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DESCENT, FIELDS OF INVARIANTS, AND GENERIC
FORMS VIA SYMMETRIC MONOIDAL CATEGORIES

EHUD MEIR

ABSTRACT. Let W be a finite dimensional algebraic structure (e.g.
an algebra) over a field K of characteristic zero. We study forms
of W by using Deligne’s Theory of symmetric monoidal categories.
We construct a category Cy, which gives rise to a subfield Ky C
K, which we call the field of invariants of W. This field will be
contained in any subfield of K over which W has a form. The
category Cw is a Ko-form of Repg(Aut(W)), and we use it to
construct a generic form W over a commutative Ko—alg_gbra Bw
(so that forms of W are exactly the specializations of W). This
generalizes some generic constructions for central simple algebras
and for H-comodule algebras. We give some concrete examples
arising from associative algebras and H-comodule algebras. As an
application, we also explain how one can use the construction to
classify two-cocycles on some finite dimensional Hopf algebras.

1. INTRODUCTION

Let W be a finite dimensional algebraic structure (e.g. an algebra,
a Hopf algebra, a comodule algebra, a module over a given algebra et
cetera) defined over a field K of characteristic zero (for the clarity of
the exposition we will assume that K is algebraically closed). In this
paper we will discuss the following questions:

1. Over what subfields K; of K can W be defined (i.e. over what
subfields of K does W have a form)?

2. In case W can be defined over a subfield K; of K, what are all the
forms of W over this subfield?

3. What scalar invariants does the isomorphism type of W have?
These questions are very hard in general. For example, the forms of
M, (K) are all the central simple algebras of dimension n* over some
subfield of K.

In this paper we will address these questions by using tools from
the theory of symmetric monoidal categories, and by using a theorem
of Deligne, which says that every symmetric monoidal category of a
specific type is the representation category of an algebraic group. We
will construct an abelian rigid symmetric monoidal category Cy (which
we shall call the fundamental category of W) which contains a structure
W of the same type as W, and an exact faithful symmetric monoidal

functor I : Cyy — Vecg such that F(W) = W. This category will be
1
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defined over a subfield Ky of K. In a sense which will be explained
later, Cy will be the symmetric rigid monoidal category “generated

by W7 and the field Ky will be the “field of invariants” of W. We
will prove in Section @ that (Cy, W, F') satisfies the following universal

property:

Theorem 1.1. Let K C T be an extension field, let A be an abelian
symmetric monoidal rigid category, and let G : A — Vecr be an exact
additive faithful symmetric monoidal functor. Assume that there is
a structure Z in A such that the structures G(Z) and W Qg T are
isomorphic. Then there exists a unique (up to isomorphism) exact
faithful symmetric monoidal functor F: Cy — A such that ﬁ(W) =7

(where equality here means equality of structures), and such that GF =
i rF where igr: Vecx — Vecr is the extension of scalars functor.

We will then use Deligne’s Theory on symmetric monoidal categories
to study the category Cy . In Section [6l we will prove the following
result:

Theorem 1.2. The category Cy is a Ko-form of the K -linear category
Repx — G, where G is the algebraic group of automorphisms of W.
For any subfield Ky C K1 C K, we have a one-to-one correspondence
between forms of W over Ky and isomorphism classes of fiber functors
F: CW XK, K, — V@CKI.

Theorem gives us a description of forms of W in terms of fiber
functors on the category Cy (by a fiber functor we mean here an exact
additive symmetric monoidal functor, see Section ). However, we
would like to have a more concrete answer to Questions 1 2 and 3
above. In Section [0 we will use Deligne’s Theory in order to construct
a “generic form” of W, which specializes to all forms of W, and only
to forms of W. More precisely, we will prove the following result:

Theorem 1.3. There exists a commutative Ky-algebra By and a By -
structure W of the same type as W such that:

1. As a By -module, W 1is free of rank dimgW .

2. If ¢ : By — K1 is a homomorphism of Ky-algebras from By to an
extension field Ky of Ky, then Wy := w ®p,y K1 is a form of W over
Kl-

3. Bvery form of W is of the form W, for some ¢.

4. The algebra By has no zero divisors. If the group G is reductive,
then the algebra By, can be chosen to be finitely generated. In this case,
the structure W will have a form over a finite extension of K.

Thus, W will have a form over K if and only if there exists a homo-
morphism By — K, and any form of W over K; will be of the form
W, for some homomorphism ¢ : By — Kj.
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The field K contains elements which must be contained in any field
over which W has a form. We will prove in Section [§] the following
characterization of K in case the extension K /K, is Galois.

Theorem 1.4. Assume that Ky has a subfield L such that K/L is a Ga-
lois extension (so in particular, K/Kq is Galois). Let T' := Gal(K/L).
The group ' acts on the set of isomorphism classes of structures of the
same type as W of dimension dim(W) (this is just the Galois action
on the structure constants). Denote by H < T' the stabilizer of the
isomorphism class of W. Then K = K,.

The field K, also plays a role in studying polynomial identities of .
In Section [@ we will explain some connections between the category Cy,
and polynomial identities of W (for this part only we need W to be an
algebra or an H-comodule algebra). We will explain how polynomial
identities can be understood in the context of our category Cy, and we
will prove the following theorem:

Theorem 1.5. Let W be an algebra or an H-comodule algebra of finite
dimension over K, where H s a finite dimensional Hopf algebra over
a subfield k C K. Then all the identities of W are already defined over
Ky (In case W is an H-comodule algebra, we will necessarily have that

kC Ky).

Finally, we will give some concrete examples in Sections In
Section [Tl we will consider a three dimensional associative algebra. We
will describe K in that case, and we will show that all the identities
are already defined over a proper subfield of Kj.

In Section we will consider the case where W is the algebra
M,(K). In this case Ky = Q and we will see that we can choose
By to be a localization of K[M,(K) x M, (K)]P“L» where the action
of PGL, is by conjugation. This construction is not new. Amitsur was
the first to construct a generic division algebra R by using the polyno-
mial identities of M, (K). Later, Procesi gave an alternative description
of this algebra as the subalgebra of M, (K [xﬁj]) generated by generic
matrices. Procesi introduced also the algebra R, which is formed by
joining to R the traces of all elements in R (which are central in R).
The reader is referred to the paper [9] by Formanek for a survey on
this subject. The generic form we get here will be a localization of R
by a central element.

In Section [[3 we will study in detail the case of a twisted Hopf al-
gebra. More precisely, let H be a Hopf algebra defined over a subfield
kC K,let «: H® H — K be a convolution invertible two-cocycle,
and let W = “H be the resulting twisted algebra. Then W is an H-
comodule algebra (the structure we will consider for W here will be the
multiplication in W and the action of H* on W). Such H-comodule
algebras can be thought of as the noncommutative analogue of a prin-
cipal fiber bundle, where the group G is replaced by the Hopf algebra
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H. (see e.g. [1§]). They also coincide with the class of cleft Hopf Ga-
lois extensions of the ground field. In [3] Aljadeff and Kassel studied
such comodule algebras for general Hopf algebras (not necessarily fi-
nite dimensional ones) by means of polynomial H-identities. They have
constructed an algebra A%, which is formed by taking the most general
two-cocycle cohomologous to «. This algebra can be seen as a Hopf
Galois extension of the commutative subalgebra BY, := (A%)®“. They
have shown that if PH is a form of “H over an extension L of k, then
there exists a homomorphism ¢ : B, — L such that A% ®pe L = PH,
and that every homomorphism B¢, — L will give rise to a form of “H if
a certain integrality condition holds. In [I3] this integrality condition
was proved for finite dimensional Hopf algebras (among other cases).
Thus, A$, is a generic form of “H. A generic form for a twisted group
algebra was constructed in [2]. The nature of our construction of the
generic form is different from that of A%. The main difference is the
fact that here we will concentrate more on the algebra structure and
the action of H* than on the fact that this algebra arises from a two-
cocycle. For a twisted group algebra, the construction we will give
here will be very similar to the one which appears in [2]. The main
difference is that our base ring will have a smaller Krull dimension. We
will discuss the generic construction for group algebras, Taft algebras
and products of Taft algebras. In [10] Iyer and Kassel have studied
the base ring BY = (A%)°H in case « is trivial for several families
of Hopf algebras, including the Taft algebras. Our construction will
give us a base ring of smaller Krull dimension. We will also show how
the construction of the fundamental category can help us to classify all
cocycles on H, where H is a Taft algebra or a product of Taft algebras.

