from

above by 7 + 2¢ for an arbitrary € > 0, whence, also by r. [ ]

Proof of Theorem 3.3l (i) = (ii). This is trivial.
(ii) = (iii). Assuming (ii), we get sequences ¢, € EUCP(A) and z,, € Z(A) such that

[6n(a) = zall = o0. (3.3)

Let us fix N € Glimm(A). Set A, =Z,(N), so that z, + N =\, 1+ N for all n. Passing to a subsequence

if necessary, assume that (\,), is convergent, with limit A\ € C. Let M € Max”™(A) be arbitrary. Since the
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numerical range of ¢, (a) + M is contained in the numerical range of a + M, (3.3)) implies that
dist(An, Wanr(a+ M)) — 0.

Hence, \ € Wa/m(a+M). As M € Max™ (A) was arbitrary, it follows A € W, (N) and thus ¥, (N) # @.

(iii) = (ii). Let » > 0. By (iii) we certainly have that ¥, ,.(N) # @ for all N € Glimm(A). Also, by
Lemma the set-valued function ¥, ,.: Glimm(A) — 2C is lower semi-continuous. So by the Michael selection
theorem ([I8, Theorem 3.2]), and the Dauns-Hofmann theorem, there is a central element z € Z(A) such that

Z(N) € U, ,.(N) for all N € Glimm(A). This then implies that
dist(WA/M(a+M)7WA/M(z+M)) <, (M GM&X(A)).

By Lemma [3.6] dist(Ma(a),z) < r. Since r was arbitrary, dist(Ma(a), Z(A4)) = 0.

Now assume that a = a™.

(iif) = (i). Assume that ¥,(N) # @ for all N € Glimm(A). Since ¥, is Ls.c. in this case, by Lemma [3.4]
we can apply the Michael selection theorem directly to W, to argue the existence of a continuous selection of

¥,. By Proposition this implies that M4 (a) N Z(A) # @. u

The next example demonstrates that the equivalent conditions (ii) and (iii) of Theorem [3.3]in general do

not imply (i), even if we replace the property of being selfadjoint by normal.

Example 3.7. Let B=K(H)+ Cp+ C(1 — p) be the “Dixmier C*-algebra” (see [I12 NOTE 1, p.257]). Let
A=C(-1,1], M2(C)) ® B. Let a,b € C([—1,1], M2(C)) be defined as follows:

where «(t) and B(t) are curves on the plane such that the interval [a(t), 5(¢)] from t = —1 to t = 0 starts at
[—1,—1 + 2i], remains pinned at —1 while rotating till it is flat and equal to [—1,1] at ¢ = 0. Then from ¢ =0

to t = 1 the interval [a(¢), 5(¢)] is pinned at 1, and rotates till it stops at [1,1 4 2i]. Now define ¢ € A as
ci=a®p+b®(1—p).
Identifying A with C([—1, 1], M3(B)), c is given by

p+a(t)(1—p) 0
0 —p+B#)(1—p)

c(t) =

Observe that ¢ is a normal element of A.
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Let us continue thinking of A as C([—1,1], Ma(B)). Its centre is C([-1,1],C-1). Its Glimm ideals are
N.={fe€A: f(t)=0} for t € [-1,1]. Then A/N; = M>(B) has two maximal ideals, My(K(H) + Cp) and
My (K(H) + C(1 — p)). Back in A, N; is contained in two maximal ideals:

My, ={fe€A: f(t)e Mx(K(H) + Cp)},

Mi_ps = {f € A f(t) € Ma(K(H) +C(1 - p))}.

The numerical ranges of the element ¢ with respect to these maximal ideals are

WA/Mp,t (C + M, 7t) = [Oé(t), ﬁ(t)],

Wasn,_, . (c+Mi—p) = [-1,1].

Since

Ue(Ny) = [=1, 1] N ]a(t), B(1)] # @

for all t € [—1,1], Theorem [3.3] implies that dist(Ma(c), Z(A)) = 0. On the other hand, t — [—1,1] N [a(t), B(t)]

has no continuous sections. Thus, ¢ ¢ Mag(A). O
Let Mag(A) denote the set of all @ € A such that dist(Ma(a), Z(A)) = 0.
Proposition 3.8. Let A be a unital C*-algebra.

(i) The set Mag(A) is a norm-closed subset of A that is contained in CQ(A).
(ii) For any a € Mag(A) the real and the imaginary parts of a belong to Mag(A4) N As,. In particular,
Mag(A) N Agq = Mag(A) N Agq.

Proof. (i) We first show that Mag(A) is norm-closed. Assume that € A is in the norm-closure of Mag(A) and
let € > 0. Then there are a € Mag(A4), ¢ € EUCP(A) and z € Z(A) such that ||z — a|| < €/2 and ||¢(a) — 2| <

€/2. Then, as ¢ is contractive,

lp(2) — 2Il < ll¢(x) — ¢(a)]| + [[d(a) — 2[| < e

and thus x € Mag(A).

We now show that Mag(A) C CQ(A). Assume, for the sake of contradiction, that there is a € Mag(A) \
CQ(A). Then by [0, Theorem 4.8] there are distinct My, My € Max(A) with My NZ(A) = MaNZ(A) and
distinct scalars A\; and Ag such that a+ M; = N1+ M; (i=1,2). As a € Mag(A), for e:=|\; — X2|/2 >0
there is ¢ € EUCP(A) and z € Z(A) such that ||¢(a) — z|| < e. As My N Z(A) = My N Z(A), there is a scalar A
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such that z + M; = A1 + M; (i = 1,2). Thus,

[Ai = Al = [[(¢(a) — 2) + Mi|| <e (i=1,2),

so that [A\1 — A2| < 2e = |A\; — A2; a contradiction.

(ii) Since operators in EUCP(A) commute with the involution, the real and the imaginary parts of any
element of Mag(A) belong to Mag(A) N A,,. But Mag(A4) N Ay, = Mag(A) N Aga, by the last part of Theorem
B3l |

It follows from Proposition that Mag(A) N As, is a closed set. Let us show that Mag(A) need not be

closed.