This paper is organized as follows: In Section [2] we give some prelim-
inaries about structures and monoidal categories. In Section dl we will
construct the category Cy,, based on the construction of kernel com-
pletions presented in Section [Bl In Section [ we will describe the way
the category Cy behaves with respect to field extensions. We will show
that all forms of W give rise to equivalent categories. In Section [0 we
will prove Theorem [[.2, and in Section [7] we will construct the generic
form and prove Theorem [L3 In Section 8 we will explain the connec-
tion of our construction to classical descent theory and we will prove
Theorem [[L4l In Section[d we will explain the relation with polynomial
identities and prove Theorem [[L3l Finally, we will give examples in

Sections [T0F

2. PRELIMINARIES

2.1. Monoidal categories. We will recall here some facts about monoidal
categories. For more detailed discussion the reader is referred to Chap-
ter VII of [I5], Chapter XI of [I1] and to the papers [5], [6] and [7]. A

monoidal category C is a category equipped with a product (which we
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shall always denote by ®)
®:CxC—=C.

The category contains a unit object 1 with respect to that multiplica-
tion, and we have, for every X,Y, Z € ObC functorial isomorphisms:

Ax 10X — X,
pr®1—>X
and ayyz: (X ®Y)®Z - X® (Y ®Z).

These functorial isomorphisms should satisfy p; = A\; and should make
the following two diagrams commute:

(X®1)Y —X® (1Y)

| |

XY XY
XeYe2Z)W X (Y®Z2) W)
(XRY)2Z)W XY ®((ZoW))

\ /

(XeY)®(Zo W)
We will often omit the functorial isomorphism « in our definitions and
computations. This will do no harm, since by Mac Lane coherence
the associativity isomorphisms can be inserted to every diagram in a
unique way. We can thus talk freely about the n-th fold tensor product
X®" of an object X in C. A monoidal category is called symmetric if
in addition we have a functorial isomorphism cxy : X ® Y =YV ® X
which satisfies:
1. ey, xcxy = Idxgy for every two objects X and Y.
2. (exz®Idy)(Ildx ® cy z) = cxgy,z for every three objects X, Y and
Z.
If X is an object of a symmetric monoidal category C, then a dual object
of X is an object X*, equipped with two morphisms: evy : X*®X — 1
and coevy : 1 — X ® X* such that the following two morphisms are
the identity morphisms:

X coev)gldx X@X* ®X Idxgevx X (1)

X+ IdX@E)OEUX X ®X ®X* evxﬁ)fdx X*

We say that C is rigid in case every object has a dual. In this case
duality extends in a natural way to a contravariant functor * : C — C:
if f: X — Y is a morphism in C then the dual morphism is given
by the composition Y* 2 V" @ X @X* - Y*" @Y ® X* - X*. In
general monoidal categories we need to be more careful and define right
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and left duals. Since the category C is symmetric, we can avoid this
distinction: by using the symmetry operations the left dual coincides
with the right dual, and as a result we have a natural isomorphism
X = X*. When C is rigid we have functorial isomorphisms for every

X.Y,Z € ObC:
Home(X*®Y,Z) = Home(Y, X ® Z)

Home(Y @ X,Z) = Home(Y,Z ® X7).

Using these isomorphisms one can prove that if X is an object of a rigid
abelian symmetric monoidal category C then the functor X®— : C — C
is exact.

If C and D are two monoidal categories, then a functor F': C — D
is called monoidal if it is equipped with functorial isomorphisms fxy :
F(X®Y)— F(X)®F(Y) which are compatible with the associativity
isomorphisms in C and in D (we refer to XI.4.1 in the book [I1] for an
exact definition). If C and D are symmetric monoidal categories and
F : C — D is a monoidal functor, then F' is called symmetric in case
the following diagram commutes:

F(X®Y) F(Y ® X)

| !

FX)@ F(Y)— F(Y)® F(X).
In other words, F' should “translate” the symmetry in C to the symme-
try in D. Notice that if C and D are rigid, we will get an isomorphism
F(X*) = F(X)* without further restrictions on F.

If K is any field, a K-linear category is an abelian category in which
all the homomorphism groups are K-vector spaces and in which the
composition of morphisms is K-bilinear. Our main focus in this paper
will be on categories C which are K-linear symmetric rigid monoidal
categories (for some field K). We will further assume that Endc(1) =
K. The general example to keep in mind is the following: let G be an
affine algebraic group over K. Then the category C = Repx — G of
all rational finite dimensional representations of G is such a category.
Indeed, this category is abelian. If V" and W are two G-representations
then V ® W is also a representation, by the diagonal action, and V*
is a representation by the dual action: ¢ - f = f(¢g7!-) for g € G
and f € V*. The tensor identity 1 is the trivial one dimensional
representation. In fact, all the examples which we will encounter in
this paper will be forms of Repx — G (we will prove this in Section [G).

If we take G to be the trivial group we get the category Vecy of finite
dimensional K-vector spaces. An exact additive faithful symmetric
monoidal functor F': C — Veck (or more generally, F': C — B — mod
where B is some commutative algebra) is also called a fiber functor. For
example, if C = Repyx — G, then the forgetful functor (which “forgets”
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the action of the group G) F' : C — Vecg is a fiber functor. Fiber
functors will play a central role in the sequel.

If C is a K-linear rigid symmetric monoidal category, we can carry
a lot of the constructions usually done in Vecg in C. For example,
we can still talk about algebras inside C: an algebra will be an object
A € C together with a morphism m : A® A — A. The algebra A is
said to be associative in case the two morphisms m(m ® 1), m(l®m) :
A®A®A— Aare equal. It is said to be commutative if m = mcy 4.
If X is any object of C, we can still construct the tensor algebra T'(X)
and its maximal commutative quotient Sym(X). These algebras are
formed as infinte direct sums of objects of C. Therefore, they will not
necessarily be contained in C, but in a bigger category, Ind(C) (See
Section 2.2 of [5] for an exact definition. This will not make much
difference here).

If A is an associative commutative algebra with unit in C, we can
form localizations of A inside C. In the classical case, where C = Vecy,
we take an element f € A and add the inverse of f. We can think of
f as the morphism 1 — A which maps the 1-dimensional vector space
K to Kf. In our setting, we will consider a morphisms f : D — A,
where D is an invertible object of C (so that ev : D ® D* — 1 is
an isomorphism). We will think of such a morphism as an element

of A. We form the localization Ay in the following way: let A :=
A ® Sym(D*) (the tensor product of two commutative algebras in C is
again a commutative algebra). We have two maps 1 — A. The first is
the one that sends 1 to the identity of A. The second one is given as
the composition

1% Do D2 Ag D C A,

We consider the difference of these two maps f: 1 — A and we define
Ay = A/(f) where (f) is the ideal generated by the image of f. For
example, if C = Repg — G, then D is invertible if and only if its
dimension as a vector space is one. The image of f will then be f(D) =
K - f for some f € A, and the localization Ay will be the same as Af.
We will sometimes write A i for Ay, where no confusion can arise.