Example 3.9. Let A and ¢ € A be as in Example Let € > 0. Define

The numerical range of a.(t) is a non-degenerate elliptical disk with foci at —1 and 1 ([I4} Sec. 210]). Call this
elliptical disk E.. Define

Ce =a.Qp+b®(1—p) €A

Clearly, ¢. — ¢ as € — 0. Let us argue that c. belongs to Mag(A4) for all € > 0. Indeed, it is clear that
t — E.N[a(t), B(t)] has continuous selections for all € > 0 (since E. has non-empty interior). By Proposition

B2l Ma(ce) N Z(A) # @ for all € > 0. O

We do not know the answer to the following question:

Problem 3.10. Is Mag(A) necessarily norm-dense in Mag(A)? Equivalently, is Mag(A) = Mag(A)? O

Proposition 3.11. The following classes of elements a satisfy that 0 € M4(a), and thus belong to the set
Mag(A):

(i) self-commutators [z*,z], with x € A,

(ii) zy and yz for all quasinilpotent z € A and all y € A.

O

Proof. (i) Let a = [z*, x]. Then 0 € W4(a), since otherwise there would exist € > 0 such that z*z > €l + zz* or
xx* > el + x*x, which is seen to be impossible by comparing the norms on both sides. As a + I = [z* 4+ I,z + I]
for any ideal I of A, we also have that 0 € W,,;(a + I) for any ideal I. Thus, 0 € M4(a) by Theorem [3.1

(ii) Let a = zy, where x € A is quasinilpotent and y € A is arbitrary. Let us argue that a is not invertible:

if it were then z would be right invertible. But a quasinilpotent element is neither right nor left invertible.
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(In general, if A € C is a boundary point of the spectrum of an element a € A, then a — Al is neither left nor
right invertible.) Thus a is not invertible. The same argument applies to the image of a in any quotient of A.
Thus, 0 € W4,r(a + I) for all ideals I of A. By Theorem 0 € M4(a), as desired. Similarly, since x is not left

invertible, 0 € M4 (yz). |

Corollary 3.12. We have the following equalities of sets:

span(Mag(A)) = span(CQ(A)) = Z(A) + Ideal([A, A]).

Proof. As Mag(A) C CQ(A), we have that span(Mag(A)) is contained in span(CQ(A)).
Since the quotient A/Ideal([A, A]) is abelian, CQ(A) is contained in Z(A) + Ideal([A, A]), and since the
latter set is a C*-subalgebra of A, we immediately get that span(CQ(A)) is contained in Z(A) + Ideal([A, A]).
It remains to show that Z(A) + Ideal([A, A]) is contained in span(Mag(A)). Since Z(A) C Mag(A), it
suffices to show that Ideal([A, A]) C span(Mag(A)). By [23, Theorem 1.3], Ideal([A, A]) coincides with the set

[A, A] + [A, A]2. Further, by [23] Corollary 2.3], [4, A] coincides with the closed linear span of all the square zero
elements of A. Combining these results with Proposition (ii), we conclude that Ideal([A4, A]) is contained in

span(Mag(A)), as desired. [ |

By [B, Proposition 4.5], the set CQ(A) contains all commutators. The next example shows that this is no

longer true for the sets Mag(A) and Mag(A).

Example 3.13. Let H be a separable infinite-dimensional Hilbert space with the orthonormal basis (&,). Define

an operator T' € B(H) by

T£2n = £2n and ngnfl = 25271,1, (n S N)

Then T is a (strictly) positive operator with spectrum sp(7") = {1,2}, so that Wyx)(T') = co(sp(T')) = [1,2]. It
is easy to see that for any scalar A\, T'— AI is not a compact operator. Hence, T' is a commutator by the main
result of [10].

Let C(H) denote the Calkin algebra. Define A to be the C*-algebra of all continuous functions f: [0,1] —
M5(C(H)) that are diagonal at 1. Consider the constant function a := diag(T + K(H),0), where T is as
above. As T is a commutator, so is a. Let M; and My be, respectively, the kernels of x-epimorphisms
defined by the assignments f +— f(1);; and f +— f(1)22. Then My and M, are maximal ideals of A such that
MinZ(A)=MynNZ(A),

Woaas, (a+ My) = Weqany (T + K(H)) € [1,2,
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and Wy ,ar, (a + Ma) = {0}. In particular, the sets Wa,az, (a + My) and Wa ps, (a + My) are disjoint. Thus,
a ¢ Mag(A) by Theorem O

Problem 3.14. Is there a simple unital C*-algebra A without tracial states and such that 0 € W4 (z) for every

commutator x = [a, b]? See [23, Example 3.11] for a non-simple example. O

In the next theorem we examine various equivalent conditions where Mag(A) is assumed to have additional
algebraic structure.

Recall that, by [5, Theorem 3.22], A contains a largest weakly central ideal J,.(A), and that

H= N M, (3.4)

N MeMaxN (A)
where N runs through the set of Glimm ideals such that Max™ (A) is not a singleton. (Note: [5, Theorem 3.22] also
covers non-unital C*-algebras; the description of .J,,.(A) is slightly different in this case.) Note that J,.(A) + C1
is weakly central by [5, Proposition 3.8] or by an elementary direct sum argument if J,,.(A4) happens to be unital.

Since the centre of Jy.(A) + Cl1 is contained in Z(A), it follows from Magajna’s Theorem [16, Theorem 1.1]
that Jy,e(A) + C1 C Mag(A), and hence Z(A) + Jye(A) € Mag(A).

Theorem 3.15. Let A be a unital C*-algebra. The following conditions are equivalent:

A) = CQ(A) = Z(A) + Juc(A4).
(A)i

(v) Mag(A) is closed under multiplication.
(A)

(vi) Mag(A) is closed under EUCP operators.

Moreover, under these equivalent conditions Mag(A) = Mag(A). O

Proof. Since

Z(A) + Jue(A) € Mag(4) C 0Q(A),

the equivalence (ii) <= (iii) follows from [5, Theorem 4.12].

The implication (iii) = (i) is obvious. Let us show that (i) = (ii). Assume that Mag(A) = CQ(A). Then
also Mag(A4) = CQ(A), as Mag(A) C Mag(A) C CQ(A). In particular, by Proposition CQ(A) is norm-closed.
By [5l, Theorem 4.12], this is equivalent to A/J,.(A) being abelian.

We have so far shown that (i), (ii), and (iii) are equivalent, and that under these conditions Mag(A) =
Mag(A). Observe that (iii) implies (iv), (v), and (vi).

Let us show that (iv) = (ii). Assume, for the sake of contradiction, that A/Jy.(A) is non-abelian. By the

spectral characterization of Jy.(A) (3.4), this implies that there exists N € Glimm(A) and distinct maximal
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ideals M, M’ € Max™ (A) such that A/M is non-abelian. By [23, Theorems 3.2 and 4.2], the unit of a C*-algebra
without 1-dimensional representations is expressible as a sum whose terms are either a square zero element or

a product of two square zero elements. Applied to A/M this implies that

m n
L= it ) i
i=1 i=1

where @, 9;, 2, € A/M are square zero elements. Since M’ is mapped onto A/M by the quotient map, and square
zero elements can be lifted to square zero elements, there exist square zero lifts x;, y;, 2; € M’ of these elements.

Let
m n
i=1 i=1

Each term in the sums on the right hand side belongs to Mag(A) by Proposition As Mag(A) is closed under
addition, we conclude that a € Mag(A). On the other hand, a € M’ and a + M = 1+ M imply that a ¢ CQ(A),

and in particular a ¢ Mag(A). This is the desired contradiction.

Let us show that (v) = (ii). Let us establish a preliminary fact: Let € Mag(A), and let y, 2 € A be such

that y2 = 22 = 0. Choose A € C such that z 4+ A1 is invertible. Then

r+y=(r+A)(1+ (z+A1)"1y) — AL,

r+yz=(z+A)(1+ (z+ A1) 1yz) — AL

Combining Proposition with the fact that Mag(A) is closed under multiplication, we deduce that the right
hand sides of these equations are in Mag(A). Thus, x 4+ y and = + yz belong to Mag(A). In particular, Mag(A)

contains all finite sums of the form
m n
Z T + Z YiZi,
i=1 i=1

where x;,v;,2; € A are all square zero elements.
Now, using the same arguments as in the proof of (iv) = (ii), we conclude that A/J,.(A) must be abelian.

Let us show that (vi) = (ii). Again assume, for the sake of contradiction, that there exist N € Glimm(A)
and distinct M, M’ € Max™ (A) such that A/M is not abelian. Let & € A/M be a square zero element of norm
1. Since & is not invertible and of norm 1, the numerical range of *% is [0, 1]. By Theorem 1€ My (i*d).
Thus, there exist d,...,d, € A/M such that

T |
Z(di) Trad; > 5(1 + M)

i=1
and 27:1(dz)*dz = 1. Since M’ maps onto A/M by the quotient map, we can lift & to a square zero element of
norm one z € M’ ([Il Proposition 2.8]). Choose also lifts dy,...,d, € A of di,...,d, such that St did; < 1.

i=1""



16 R. J. Archbold, I. Gogié¢, and L. Robert

(This is always possible. Proof: Let d € M, (A/M) be the contraction with first column equal to (di,...,d,)
and zeros elsewhere. Let d € M,,(A) be a lift of d of norm 1. Then the elements on the first column of d are the

desired lifts.) Let ¢ € Ay be such that >, d¥d; + ¢* = 1. Define

n
a:= Z dix*xd; + cx*xe.
i=1
We have that a € Mag(A), by the invariance of Mag(A) under EUCP operators. On the other hand, a € M’
and a + M > 1/2-1+ M, which implies that ¥,(N) = @. ]

We end this section with another example:

Example 3.16. Let A be the C*-algebra consisting of all functions a € C([0, 1], M5(C)) such that

)\11(0,) )\12(0,) 0
a(l) = | Xai(a) Aa2(@) 0 |,

0 0 ula)

for some complex numbers A;;(a), u(a), 7,5 = 1,2 (see [, Example 4.19]). The centre of A is the set of a such

that a(t) € C- 13 for all ¢ € [0,1]. The Glimm ideals are indexed by [0, 1]:
Ny={a€ A:a(t)=0}, (t€][0,1]).

Using ([3.4)), we find that
Jwe(A) ={a € A:a(l) =0}.

Observe that, since A/Jyc(A) 2 M5(C) @ C is non-abelian, the equivalent conditions of the previous theorem
are not met. From Theorem we obtain a description of Mag(A):

Ari(a)  Aiz(a) } (3.5)

MTg(A)z{aeA;M(a)eW
)\gl(a) )\22(@)

In this case Mag(A) = Mag(A). To see this, let a € Mag(A). By there is a state w on My(C) such that
w((Aij(a))) = p(a). Since the map My(C) — My(C) given by b — w(b)1s is completely positive, it belongs to
EUCP(M2(C)) by Choi’s theorem (see [1I, Theorem 1]). Hence, there is ¢ € EUCP(M3(C) ® C) such that
¢(a(1)) € Cl3. By considering the coefficients of ¢ as constant functions in A, we may regard ¢ € EUCP(A).
Then ¢(a) € C-14 + Jyc(A) and this set is contained in Mag(A). Thus, a € Mag(A). O
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4 The set Dix(A)

Throughout this section, we continue to let A denote a unital C*-algebra. Recall that given an element a € A, we

define its Dixmier set D 4(a) by {#(a) : ¢: Av(A,U(A))}, where Av(A,U(A)) denotes the set of unitary mixing
operators on A. Further, we denote by Dix(A) the set of a € A such that Da(a) N Z(A) # @.
For a C*-algebra B (not necessarily unital), let us denote by T(B) the set of tracial states on B.
Define
Y :={N € Glimm(A) : T(A/N) # o}.