A module M over an associative algebra A will be an object of C
together with a morphism mjy; : A ® M — M such that the usual
module axioms hold. If A is an associative commutative algebra in a
K-linear symmetric monoidal category C, then the category A —mod of
A-modules inside C is again a K-linear symmetric monoidal category.
The tensor product of two A-modules is given by M ®4 N := Coker(g :
M®A® N — M ® N), where g is given by my; ® 1y — 1y @ my
(we use here the fact that left and right modules are the same over a
commutative algebra). The objects M ®4 N is again an A-module.



8 EHUD MEIR

During the construction of the fundamental category Cy, we will use
a few times the following lemma:

Lemma 2.1. Consider the following diagram of categories and func-
tors:

B

|o
c—-A
where the functor G is faithful and the category C is small. Let ob(H) :
obC — obB be a function and let ¢x : G(ob(H)(X)) — F(X) be a
collection of 1somorphisms for every object X of C. Then there ez-
ists at most one functor H : C — B such that ¢ induces an isomor-
phism of functors GH = F, and such that H(X) = ob(H)(X) for
every object X in C. The functor H exists if and only if for every
two objects X,Y in C, the image of Homp(ob(H)(X),ob(H)(Y)) —
Hom(G(ob(H)(X)),G(ob(H)(Y))) = Homu(F(X),F(Y)) contains
the image of the map Home(X,Y')) — Hom(F(X), F(Y)). The func-
tor H is then given explicitly on morphisms by H(f) = G~ (v F(f)dx)
where f : X — Y. Moreover, if the functor F' is faithful, then H 1is
faithful as well.

Proof. Let X,Y be objects of C. If H exists then the composition
Home(X,Y) 2 Homg(H(X),H(Y)) 4 Homy(GF(X),GH(Y)) 4
Hom(F(X), F(Y)) is equal to Home(X,Y) £ Homa(F(X),F(Y)).
This shows that the condition in the lemma holds. Conversely, Since G
is faithful, for every morphism f : X — Y in C there is only one possible
way to define H(f) in a way which will make the diagram commutative.
The morphism H(f) will be the unique morphism whose image under
Homp(H(X),H(Y)) = Homa(GH(X),GH(Y)) = Hom(F(X), F(Y))
is equal to F'(f). If the condition of the lemma holds there is such a
morphism, and by using again the faithfulness of G' we can prove that
if we define H in this way on morphisms we will get a functor. The
fact that faithfulness of F' implies faithfulness of H is immediate. [

2.2. Structures. Let W be an object of a symmetric monoidal rigid
category C. Let x; € Home(1, WP%) where WPl := W®Pi @ (W*)®4%
be a collection of morphisms (which we shall also call tensors). We call
the pair (W, {z;}) an algebraic structure in C or just a structure in C.
Usually we will just refer to W as a structure, without mentioning the
tensoors {x; }. For example, if W is an algebra in Veck then the algebra
structure is given by the multiplication map m : W ® W — W which
can also be regarded as a map m € Homy (1, W'?) (by using the iso-
morphisms in EquationIlwe have that Home(V,U) = Home (1, V*QU)
for every U,V € obC. In case C = Veck we also have an identification
Home(V,U) =2 V* @ U)). If W is a module over an algebra A (in
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Veck), then for every a € A we have a tensor T, € Wh! that specifies
the action of a. In particular, if A = K[z], then an A-module will be
the same as a vector space W together with a single endomorphism
T:W — W. If H is a finite dimensional Hopf algebra over K and W
is an H-comodule algebra, then the structure of W contains the mul-
tiplication m € Wh? together with linear endomorphisms 7y € Wh!,
one for each f € H*. More details on this structure will be given in
Section [[3]

If © € WP we call (p,q) the type of the tensor z. The type of
a tensor is thus an element of N? (we consider here 0 as a natural
number). Let (W,{z;}) and (W’ {y;}) be two structures such that
the type (p;.q;) of z; is the same as the type of y; for each i. If ¢ :
W — W' is an isomorphism in C, then 1 induces an isomorphism
PPl = O @ ((p*)71)®9 . WP — WP for every (p, q) € N? (by using
the monoidal and rigid structure of C). An isomorphism between the
structures (W, {z;}) and (W’ {y;}) is an isomorphism ¢ : W — W’
such that ¢Po% (z;) = y,; for every i. if F': C — D is a symmetric
monoidal functor between symmetric monoidal rigid categories, then
if (W,{x;}) is a structure in C, one can use the monoidal structure
on I’ to get a structure in D of the same type. Indeed, we have a
map Home(1, WP?) — Homp(F (1), F(WP9)) = Homp(1, F(W)P9)
for every (p,q) € N2 If we denote the image of x; under the suitable
map by y;, then we get a structure (F'(W), {y;}) in D. We will say that
the structure (W, {x;}) lies above the structure (F'(W),{y;}), or that
(W, {x;}) is a lift of the structure (F'(W),{yi}).

Two important instances of this are the following: if L is an extension
field of K, then we have a natural extension of scalars functor F' :
Veckg — Vecy given by F(W) = W ®g L. In this case we say that
W is a form of F(W). If (W,{z;}) is a structure in Veck equipped
with the action of an algebraic group G such that g(z;) = x; for every
g € G and every i, then (W, {z;}) can also be considered as a structure
in C = Repx — G. The forgetful functor F': C — Veck then sends the
structure (W, {z;}) into itself.

3. THE KERNEL COMPLETION OF A CATEGORY

Let C be an additive symmetric monoidal rigid category, and let
F : C — A be a faithful symmetric monoidal functor from C to an
abelian symmetric monoidal rigid category A. In this section we shall
construct a new category, called the kernel completion of C, denoted
by Ker(C)p, which will give us a first approximation for kernels of
morphisms in C. We shall use this construction in the next section
inductively in order to construct the fundamental category Cy,. We
begin with a definition: A sequence A — B — (C'--- of objects and
morphisms in C is called good with respect to F if after applying F' to
it we get an exact sequence in A. We say that the category C is good
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with respect to F' if every morphism f : A — B in C can be embedded

in a good sequence of the form: X % A J, B. In this case we can also
use the condition again for the morphism ¢, and embed f in a good

sequence of the form Y M x % ALy B. When the functor F is clear
from the context we will just say that C is good. We assume from now
on that C is good and small. In the next section we shall use linear
algebra to explain why this holds for the categories we are interested
in. We claim now the following:

Theorem 3.1. Let C, F and A be as above. There exists an additive
symmetric monoidal rigid category Ker(C)r, called the kernel comple-
tion of C with respect to F, and symmetric monoidal faithful functors
I:C— Ker(C)r and F : Ker(C)p — A such that the following holds:

1. The functor F' is isomorphic with F1I.
2. For every morphism [ : A — B in C there ezists an object K(f)
and a morphism iy : K(f) — I(A) such that the sequence

F(K(f)) = F(I(A)) = F(I(B))

is exact in A, and such that if g : C' — A is a morphism in C which
satisfies fg = 0 then there exists a unique morphism g’ : I(C) — K(f)
in Ker(C)p such that izg' = I(g).