Lemma 4.1. The set Y is a closed subset of Glimm(A). O

Proof. Let (N,)o be a net in Y converging to some N € Glimm(A). For each «, there exists 7, € T'(A) such
that 7, (Na) = {0}. Since T'(A) is w*-compact, there exists 7 € T'(A) and a subnet (7,(3))s such that 7,g) 7 T
in the w*-topology.

Let us show that 7 vanishes on N. For each index 3, 7,(5) vanishes on Ny gy N Z(A), and so T,(5)|z(a) is
a pure state of Z(A) with kernel N, () N Z(A). Hence, 7|74 is a pure state of Z(A) with kernel K, say. Since

Nos) ? N in Glimm(A), we have that
Na(ﬁ) NZ(A) E) NNZ(A)
in Max(Z(A)). On the other hand,
Na(ﬁ) n Z(A) ? K
in Max(Z(A)). Since Max(Z(A)) is Hausdorff, K = NN Z(A). From 7(N N Z(A)) = {0} and the Cauchy-
Schwarz inequality for states, we get that

T(N)=71(A(NNZ(A))) = {0}.

Thus, 7 vanishes on N. It follows that N € Y. n

Recall that given a € A we denote by ¥, : Glimm(A) — 2€ the function

Uo(N)= ()  Wala+M) (N € Glimm(A)).
MeMaxN (A)

In the following proposition we make crucial use of [6, Theorem 4.4]:
Proposition 4.2. Let a € A and z € Z(A). We have z € Da(a) N Z(A) if and only if

(i) Z(N)=7(a+ N) for all N € Y and 7 € T(A/N),
(ii) Z(N) € U, (N) for all N € Glimm(A4).
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O

Proof. Let z € Da(a)NZ(A). Let N €Y and 7 € T(A/N). Then z+ N =Z(N)1 + N, and evaluating on 7
we get Z(IN) = 7(z + N). But 7 is constant on D 4,y (a + N) (since unitary mixing operators preserve the trace)
and equal to 7(a + N). Hence, Z(N) = 7(a + N). This proves (i). Condition (ii) follows from the fact that z is
in the Magajna set of a.

Conversely, suppose that z € Z(A) satisfies (i) and (ii). To show that z € Da(a), equivalently, that
0 € Da(a—z), we rely on [0, Theorem 4.4]. In view of this result, it suffices to show that 7(a —z) =0 for
all 7€ T(A) and 0 € Wy p((@ — 2) + M) for all M € Max(A). Let 7 € T(A) be an extreme tracial state. By
[6, Lemma 2.4] 7|z4) is a pure state on Z(A). Hence, there exists N € Glimm(A) such that 7 vanishes on
N N Z(A). By the Cauchy-Schwarz inequality for states, we also have that 7(N) = {0}, so that N € Y. By (i)

we have

Hence, by the Krein-Milman theorem, 7(a) = 7(2) for all 7 € T(A). Let M € Max(A), and let N be the unique
Glimm ideal of A contained in M. By (ii), there is a state w of A such that w(M) = {0} and w(a) = Z(N).
Since z + M =Z(N)14+ M, w(a—2) =0 and so 0 € Wy p((a — 2) + M). It follows that 0 € Da(a — 2), as

required. [ |

Remark 4.3. An immediate consequence of Proposition [4.2]is that D4(a) N Z(A) # @, i.e. a € Dix(A4), if and

only if
1. for each N €Y all the tracial states of A/N have a common value on a + N, call it f,(NV),
2. there is a continuous selection of ¥, : Glimm(A) — 2 that agrees with f,(N) for N € Y.

Indeed, such selections give rise to central elements that satisfy the conditions listed in the proposition. Observe
also that if Y = @ (equivalently, A has no tracial states), then the first condition is vacuously valid; hence

Dix(A) = Mag(A) by Proposition in this case. O
Theorem 4.4. Let A be a unital C*-algebra, and let a € A. Consider the following conditions:
(i) a € Dix(A).
(ii) dist(Da(a),Z(A)) =0.
(iii) (a) There is a function f,: Y — C such that

(al) for all N € Y and 7 € T(A/N), fo(N) =7(a+ N),
(a2) for all N €Y, f,(N) € ¥, (N).

(b) For all N € Glimm(A)\Y, ¥, (N) # @.

Then (i) = (ii) <= (iii). Further, if (iii) holds then f, is unique and it is continuous on Y. Finally, if a is

selfadjoint, then (i), (ii), and (iii) are equivalent. O
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Proof. (i) = (ii). This is immediate.
(ii) = (iil). Suppose that dist(D4(a), Z(A)) = 0. For each n € N, there exist a unitary mixing operator
¢n, and z, € Z(A), such that

H%mwwm<%. (4.1)

Each z, gives rise to a continuous function z,: Glimm(A) — C such that z, + N =2,(N)1+ N. Let N €Y

and 7 € T(A/N). Passing to the quotient A/N in (4.1) and evaluating on 7, we get
~ 1
I(T(CL—I—N)—Zn(N)|<E (n € N).

Hence, (z,(N)), is a convergent sequence with limit 7(a + N). Thus 7(a + N) is independent of the choice of
7 € T(A/N). Define f,(N) to be this common value. Since f, is the uniform limit of the sequence of continuous
functions (zZ,|y), fa is continuous on Y. (As shown below, the continuity of f, can also be derived from the
formula f,(N)=71(a+ N) (N €Y).)

Let N € Y, M a maximal ideal of A containing N, and w a state of A such that w(M) = {0}. By (4.1)),
~ 1
w(¢n(a)) =Zn(N)| <~ (n€N).
Since w o ¢y, is a state of A annihilating M,
~ 1
dist(2,,(N), Wa m(a+ M)) < - (n eN). (4.2)

But Wa n(a+ M) is closed and z,(N) — fo(N) as n — oc. Hence fo(N) € Wy a(a + M). Since M can vary
through all of Max™ (A), we obtain that f,(N) € ¥,(N). This proves (iii) (a).