3, If B is an abelian symmetric monoidal rigid category equipped with
faithful additive symmetric monoidal functors J:C — B and G : B —
A such that G is also exact and such that GJ = F' then there exists a
unique (up to isomorphism) faithful symmetric monoidal functor H :

Ker(C)p — B such that HI = J and GH = F .

The rest of this section will be used to define the category Ker(C)g
and prove Theorem Bl We start with constructing the hom-sets of
Ker(C)p. Since the category C is small we can speak about the set of
all morphisms in C. We give the following definition:

Definition 3.2. The collection X79 C Hom(Ker(F(f)), Ker(F(g)))
where f and g are morphisms in C is the smallest collection of abelian
subgroups which satisfy the following conditions:

1. IfXAY&ALBisagoodsequenceinCandg:C—>Dand
h :Y — (' are morphisms in C which satisfies gh = 0 and hf; = 0, then
the induced map F'(h) : Ker(F(f)) = Coker(F(f1)) — Ker(F(g))
belongs to X7/9.

2. The collection X79 is closed under composition: if a € X9 and
b€ X9" then ba € X"

3. If a € X79 is invertible in A, then o' € X97.

It is clear that the collection X /9 exists and it is clear how to con-
struct it: we start with all the morphisms arising from Condition 1,
and we perform closure operation to fulfil Conditions 2 and 3. We next
prove the following:
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Lemma 3.3. For every morphism [ in C, we have Idge(r(s)) € X,

Proof. Let f: A — B and let X By Al Bhea good sequence

in C. The map F(fy) : Ker(F(f)) — Ker(F(f)) is then the identity
map [ger(p(f)) O

Definition 3.4. We define the category Ker(C)r as follows: the ob-
jects of the category are in one-to-one correspondence with the mor-
phisms in C and are denoted by K(f). The morphisms are

HomKer(C)F<K<f)7 K(g)) = Xf’g'

The composition of morphisms is the same as composition of mor-
phisms in A.

By the construction of X7 it is clear that the composition is well de-
fined, and by the previous lemma we see that Homger(c), (K (f), K(f))
contains the identity morphism. We next claim the following lemma:

Lemma 3.5. The category Ker(C)p is an additive category.

Proof. All the hom-sets in Ker(C)p are abelian groups. If f: A — B
and g : C'— D are morphisms in C, then we define K(f) @ K(g) to be
K(f®g) where fdg: AdC — B® D. We use two good sequences
Xi—Y - A— Band Xy - Y5 — C — D and their direct sum
(which is also a good sequence) in order to prove that the canonical in-
jections and projections are contained in Homgerc). (K (f @©g), K(f)),
Homgerey,(K(f), K(f ® g)) and similarly for g. O

We define F(K(f)) = Ker(F(f)) and we define F' on morphisms to
be the inclusion Homgerc). (K(f), K(g9)) € Homu(Ker(F(f)), Ker(F(g))).

Then it is easy to see that F' is an additive faithful functor. We next
define I : C — Ker(C)r in the following way: for every object A of C
we have the unique morphism 04 : A — 0. We define I(A) = K(04).
If f: A— B is amorphism in C, then we use the diagram

0 A A 0

b

0 B-". B 0

whose rows are good to show that F(f) € X%9% . We define I(f) =
F(f) € Homger(c),(K(04), K(0p)). Again, a direct verification shows
that I is also faithful and additive, and that FI~F.

By using a good sequence X Ny B A Bwe get, by using
Condition 1 in Definition 3.2} that the canonical inclusion iy : K(f) —
I(A) is contained in Homgerc), (K (F),I(A)). By using Condition 1
again we get the desired map of Part 2 of Theorem B.Il We have thus
proved Parts 1 and 2 of Theorem Bl We next prove that Ker(C)p is
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indeed a symmetric monoidal rigid category, that all the functors are
symmetric monoidal functors, and that the universal property from

Part 3 of Theorem B.1] holds.

Lemma 3.6. The category Ker(C)r is a symmetric monoidal rigid cat-
egory. The functors F' and I constructed above are symmetric monoidal
functors.

Proof. Let f: Ay — By and g : Ay — Bs be two morphisms in C. We
define

where f®@ 14, B 1, ®9g: A1 ® Ay = A ® By & By ® Ay. In order to
extend the definition of the tensor product on objects to morphisms,
we use Lemma 2. We have the following diagram of categories and
functors:

Ker(C)p

Ker(C)r x Ker(C)p A

Since tensor product with a given object is exact in A, we have a natural
isomorphism F(K(f®14,® 14, ®9)) = Ker(F(f))® Ker(F(g)). We
are in the situation of Lemma 2.l We need to show that the condition
of the lemma holds here. For this, we need to show that the image
of every morphism in Ker(C)r x Ker(C)r under @(F, F) is contained
in the image of the functor F : Ker(Cp) — A. We will call such a
morphism liftable (we shall use this notation again in every application
of Lemma 2.1)). For this, We shall use again Definition B2l Since
the collection of liftable morphisms is closed under composition, it is
enough to prove that all morphisms of the form (a, 1) : (K(f), K(h)) —
(K(g), K(h)) where a : K(f) — K(g) is a morphism in Ker(C)p are
liftable.

We start with the morphisms which appear in Condition 1 of Def-
inition B.2 Let then f : Ay — By, g : Ay — By h : A3 — Bs be
three morphisms in C. Let [ : K ( f) — K(g) be a morphism which
arises from a good sequence X, # Yi 4 Ay —> By and a morphism

[:Y, = A, such that gl =0 and lf1 = 0. We would like to show that
the morphism ([,1) : (K(f),K(h)) — (K(g),K(h)) is liftable. For

this, we embed h in a good sequence X3 I Y3 it As L Bs;. We then
have the following good sequence:

Xi0Ys0Y10Xs =YY = A @43 - A ®Bs® B ®A;

The morphism [®@hy:Y,®Ys — Ay ® Ay then induces the desired
morphism K(f) ® K(h) - K(g) ® K(h). The collection of liftable
morphisms is closed under composition, so Condition 2 is satisfied triv-
ially. For Condition 3, notice that if [ : K(f) — K(g) is liftable and

Q(F,F)
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becomes an isomorphism after applying F', then [® 1 : K(f)® K(h) —
K(g) ® K(h) also becomes an isomorphism after applying F. Since
a morphism in Ker(C)r which becomes invertible after applying F
is invertible, we get that (17!, 1) is liftable as well. This finishes the
proof that the category Ker(C)r is monoidal. We still need to prove
that Ker(C)p is also symmetric. For this we just write down the iso-
morphism K(f) ® K(g) — K(g) ® K(f) which is induced from the
symmetry isomorphism A; ® A — A; ® Ay in C.

Finally, we prove that Ker(C)p is rigid. We need to prove that for
every morphism f : A — B the object K(f) admits a dual. For this,
we will use the fact that A is rigid, and that C is good. Since the
duality functor is exact, we have a natural isomorphism Ker(F(f))* =

Coker(F(f)*) in A. We embed f in a good sequence X By iald

B. The dual sequence B* LNyt g Y fé X* is also good, and we
have an isomorphism Ker(F(f))* = Coker(F(f)*) = Ker(F(f1)*) =
Ker(F(f7)). So the object K(ff) of Ker(C)p is mapped under F to
an object of A which is isomorphic with the dual of F(K(f)). We
have that K(ff) @ K(f) = K(ff ® 1® 1® f), and the following good
sequence: B*Q@Y PA* X - A"QY 2 Y*"RA—->Y" B X*® A.
The morphism A*®Y — A*® A — 1 in C induces then a morphism p :
K(f ) oK(f)=K(ffelelaf) — I(1) =1in Ker(C)p. In a similar
way we get a morphism v : 1 — K(f) ® K(f]). If we consider the
isomorphism F'(K(f])) = Ker(F(f))* we see that these F'(u) and F(v)
are exactly the evaluation and coevaluation morphisms for Ker(F(f)).
Thus, the composition A : K(f) = K(f)QK(f{)@K(f) — K(f) maps
under F to the identity morphism. Since the functor F is faithful,
we get that A = Idg(y. In a similar way, one can show that the
composition K (fy) = K(f1)*@K(f)@K(f1)" = K(f{) is the identity
morphisms. This implies that K (f;) is the dual of K(f) in Ker(C)r as
desired. This finishes the proof that Ker(C)r is a symmetric monoidal
rigid category. To prove that the functors I and F are symmetric
monoidal functors, we notice that if A and B are objects of C, then
we have a natural isomorphism [(A) ® I(B) = K(04) ® K(0g) =
K(04®0p) = K(0agp) = I(A® B) which makes I into a monoidal
functor, and if f : Ay — By and g : Ay — B are two morphisms
in C, then we have F(K(f) ® K(g9)) = F(K(f ® 14, ® 14, ® g)) =
Ker(F(f ©1a, ® 14, ® 9)) = Ker(F(f) © 1pay) ® 1ra,) © F(g)) =
Ker(F(f)) ® Ker(F(g)) = F(K(f)) ® F(K(g)), which shows that F'
is also a monoidal functor. The proof that the functors I and F are
also symmetric follows from using the symmetry morphisms in C and
in A, and using the fact that the functor F' is symmetric. O

Finally, we prove that the category Ker(C)r satisfies the univer-
sal property of Part 3 of Theorem Bl Assume then that we have
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C %5 B S Asuch that GJ = F as in the statement of the theo-
rem. We define H : Ker(C)r — B in the following way: on objects
H(K(f)) = Ker(J(f)). We then have G(H (K (f))) = G(Ker(J(f)) =
Ker(GJ(f)) = Ker(F(f)) = F(K(f)) because G is exact. To define
H on morphisms we use Lemma 21l We have a diagram of the form

B

e

Ker(C)p 2+ A

where the functor G is faithful, and where we already defined H on
objects of Ker(C)r. To check that the conditions of the lemma are
satisfied, we will use Definition We need to show that morphisms
which appear in Condition 1 are liftable, and that the collection of
liftable morphisms is closed under the operations in Conditions 2 and
3. The fact that the collection of liftable morphisms is closed under
composition is immediate, so we have Condition 2. If f is a morphism in
B such that G(f) is invertible in A, then G(Ker(f)) = Ker(G(f)) =0
and G(Coker(f)) = Coker(G(f)) = 0 since G is exact. We conclude
that Ker(f) = 0 and Coker(f) = 0 since G is faithful. Therefore,
f is already invertible in B (again, because B is abelian), and so we
have Condition 3. For morphisms which appear in Condition 1 we

use the fact that B is an abelian category. Let X hyRhaltp
be a good sequence in C, and let ¢ : C — D and h : Y — C be
morphisms in C such that gh = 0 and hf; = 0. We thus get an induced
morphism h: K (f) = K(g) which maps under F to the morphism
F(h): Ker(F(f)) = Coker(F(f1)) — Ker(F(g)). Since B is abelian

and J is additive, the sequence J(X) Ty J(Y) o) J(A) 0 J(B)
is still a complex, and we have an induced morphism Coker(J(f;)) —
Ker(J(f)). This morphim becomes invertible after applying G, and so
it is already invertible in B. The map Ker(J(f)) = Coker(J(f1)) —

Ker(J(g)) in B is therefore mapped under G to the map F(h) and
so the map h is liftable, as desired (we use here the fact that G is
exact, and so it maps the kernel of J(g) to the kernel of F(g)). This
shows that the conditions of Lemma 2] are fulfilled, and we therefore
have our desired functor H : Ker(C)p — B. Checking that J = HI
and GH = F is straightforward. The proof that the functor H is
symmetric monoidal follows the lines of the proof that the functors I
and F are symmetric monoidal. This finishes the proof of Theorem
Bl We remark here that since Ker(C)p is a rigid category, and since
Ker(f*)* is the cokernel of f, it is also true that every morphism in
C has a cokernel in Ker(C)r. We will use this property in the next
section.
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4. CONSTRUCTION OF THE FUNDAMENTAL CATEGORY AND A
PROOF OF THEOREM [I.1]

Let K be a field of characteristic zero and let (W, {x;}) be a finite di-
mensional structure over K. We are going to construct the fundamental
category Cy of W. We will construct this category as a direct limit in
the category of small additive symmetric monoidal rigid categories:

Cw =l C,.

All the morphisms in C,, will have kernels and cokernels in C,;; (this
will ensure us that Cy will be abelian). Moreover, for each n we will
have an additive faithful symmetric monoidal functor F,, : C,, — Veck,
and their limit will give us a functor F': Cyy — Vecg.

4.1. Construction of the zeroth and the first category. We will
begin by constructing a pre-additive category, Cy together with an ad-
ditive faithful symmetric monoidal functor Fy : Cy — Veck (by a pre-
additive category we mean here a category in which all the hom-sets
are abelian groups, and such that composition of morphsims is bilin-
ear. An additive functor is a functor for which the induced map on
the hom-sets is a homomorphism of abelian groups). We then define
C; to be the additive envelope of Cy. (we will give later a definition of
the additive envelope). We will show that F extends to an additive
faithful monoidal functor F; : C; — Veck. The idea is that Cy will
be the tensor category “freely generated” by W and W*, and the mor-
phisms will be all the morphisms which arise from the tensors (or the
“structure”) {x;}. We begin with defining a collection of Q-subspaces
XP4 C WP for every pair (p,q) € N2 These subspaces will not neces-
sarily be K-subspaces. However, we will see that Q C X% C K might
be a proper intermediate field, and that X?¢ will be a vector space over
X009 for every (p, q).

Definition 4.1. XP? C WP is the smallest collection of (Q-subspaces
which satisfies the following conditions:

1. x; € XPodi

2. The identity map Idy € Endg(W) = W @ W* is contained in X1,
3. If z € XP% and y € X"® then z ® y € XPT"Ts (after rearranging
the factors).

4. If ey, : WP — WP=ha=1 ig the map which evaluates the first copy
of W* on the first copy of W then ev(XP) C XpP~La~1,

5. For any o € S, and 7 € S; we have that (o, 7)(XP?) = XP9, where
the action is given by permuting the tensor factors.

6. f0#£ 2z € X C WP = K| then also x7! € X% (the inversion is
made in K).

As in the construction of Ker(C)p, it is clear that this collection ex-
ists, and it is clear how to construct it. We just start with the Q-vector
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spaces generated by the z;’s, and perform some closure operations. No-
tice also that by Condition 6, X*? is a subfield of K.