As for (iii) (b), observe that dist(Ma(a), Z(A)) =0, as D4(a) € Ma(a) (since unitary mixing operators are
EUCP operators). Thus, ¥,(N) # @ for all N € Glimm(A) by Theorem

(iii) = (ii). Suppose that the element a satisfies (iii). We begin by showing that f, is continuous on Y.
Let (Na)o be a net in Y convergent to some N €Y and let (Nygy)s be an arbitrary subnet. For each £,
there exists 7,(5) € T(A) such that 7,(3)(Na(gy) = {0}. Since T'(A) is w*-compact, there exists 7 € T'(4) and
a subnet (7,(g(+)))~ such that 7, 7) T in the w*-topology. As in the proof of Lemma we obtain that
T(NNZ(A)) = {0} and hence 7(N) = {0}. We have

lim fa(Na(s()) = Um 7a(s(y) (@) = 7(a) = fa(N).

It follows that f,(N.) — fo(N) and so f, is continuous on Y. The uniqueness of f, is clear from the equation
in (iii) (al).
Let r > 0. By (iii) (a2), fo(N) € ¥, (N) for each N € Y, where ¥, .(N) is as in (3.1]). On the other hand,
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by (iii) (b), ¥, .(N) is non-empty for each N € Glimm(A) \ Y. As the function ¥, ,: Glimm(A4) — 2% is lower
semi-continuous, by Michael’s selection theorem there exists a continuous function Fy,: Glimm(A) — C such that
F,(N) e ¥, ,(N) for all N € Y. Moreover, F, may be chosen such that F,|y = f, ([I8 Proposition 1.4]). Let
z € Z(A) be the central element such that z = F,. We now use [6, Theorem 4.12] to show that dist(D4(a), z) < r.

Let 7 € T(A) be an extreme trace. By [6, Lemma 2.4], 7|7(4) is a pure state on Z(A). Hence, there exists
N € Glimm(A) such that 7(N N Z(A)) = 0. By the Cauchy-Schwarz inequality for states, 7(N) = {0}, so that

N €Y. Thus, by (iii) (a) and our construction of z,

7(a) = fa(N) = 7(2).

Then, by the Krein-Milman theorem, 7(a) = 7(z) for all 7 € T(A).
Let M € Max(A) and let N be the unique Glimm ideal contained in M. Then z + N = Z(N)1 4+ N, and so
Wam(z+ M) = {Z(N)}. Since Z(N) € ¥, ,.(N), we have that

dist(Wa np(a+ M), Wap(z+ M)) <.

By [6 Theorem 4.12], the distance between D(a) and D(z) = {z} is at most r. Since r > 0 is arbitrary,
dist(D4(a), Z(A)) = 0.

Finally suppose that a = a*. Let us show that (iii) = (i). Suppose that we have (iii). In this case
v, is ls.c. by Lemma Thus, by the Michael selection theorem, there exists a continuous selection
F,: Glimm(A) — C such that F,|y = f, and F,(N) € ¥,(N) for all N € Glimm(A). Let z € Z(A) be the

central element corresponding to F,. By Proposition z € Dy(a) N Z(A). Hence a € Dix(A). [
Proposition 4.5. The following classes of elements a satisfy that 0 € D4(a), and thus belong to Dix(A).

(i) Self-commutators [z*, x], with x € A.

(ii) Quasinilpotent elements.

Proof. (i) Let a = [z*, 2] for some x € A. Then obviously 7(a) =0 for all 7 € T'(A). Furthermore, as seen in
the proof of Proposition 0 € Wy r(a+ I) for every quotient A/I. Thus, we can apply [6, Theorem 4.4] to
conclude that 0 € Dy (a).

(ii) If a € A is quasinilpotent then, by the Murphy-West spectral radius formula, for each € > 0 there is an
invertible element = € A such that ||zaz~!|| < € (see [19, Proposition 4]). In particular, 7(a) = 0 for all 7 € T'(A).
Also, for each ideal I of A, a 4 I is a quasinilpotent element of A/I so that 0 € W, (a + I). Invoking again [6],

Theorem 4.4], we conclude that 0 € D4(a). u



Local variants of the Dixmier property and weak centrality 21

Remark 4.6. Unlike Mag(A), the set Dix(A) does not have to contain finite products of nilpotent elements
(see Proposition . To demonstrate this, let A be the C*-algebra from Example Consider the functions
éi; (1<i,j<2)in A which are constant and equal to the matrix units e;; € M(C) (1 <14, <2). Then é12
and €31 are nilpotent elements of A, but é12€21 = €11 ¢ Dix(A). Indeed, if Ny = {a € A: a(1) =0}, then Ny €
Glimm(A) and A/N; = M>(C) @ C. The maps 71, 72: M2(C) ® C — C given by 71((ai;), 1)) = 1/2(a11 + ag2)
and 72((as;), 1)) := p are tracial states of My(C) @ C such that 1/2 = 7y(e11) # 72(e11) = 0. In particular, the
condition (iii) (al) of Theorem is not satisfied for a = é;; and N = Nj. O

Let us denote by Dix(A) the set of a € A such that dist(Da(a), Z(A)) = 0. It is straightforward to check
that Dix(A) is a closed set (see the proof of Proposition .
Note that if T(A) = &, then Dix(A) = Mag(A), by Theorems and

Theorem 4.7. Let A be a unital C*-algebra such that for all N € Glimm(A)\Y, Max™ (A) is a singleton. Then
Dix(A) = Dix(A). O

Proof. For N € Glimm(A)\Y, say Max" (A4) = {My}. Let a € Dix(A). Let f,: Y — C denote the function
described in Theorem Define ¥, : Glimm(A) — 2€ by

~ {fa(N)} ifNeY,
U,(N):=

WA/MN (a + MN) if N e Ghmm(A)\Y
Claim: \T/a is 1.s.c. To prove this claim, let us first examine \T/a on the open set Glimm(A)\Y . Consider the map
Glimm(A)\Y > N — My € Max(A).

Let us prove that it is continuous. Let N, — N be a convergent net in Glimm(A)\Y. Then (My,_)s has
convergent subnets, by the compactness of Max(A). Let us show that they all converge to My: If My, ? M,
with M € Max(A), then by the continuity of the complete regularization map and the Hausdorffness of
Glimm(A), M € Max” (A). By the assumption that Max” (A) is a singleton for N € Glimm(A)\Y, M = My.
This proves the continuity of N — My, on the set Glimm(A)\Y. On the other hand, the set-valued map
Max(A) > M+ Wy p(a+ M) is Ls.c. by [6, Lemma 4.7]. Hence, the composition N — W,y (a4 My) is
Ls.c. on Glimm(A)\Y.

Let us prove the lower semicontinuity of U, at N€Y. Let N €Y. Let € > 0. Suppose for the sake of
contradiction that there exists a net (N,), in Glimm(A) such that N, — N and W, (N,) N Be(fa(N)) = 2.
Exploiting the continuity of f, on Y, we can find an index g such that N, € Glimm(A)\Y for all &« > «p. Thus,
Wi(a+ Mp_) N Be(fo(N)) = @ for all @ > ag. Passing to a convergent subnet, and reindexing, let us assume that
My, — M for some M € Max(A). As argued previously, the continuity of the complete regularization map and

the Hausdorffness of Glimm(A) imply that M € Max” (A). But f,(N) € Wa,n(a+ M) (by the characterization
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of elements of Dix(A) in Theorem. This contradicts the lower semicontinuity of the map M — W ,ps(a + M)
on Max(A) ([6l Lemma 4.7]). This completes the proof of the lower semicontinuity of 0,

Let z € Z(A) be a central element corresponding to a continuous selection of W,. Then z € D4(a) by

Proposition Thus, a € Dix(A). [ ]

Example 4.8. Let B = K(H) + Cp+ C(1 — p) be the “Dixmier C*-algebra”. Let A = C([-1,1],02) ® B. As
T(A) = @, we have that Dix(A4) = Mag(A), by Remark Then, arguing as in Example we can find
a € Dix(A) \ Dix(A). Moreover, this element belongs to the norm closure of Dix(A) (cf. Example . O

As with Problem we do not know the answer to the following question:

Problem 4.9. Is Dix(A) always dense in Dix(A)? O

Lemma 4.10. The set Z(A) + [A, A] contains Dix(A) and is equal to the closed linear span of Dix(A). O

Proof. Let us show first that Z(A) + [4, 4] is a closed set. Let a € Z(A) + [A, A]. Claim: On every quotient
A/N by a Glimm ideal N € Y, the element a maps to an element in C1 + [A/N, A/N]. Proof: Say z,, + ¢, — a,

with z, € Z(A) and ¢, € [A, A] for all n. Passing to the quotient A/N, we get

Z0(N)1 + (cn + N) = a+ N.

Let 7 € T(A/N) (recall that N € Y'). Evaluating on 7, we see that 2,,(N) — 7(a). Hence, the sequence (¢, + N),
is also convergent and the limit belongs to the closed set [A/N, A/N]. This completes the proof of the claim.

Let f,(NN) denote the common value of all tracial states of A/N on a + N, for N € Y. As shown in the
proof of Theorem fa: Y — C is a continuous function (uniform limit of the functions Z,|y ). By the Tietze
extension theorem, we can extend f, to a continuous function on Glimm(A), and in this way get z € Z(A) such
that Z(N) = fo(N) for all N € Y. Now a — z is in the kernel of every extreme trace, since each extreme trace
factors through A/N for some N € Y. By the Krein-Milman theorem, a — z is in the kernel of every trace. It
is thus an element in [A, A]. (Indeed, by the Hahn-Banach theorem [A, A] agrees with the intersection of the
kernels of all bounded functionals that vanish on commutators, and these functionals are expressible as linear
combinations of tracial states via the Hahn-Jordan decomposition.)

Let us show that Dix(A) is contained in Z(A)+ [A, A]. Let a € Dix(A). Let z, € Z(A) and ¢, €
Av(A,U(A)) be such that ¢, (a) — z, — 0. Then z, + (a — ¢ (a)) = a. The sequence z,, + (a — ¢ (a)) belongs

to Z(A) + [A, A]. Thus, a belongs to Z(A) + [A, A], which we have shown agrees with Z(A) + [A, A].
Finally, since Dix(A) contains both Z(A) and every self-commutator [z*,z], x € A, and the latter

linearly span [A, A] ([I7, Theorem 2.4]), it follows that the closure of the linear span of Dix(A) is equal to

Z(A)+[AA] [

Theorem 4.11. The following conditions are equivalent:



Local variants of the Dixmier property and weak centrality 23

(i) Dix(A) = Z(A) + [4, A].
(i) Dix(A) is closed under Av(A,U(A)).
(iii) Dix(A) is closed under addition.
(iv) (a) Forall N €Y and M € Max™¥(A), T(A/M) +# @.

(b) For all N € Glimm(A) \ Y, Max”™ (A) is a singleton set.

Moreover, when these equivalent conditions hold, Dix(A) = Dix(A). O

Proof. It is clear that (i) implies (ii).