We now construct a pre-additive category Cy in the following way:
the object set of our category will be N* = {(p,q)}. The morphism
groups will be Home,((p, q), (a,b)) = X*T90*? Composition is defined
in the following way: we have X +@0+P C Watab+? — [ om e (WP4 W P),
so for two morphisms f : (p,q) — (a,b) and g : (a,b) — (¢, d)
we can form the composition gf : WP? — Wee of maps of vec-
tor spaces. By Conditions 3,4 and 5 we have that gf € XPtdate
so this is well defined (we use here the fact that when we identify
Homg (U, V) with V@ U* and Homg(V,W) with W ® V*, the com-
position (W @ V*) @ (V @ U*) — W ® U* is given by the evaluation
on V*® V). Notice that by Condition 2 we have the identity maps,
and that all the morphism groups are in fact vector spaces over X0,
The category Cy is a symmetric rigid monoidal category, and we have a
faithful symmetric monoidal additive functor Fj : Cy — Vecy given by
Fo((p,q)) = WP Indeed, the tensor product of (p,q) with (a,b) will
be (p+ a,q+b), and the dual of (p,q) will be (g, p). From the way we
have defined the composition of morphisms it is clear that Fj is really
a functor. The faithfulness of F{, follows from the fact that we defined
Home,((p,q), (a,b)) as a subset of Hom (WP W) so the induced
map on the hom sets is indeed injective.

If D is any pre-additive category, we can form an additive category,
add(D) (the additive envelope of D), by simply adding finite direct
sums to D (objects of add(D) are n-tuples of objects of D (for some
natural n), and morphisms are given by matrices of morphisms. See
also the exercises in Section 6.2 of [I5]). We have a natural faithful
additive functor I : D — add(D) given by sending each object to itself
and each morphism to itself. We have the following universal property:
if A is an additive category and F': D — A is an additive functor then
there exists a unique additive functor add(F) : add(D) — A such that
add(F)I = F. The functor add(F') is given by add(F)(®A;) = ©F(A;).
If F' is faithful then add(F) is faithful as well.

We define C; = add(Cy). Since Cp is a small category, C; is still a
small category (since we add only finite direct sums). We thus have
a natural inclusion functor Iy : Cy — C;. The category C; is also a
symmetric rigid monoidal category over Vecxoo, and the functor I is
a faithful symmetric monoidal additive functor. Moreover, the functor
Fy induces a functor F; = add(F,) : C; — Vecg. which is also a
faithful symmetric monoidal additive functor, and we have a natural
isomorphism of functors Fy = Filj.

4.2. Iterative kernel completions. We will now use the construc-
tion of the previous section in order to add kernels and cokernels to C;.
In order to do so, we need to overcome a certain difficulty: if f : A — B
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is a morphism in Cy, then it is clear what should Home, (X, Ker(f)) and
Home, (Coker(f),Y) be, just by their universal properties. However, it
is not so clear what should Home, (Ker(f), X) and Home, (Y, Coker(f))
be. In order to overcome this obstruction, we will show that our cat-
egory C; is good in the sense of Section [8l To do so, we will use the
symmetric monoidal structure of the category. We begin with proving
the following linear algebra lemma:

Lemma 4.2. Let T : U — V be a linear map between two finite di-
mensional vector spaces over K. Let k be a positive integer. Then the
image of the map:

Kp: (V)R U U
[ifLr® - QfidV QU@ -+ ® Vg1 —
Z (=17 fi(T (vo))) f2(T (Vo)) =+ + fr(T (Vo (k) Vo (k1)

0ESk+1
18 equal to:
1. U, in case k < rank(T).
2. Ker(T) in case k = rank(T) and
3. 0 in case k > rank(T).

Proof. We will concentrate on case number 2. The other cases are easy
to deduce. Assume that k = rank(T'). Let us write

U = spang{ui, g, ..., Ug, U g1, .-, Up}

where w1, . .., u, span the kernel of T,and T'(uy), T'(us), . . ., T'(uy) are
linearly independent in V. Let x = f1® fo®- - -® fr Qus, Qu, @ - -Quy, -
It is easy to see that Kp(x) = 0if |{i1,...,ik1}| < k+ 1. Now, if two
(or more) of the indices {i;} are bigger than k then Kp(x) = 0 again,
because every element in the sum will be zero. So the only possible
way in which Kp(x) # 0, is if we have that i; > k for exactly one j.
Without loss of generality, let us assume that this is j = k+ 1. Then
we have that:

Kr(x) = Y (=17 Fu(T (i) fo(Tti,00)) -+ il T (Wi, 1, =

UGSk+1

Z (_l)afl (T(uig(l)))fQ(T(uig(z))) T fk(T(uiU(k)))uik+1 S KGT(T)
oc€Sk
And by taking the right element from (V*)®* we get all the elements
of the kernel of T' this way. Since every element in (V*)®* @ U®*! is
a linear combination of elements of the form of x, we are done. O

Remark 4.3. Notice that a dual proof will reveal the fact that the
image of f in V is also the kernel of some other morphism with source
V. Everything that we will prove in the sequel for kernel of morphisms
can be dualize for cokernels.
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An important consequence of the previous lemma is the fact that
the construction of the map K7 can be done inside our category C;
(or inside any additive symmetric monoidal rigid category C equipped
with an additive faithful symmetric monoidal functor F': C — Veck).
The reason for this is the following: if 7' : U — V' is a morphism in
C, then O := (V*)®* @ U+ where k = rank(F(f)) is an object in
C. The morphism K7 is constructed out of the original map 7" and the
action of the symmetric group (which exists in C since C is symmetric
monoidal). It can therefore be constructed in C. We record this fact in
the following corollary:

Corollary 4.4. Let C be an additive symmetric monoidal rigid cate-
gory, and let F : C — Vecgk be a faithful additive symmetric monoidal
functor. Then the category C is good with respect to the functor F': any
morphism A — B in C can be embedded in a sequence Y — A — B
which becomes exact in Veck after applying F.

In particular, the category C; is good with respect to the functor Fj.
We form the kernel-completion of C;, and denote it by C. So Cs is also
an additive symmetric monoidal rigid category, and we have additive
faithful symmetric monoidal functors I : C; — Cy and F; : Co — Vecg
such that FyI; = F;. By the above corollary, Cs is good with respect
to the functor Fy. We define inductively C, .1 as the kernel completion
of C,, (again, since C, is an additive symmetric monoidal category and
the functor F, : C, — Veck is an additive faithful symmetric monoidal
functor, C, is good with respect to F, by the above corollary, and
therefore we can apply Theorem B.I]). We then have a sequence of
additive symmetric monoidal rigid categories C,, and additive faithful
symmetric monoidal functors I, : C,, — C,.+1 and F}, : C,, — Veckg. We
define the fundamental category of W to be the direct limit:

The functors F, then induce a faithful symmetric monoidal functor
F:Cy — Veck.

We would like to show that Cy is in fact abelian, and that it satisfies
a certain universal property. We begin with the following lemma:

Lemma 4.5. If f : A — B is a morphism in C,_1, then the objects
L.(K(f)) and K(1,-1(f)) are canonically isomorphic in Cpy1.

Proof. in C,, we have a canonical map iy : K(f) = I,_1(A) with fi; =
0. By the construction of C,.1, as the kernel completion of C,, we
have a canonical morphism I,,(K(f)) — K(I,-1(f)). This morphism
becomes invertible after applying Fj,.1, so by the construction of the
kernel completion we know that it is invertible in C,, 1 and therefore in
Cw . O
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We will identify henceforth I,,(K(f)) with K (I,,—1(f)) via this canon-
ical isomorphism, and we will simply denote it by K(f). More gener-
ally, since all the functors [, are faithful, we will consider them as
identifications, and we will consider all the objects and morphisms in
C, as objects and morphisms in Cyy.

We next claim that Cy has all kernels and cokernels and that it is
in fact abelian:

Lemma 4.6. The object K(f) is the kernel of f in Cy . Similarly, f
has a cokernel in Cyy.