(ii) = (iii). Suppose that (ii) holds. Let a,b € Dix(A). Let € > 0. Choose a unitary mixing operator
a and y; € Z(A) such that ||a(a) — y1|| < e. Now choose a unitary mixing operator 5 and z; € Z(A) such
that ||8(c(b)) — z1]| < e. Then, setting ¢ := 3 o a, we have that ||¢(a) — y1]| < € and ||¢(b) — z1|| < e. Moreover,
#(a),dp(b) € Dix(A). It now follows by a well-known argument of successive averaging that we can find
n € Av(A,U(A)) such that t,(a) =y € Z(A) and 1, (b) — z € Z(A). For completeness, we include the
proof. Choose ¢1 € Av(A,U(A)) and y1,21 € Z(A) such that ||¢p1(a) — y1]| < 1/2 and ||¢1(D) — 21| < 1/2. Set
ay := ¢1(a) and by := ¢1(b). As aq, by € Dix(A), thereis ¢po € Av(A,U(A)) and y2, 22 € Z(A) such that ||¢2(ar) —
yo|l < 1/4, ||d2(b1) — 22|l < 1/4 . Set as := ¢2(a1) and by := ¢2(b1). Inductively, we get ¢, € Av(A,U(A)),
Yny 2n € Z(A), an € D4(a), and b, € D4(b), for n = 2,3,..., such that

1 1
I¢n(an—1) =ynll < 55v ldnbn-1) = 2nll < 5

The sequences (y, ), and (z, ), are Cauchy. Consequently, setting

Y= nl;rréo Yn, 2= nl;rr;o Zn, and Y, = @p0...0¢1 € Av(A,U(A)),
we have that ¢, (a) — y and 9, (b) — z. Observe now that 1, (a +b) — y + z. Hence, Dix(A) is closed under
addition, i.e., (iii) holds.

(i) = (iv). Assume that Dix(A) is closed under addition. Let N € Glimm(A). Assume that N € Y, so
that A/N has a tracial state. Suppose, for the sake of contradiction, there exists M € Max?™ (A) such that
T(A/M) = @. By Pop’s Theorem [21I], Theorem 1] we can write the unit of A/M as a finite sum of commutators.
By [23, Theorem 4.2], these commutators are finite sums of square zero elements. Thus, we can write the unit
of A/M as a finite sum of square zero elements. Lifting those square zero elements to square zero elements in A
and adding, we obtain an element a € A which is a lift of 1 + M € A/M and is a sum of square zero elements
(whence in [A, A]). Using Proposition and the assumption that Dix(A) is closed under addition, we see that
a € [A, A]NDix(A). Let z € Da(a) N Z(A). Then z+ N = A1+ N and z + M = A1 + M for the same scalar .
Since A1+ N € Dy/y(a+ N) and T(A/N) # &, X is the common value of all tracial states of A/N on a + N.
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Since a + N € [A/N, A/N], we have X\ = 0. But A1 + M € D p(a+ M) = {1+ M}, which gives A = 1. This
proves (iv)(a).

As for (iv) (b), assume that N € Glimm(A) \ Y, so that T(A/N) = @. Let a be an arbitrary element of
A/N. Combining [2I, Theorem 1] and [23, Theorem 4.2], we can write ¢ as a sum of square zero elements in
A/N. Lifting them back to A as square zero elements, using Proposition and the assumption that Dix(A) is
closed under addition, we get a lift a € Dix(A) of a. Let 2 € Da(a) N Z(A). Then z + N € Dyn(a). But z + N
is a scalar in A/N. This shows that A/N has the Dixmier property and that Z(A/N) = C(1 + N). Since A/N

is weakly central and has trivial centre, it has a unique maximal ideal.

(iv) = (i). By assumption, for any N € Glimm(A) \ Y, N is contained in a unique maximal ideal My of

By Theorem it suffices to show that Dix(A) = Z(A) + [A, A]. That Dix(A) is contained in Z(A) + [A, A]

has already been established in Lemma [4.10] To prove the opposite inclusion, it suffices to show that

[A, A] C Dix(A). Let a € [A, A]. Since traces vanish on commutators, we may define f,: Y — C to be identically
0, and for N € Y and M € Max” (A) we obtain 0 € Wa/n(a+ M) by (iv)(a) so that f,(N) =0¢& ¥y (N). On
the other hand, for N € Glimm(A)\Y" we have that ¥,(N) = Wa,a, (a + My) # . It follows from Theorem

that a € Dix(A). [ |

Remark 4.12. Theorem [L.11] applies, in particular, to all unital C*-algebras such that any non-zero simple
quotient has at least one tracial state. These include all unital postliminal C*-algebras, as each simple quotient
of such an algebra is isomorphic to some full matrix algebra M, (C), and all unital AF C*-algebras, as in this
case the quotients are again unital and AF, and thus have tracial states. Observe that among such C*-algebras,
Mag(A) may well fail to be closed under addition (e.g., the postliminal C*-algebras from Examples and
3.16). O

Example 4.13. Let A be a unital C*-algebra with a unique faithful trace 7 and a unique maximal ideal M
such that A/M is traceless. (See [6, Section 2] for concrete examples of C*-algebras with these properties.) Since

A is weakly central, A = Mag(A). On the other hand,
Dix(A) ={a € A:71(a) € Wy p(a+ M)}

This set is not closed under addition (Theorem (iv) (a) fails) and maps onto A/M. Moreover, Dix(A) =
Dix(A) in this case, by Theorem This description of Dix(A) can be considered in terms of convexity. Viewing
S(A/M) as a w*-compact convex subset of A* that does not contain the tracial state 7, a suitable form of the
Hahn-Banach theorem tells us that we can separate by an element of the dual space A (for example, any
element a € M such that 7(a) # 0). Then the above description of Dix(A) tells us that the elements a € A that

can witness this separation are precisely those in the complement of Dix(A). O
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By [2, Proposition 2.1.10] any unital C*-algebra A contains a largest ideal Jg,(A) with the Dixmier property
(in the sense that Jy,(A) + Cly has the Dixmier property). Since Z(J) = J N Z(A) for any ideal J of A, we
have that Z(A) + Jgp(A) C Dix(A). Note also that if J is an ideal of A that is contained in Dix(A), then J has
the Dixmier property and hence is contained in Jg,(A). This follows from the fact that D41, (a) = D4(a) for
all a € J (see [3, Remark 2.6]).

In the next theorem we describe Jg,(A) more explicitly. Before doing so, we introduce some notation.

Consider the set X C Glimm(A) defined as
X :={N € Glimm(A) : A/N has the Dixmier property and trivial centre}.

By [6, Corollary 2.10], N € X if and only if Max™ (A) is a singleton {My}, A/N has at most one tracial state,

and if A/N does have a tracial state then it factors through A/My. Now, for N € Glimm(A)\X, define

Iy = N M|n (O I
MeMax™N (A) T€T(A/N)
where, for 7 € T(A/N),
I.:={a€ A:7(a"a+ N) =0}.

We adopt the usual convention that the intersection of an empty set of ideals of A is equal to A itself.

Theorem 4.14. We have

Jap(A) = N In,
NeGlimm(A)\X

with X C Glimm(A) and Iy for N € Glimm(A)\X as defined above. O

Proof. Call J the intersection of the ideals on the right hand side of the equation. Let us show that Jg,(A) is
contained in J. Since Jg,(A) + Cl4 has the Dixmier property, it is weakly central, and hence so is Jg,(A) (by
[, Remark 3.10]). Hence Jg,(A) C Jye(A). So, by the spectral characterization of Jy,c(A) (3.4), we have that
Jap(A) € Mpremaxy (ay M for each N € Glimm(A)\X such that Max™ (A) is not a singleton.

Suppose that N € Glimm(A)\X is such that T(A/N) # @. Let 7 € T(A/N), and suppose for the sake
of contradiction that Jy4,(A) is not contained in I;. Then there is a positive element b € Jy,(A) such that
7(b+ N) > 0. Since b € Dix(A), b+ N can be averaged in A/N by unitary mixing operators to a scalar multiple
of the identity. Hence, 7(b+ N)14,5 € Da/n(b+ N). It follows that the ideal .Jg,(A) maps onto A/N under the
quotient map A — A/N. Since Jy4,(A) + Cl4 has the Dixmier property, with centre contained in Z(A4), A/N

has the Dixmier property and trivial centre. Thus N € X, contradicting our choice of N.
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It remains to deal with the case where N € Glimm(A) \ X and N is contained in a unique maximal ideal
Mpy of A. Since N ¢ X, T(A/N) # &. Let 7 € T(A/N). Then I, is a proper ideal of A containing N, and hence
it is contained in My. Since Jg,(A) C I (by the previous paragraph), Jg,(A) C My as required.

For the reverse inclusion, let a € J. We claim that a € Dix(A). To prove this, we apply Theorem
Observe that ¥, (N) = {0} for all N € Glimm(A) for which Max™ (A) is not a singleton. Hence, ¥,(N) # & for
all N € Glimm(A). Let N be a Glimm ideal in the set Y (i.e., such that T'(A/N) is non-empty). Suppose first
that N € Y\ X. Then, since a € I, for all 7 € T(A/N), a+ N belongs to the kernel of all traces in T'(A/N).
Set fo(N) = 0. Suppose on the other hand that N € Y N X. Define f,(N) = 7n(a + N), where 7y is the unique
tracial state of A/N. Now f, satisfies the conditions (al) and (a2) of Theorem Hence, a € Dix(A). Since we
have proved this for every element of J (a set invariant under unitary mixing operators), it follows by the method
of successive averaging already employed in the proof of Theorem that J C Dix(A). As noted earlier, this

implies that J has the Dixmier property, and so J C Jgp,(A). u
Theorem 4.15. The following conditions are equivalent:

(1) A/J4p(A) is abelian.
(i) Dix(A) = Z(A) + Jap(A),

(iii) Dix(A) is closed under multiplication.

Moreover, under these equivalent conditions Jg,(A) = Jywe(A), so that

Dix(A) = Mag(A) = Z(A) + Jap(A) = Z(A) + [4, A]. (4.3)

Proof. (i) = (ii). Suppose that A/Jg,(A) is abelian and let a € Dix(A). Then a € CQ(A) and so, since the
image of a in A/Jg, is central, a € Z(A) + Jap(A). Thus Dix(A) C Z(A) + Jap(A) and the reverse inclusion
always holds as previously noted.

Clearly (il) = (iii).

(iii) = (i). Let us show first that Dix(A) is closed under addition. Let x € A be a square zero element and
let y € Dix(A). Then

r+y=01+2)1+(1—-2)y) — L

Using that Dix(A) is closed under multiplication (and translations by scalar multiples of 1), we deduce that the
right hand side is in Dix(A). Hence, x + y is in Dix(A). It follows that Dix(A) contains all finite sums of square
zero elements. This enables us to check the spectral characterization in Theorem (iv) for when Dix(A) is
closed under addition. Indeed, in the proof of Theorem (iii) = (iv), all we used from (iii) was that Dix(A)

contains all finite sums of square zero elements.
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Since Dix(A) is closed under addition, Dix(A) = Z(A) + [4, A] by Theorem In particular, Dix(A) is

norm-closed and contains [A, A]. Hence, it contains the C*-algebra generated by [A, A]. But this C*-algebra

agrees with the ideal generated by [A, A] ([23], Theorem 1.3]). Thus Ideal([A, A]) C Dix(A). Hence, as noted
earlier, this ideal is contained in Jg,(A). Thus A/Jg,(A) is abelian, as desired.

Finally, assume that A/Jg,(A) is abelian. Let B := J,.(A) + Cly, so that B is a unital weakly central
C*-algebra. Since Jg,(B) contains Jg,(A), B/Jgp(B) is abelian. As weak centrality is equivalent to the CQ-
property ([24]), this implies B = Z(B) + Jg,(B). Hence B has the Dixmier property, and so Jyc(A) = Jap(A).
The equality now follows directly from (ii), Theorem and Theorem u

Remark 4.16. Note that the equivalent conditions of Theorem are satisfied for the “Dixmier C*-algebra”
and also for all 2-subhomogeneous C*-algebras (see [5, Corollary 4.15]). On the other hand, if A is the C*-algebra
from Example then A/Jy,(A) is non-abelian, and thus Dix(A) fails to be closed under multiplication. [

Corollary 4.17. Suppose that either Mag(A) or Dix(A) is closed under addition. Then Mag(A) = Dix(A) if

and only if A satisfies the equivalent conditions of Theorem [4.15 O

Proof. If Mag(A) = Dix(A) then Dix(A) is closed under multiplication by Theorem Conversely, if A
satisfies the equivalent conditions of Theorem then Mag(A) = Dix(A) as shown above. L
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