Proof. Assume that g : €' — A is a morphism in Cy such that fg = 0.
We can consider g and f as morphisms in C, for some n. Then, since
Cny1 is the kernel completion of C,, we will have a unique morphism
g C — K(f)in C,4;1 (and therefore in Cyy) such that i;g’ = ¢g. For
the cokernel statment, we use the fact that Cy is rigid, and following
the lines of the proof of Theorem B.I], we prove that the cokernel of f
is K(f*)*. O

Since we have kernels and cokernels in Cy, we will write freely Ker(f)
and Coker(f) from now on. By the way we have defined the functors F,,
we get automatically that F'(Ker(f)) = Ker(F(f)). By using rigidity
we also have F'(Coker(f)) = Coker(F(f)). By the construction of Cy,
we know that if f is a morphism in C, such that F,(f) is invertible in
Veck, then I,,(f) is invertible in C,, ;1. Therefore, every morphism f in
Cw for which F(f) is invertible is already invertible in Cy,. The next
lemma proves that the category Cy is abelian:

Lemma 4.7. Let A be an additive category, let B be an abelian category
and let ' : A — B be an additive faithful functor. Assume that the
category A has kernels and cokernels, that F preserves kernels and
cokernels, and that if F'(f) is an isomorphism in B for some morphism
fin A, then f is already an isomorphism in A. Then A is an abelian
category, and F' is exact.

Proof. In order to show that A is abelian, we need to prove that for
a monomorphism f : X — Y in A the induced morphism X —
Ker(Coker(f))is an isomorphism, and that if g : X — Y is an epimor-
phism in A the induced morphism Coker(Ker(g)) — Y is an isomor-
phism. We will prove only the first statement, the proof of the second
statement is similar. Assume then that f : X — Y is a monomor-
phism. This implies that Ker(f) = 0 and therefore Ker(F(f)) =
F(Ker(f)) = 0 and so F(f) is also a monomorphism. The natu-
ral map ¢ : X — Ker(Coker(f)) becomes an isomorphism after ap-
plying F' and after applying the identification F'(Ker(Coker(f))) =
Ker(F(Coker(f))) = Ker(Coker(F(f))). By the assumption on F'

this implies that the morphism ¢ is an isomorphism.
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In order to show that F' is exact, let X Ly % Z be an exact
sequence in A. Exactness means that Im(f) = Ker(g). But since
Im(f) = Ker(Coker(f)), we see that F' preserves also images. We
thus have Im(F(f)) = F(Im(f)) = F(Ker(g)) = Ker(F(g)) and so

the sequence F'(X) P F(Y) 9 p (Z) is exact in B and F' is an exact
functor. 0

So Cy is an abelian symmetric monoidal rigid category and F' :
Cw — Veck is a faithful additive symmetric monoidal exact func-
tor. The category Cy contains the structure W = (1,0) and we

have F(W) = W. For every tensor x; we have a morphism 7; €
Home,, (1, WP%) such that F(Z;) = z; (we identify Homy (K, WPi%)
with WP:%). We would like to show that (Cyy, F, W) is universal with
respect to these properties. We recall here Theorem [l

Theorem [I.T] Let K C T be an extension field, let A be an abelian
symmetric monoidal Tigid category, and let G : A — Vecr be an exact
additive faithful symmetric monoidal functor. Assume that there is a
structure Z in A such that the structures G(Z) and W @ T are iso-
morphic. Then there exists a unique (up to isomorphism) exact faithful

symmetric monoidal functor F' : Cyy — A such that F(W) = Z (where

equality here means equality of structures), and such that GF =~ x1rl
where i : Vecx — Vecr is the extension of scalars functor.

Proof. Notice first that since A is rigid, tensor product with a given
object in A is an exact functor. Also, since A is abelian and G : A —
Vecr is exact and faithful, a morphism f : A — B is invertible if and
only if G(f) is invertible in Vecy.

We shall construct the functor [7: step by step, starting from Cy. So
for an object (a, b) of Cy we define F((a,b)) = Z*® (since we would like
F to be a monoidal functor, this is the only possible definition). We
denote the tensors of the structure W by {z;} and of the structure Z
by {y;}. The morphisms in Cy are constructed from the tensors z;, the
action of the symmetric group, pairing of W and W* and concatenation
of morphisms. The same operations can also be done inside A using
the object Z and the morphisms y;. This implies that the image of
Home,((a,b), (c,d)) — Homy (W We?) is contained in the image of
Homa(Z%%, Z%%) — Homg(G(Z*?),G(Z%%)) = Homg (Wb, Wed).
We can apply now Lemma 2.1l to the diagram
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to define the action of F' on morphisms in Cy (the isomorphism ¢ is
given by G(F((a,b)) = G(Z) =~ Wb = F((a,b))). We also see that
this functor is uniquely defined up to an isomorphism. We then extend
uniquely the functor F to G by the universal property of additive
envelopes. The functors F extends uniquely to a functor Co — A
and more generally to a functor C,, — A for every n by the universal
property which appears in Theorem B.Il Since Cyy is the direct limit of
the categories C,, we get a unique faithful additive symmetric monoidal
functor F Cw — A. Since this functor carries kernels to kernels,
cokernels to cokernels, and satisfies that F (f) is an isomorphism if and
only if f is an isomorphism, Lemma (.7 shows that F is exact. U

We finish this subsection with the following definition, which will be
useful later:

Definition 4.8. We write Ky = Endc,, (1). This is a subfield of K
which we call the field of invariants of (W, {x;}).

Remark 4.9. There are different ways to construct an abelian category
as an envelope of an additive category. See for example the paper [4]
and the Universal Property 2.10 in [I4]. The construction we present
here relies heavily on the presence of the functor F', and the fact that it
gives us a way to interpret the objects and morphisms in C; as objects
and morphisms in the abelian category Veck, and is therefore quite
different from the constructions in [I4] and in [4], which do not use
such a functor.

5. FIELD EXTENSIONS AND SOME BASIC PROPERTIES OF Cy

We thus have a Kjy-linear rigid symmetric monoidal category Cy
attached to the structure W. This category is an invariant of the
isomorphism type of W. We will next show that the category does
not change when we take field extensions of the base field K, and
therefore structures which are forms of one another will have equivalent
fundamental categories.

Lemma 5.1. Let T be an extension field of K and let W be a structure
defined over K. We have a natural equivalence of symmetric monoidal
Ky-linear categories G : Cwg,r — Cw between the fundamental cat-
egory of W and the fundamental category of the extension of scalars
W @k T. Moreover, if Fy : Cyy — Veck and Fyg, 7 : C — Vecr are
the two monoidal functors, and ixr : Vecxk — Vecr is the extension
of scalars functor (given by ix (V) =V @k T ), then we have a natural
isomorphism of functors ix rFyw = FyygrG

Proof. We consider the functor F' = ixrFw : Cw — Vecp. The
universal property of Cy g, gives us a faithful symmetric monoidal
additive functor G : Cwg,r — Cw such that igrFw = Fyg,rG
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and such that G(W &g T) = W. The universal property of Cy gives
us a functor H : Cy — Cweg,r which satisfies H(W) = W @g T.

by using the universal property again we get that GH = Idc,, and
HG = Idey,, 1 O

Corollary 5.2. Let W, K, T be as above. Assume that L C T is an-
other subfield and that W ®x T has a form W' over L. Then the
fundamental categories Cyy and Cy are equivalent, and Ko C L.

Proof. We assume that W@, T =2 W @k T. Let C be the fundamental
category of W @ T'. Then we have seen that both Cy and Cy are
equivalent to C. If we write Ky = Ende,, (1) and K, = Ende,,, (1)
and Ky = Endg(1) then the equivalences between the categories shows
that all three subfields Ky, K, K5 are the same subfield of T', and in
particular Ky = K; C L. O

The field of invariants K is going to be a relatively small field in
most cases. More precisely, we claim the following lemma:

Lemma 5.3. If the set {x;} of structure-tensors W is finite, then the
transcendental degree of Ko over Q s finite. In particular- Ky is count-

able.

Proof. We have seen that K| is contained in every field over which W
has a form. Choose an arbitrary basis {w,} for W over K. Denote the
dual basis by {w’}. Each tensor z; € WPi% can be written as a linear
combination of tensor products of w;’s and w’’s. Let us denote by K;
the subfield of K which is generated by all the coefficients appearing
in all these linear combinations. Then W has a form over K, and
thus Ky C K;. Since the number of tensors is finite, K has a finite
transcendental degree over Q. The transcendental degree of K over Q
is thus finite as well. U

The next lemma will be used in Section[@to prove that all polynomial
identities of W are already defined over K; (in case W is an algebra or
a comodule algebra).

Lemma 5.4. Let X, Y be two objects of Cy. Let fi, fo,..., [0 €
Home,, (X,Y) be non-zero morphisms. Assume that F(f1),..., F(f)
are linearly dependent over K. Then fi,..., f, are linearly dependent
over K.

Proof. Assume that fi,..., f, are morphisms in Home,, (X,Y). The
functor F' induces a natural map

/n\F : /n\Homcw(X,Y) —>/n\HomK(F(X),F(Y))

given by fi A ... A fo = F(fi) A... N F(f,). Since F is faithful
and symmetric, this map is well defined and injective. Therefore, if

fi... fn are linearly independent over Ky then fi A...A f, # 0 and by
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the injectivity of A" F we have that F(f1) A... A F(f,) # 0 so that
F(f1)... F(f.) are linearly independent over K. O

6. THE CATEGORY Cyr AS A FORM OF A REPRESENTATION
CATEGORY, AND A PROOF OF THEOREM

From this section onwards we will assume that the field K is alge-
braically closed. Since we can always extend scalars to the algebraic
closure without altering the category Cyy, this will not be restrictive.
On the other hand, it will be very useful when we will apply Deligne’s
Theory.

Let G be the automorphism group of (W, {x;}). That is

G ={g € GLW)Nig(x;) = 2}

(we have used here the fact that we have an induced action of GL(W)
on WP1). Notice that G is a closed subgroup of GL(W') with respect
to the Zariski Topology (so it is an affine algebraic group). Our goal
is to prove that Cy is a form of Repx — G. We will begin by recalling
the following result of Deligne (see Theorem 1.12 and Theorem 7.1 in
[6], and also Theorem 0.6 in [5] for a more general statement):

Theorem 6.1. Let D be a symmetric rigid K -linear monoidal category,
tensor-generated by finitely many objects, where K is an algebraically
closed field of characteristic zero. Assume that for every object X € D
we have \" X = 0 for some n > 0. Then there exists a unique (up to
isomorphism) fiber functor F': D — Veck. Moreover, the group G :=
Autg(F) is an affine algebraic group over K, and we have a natural
equivalence of K -linear symmetric monoidal categories D — Repyx —G':
If X is an object of D then the action of G = Autg(F) on F makes
F(X) a G-representation in a natural way.

Remark 6.2. The fact that a fiber functor induces an equivalence
between D and the representation category is known as Tannaka re-
construction, or Tannaka-Krein Duality.

Definition 6.3. We call G the fundamental group of D (see also Sec-
tion 8 of [@]).

In order to apply Deligne’s Theorem, we need to extend scalars from
out category Cy which is linear over K to K. To do so, we begin with
defining a new structure.

Definition 6.4. Let Ky C K’ C K be an intermediate field. For every
a € K' we consider the tensor y, = a € W%° = K. The structure Wy
is the structure given by the union of the original tensors in W together
with the tensors y,. In other words, it is the structure (W, {z; } U{ya.}).

As for any other structure, we can construct the fundamental cate-
gory Cw,,. We write F': Cy — Vecg and F' : Cyw,, — Veck for the
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two fiber functors of the two fundamental categories. The fundamental
category of W' satisfies the following universal property:

Lemma 6.5. Let D be a K'-linear rigid symmetric monoidal cate-
gory, and let G : D — Veck be a fiber functor. Then we have an
equivalence between the categories X := Fun.k,(Cw,D) and X' :=
Fune /(Cw,.,, D) where X is the category of all Ko-linear symmetric
monoidal exact faithful functors H : Cyy — D such that GH = F and
X' is the category of all K'-linear symmetric monoidal exact faithful
functors H' : Cyy, ., — D such that GH" = F'. This equivalence is natu-
ral with respect to K'-libear symmetric monoidal exact faithful functors
J : D — D' of categories over Vecy.

Proof. A functor H : Cyy — D in the first category will give rise to
a structure W := H(W) of D which is of the same type as W, and
which lies above W in Veck. On the other hand, since D is a K'-
linear category, the structure W also has the structure of Wy,. By
the universal property of Theorem [LI] for the category Cyw,,, we get
a functor H' : Cy,, — D in the category A’. On the other hand, if
H' : Cw,, — D is a functor in X”, then the structure H (W) is a
structure in D of the same type as Wyxs. In particular, it has all the
tensors z;, so it is also a structure of the same type as W. By using the
universal property of Theorem [T again, we get a functor H : Cyy — D
in X. Another application of the universal property will show us that
these two maps are inverse to each other, and a final application of
the universal property will show us that this correspondence has the
desired natural property. O

Definition 6.6. We call the category Cyy,, the extension of scalars of
Cw to K’ and write Cyy ®g, K" := Cyw,, .

Remark 6.7. Deligne and Milne (see [7]) defined the extension of
scalars in case K’ is a finite extension of Ky in a different way: they
considered K’ as an algebra in Cy (which is possible because K’ is
an algebra in Vecg, and Veck, is embedded in Cy by using the unit
object), and they then considered the category K'—mod of K’ modules
inside Cyy. This is a K'-linear rigid symmetric monoidal category. It is
possible to show that the two definitions will give equivalent categories.

Notice that by the universal property in Lemma G5, if Ky C K’ C
K" C K, then there is a one-to-one correspondence between fiber func-
tors Cyy — Vecgr and fiber functors Cyy @, K — Vecgr. The follow-
ing theorem is the first half of Theorem

Theorem 6.8. The category Cy is a Ky-form of Repx — G. In other
words, we have an equivalence of symmetric monoidal K-linear cate-
gories Cyy Qg, K — Repx — G
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Proof. The functor F': Cyy — Vecg extends naturally to Fi : Ciy ®g,
K — Vecg. Let us write G = Aut(Fy). By Tannaka reconstruction we
know that we have an equivalence between Cy ®k, K and Repx — G.
The equivalence is given in the following way: if U is an object of
Cw Rk, K, then Fi(U) € Vecy is a vector space, and if g € G, then
we have gy : Fx(U) — Fyx(U). This furnishes a structure of a G-
representation on Fi (U). We would like now to determine G. First of
all, notice that the map G — GL(Fk (W)) is one-to-one. This is due to

the following reason: if g € G acts trivially on Fix (W) then by the fact
that Fg is an additive monoidal functor, ¢ acts trivially on all of the
category C; (see Section H]). It then acts trivially on all of Cyy, because
all the other objects of Cy are derived from C; as iterated kernels. It
thus follows that g = 1. We can thus consider G as a subgroup of
GL(Fx(W) = GL(W). But if g € G then it follows that g fixes all
the tensors z; (because the way we have constructed the groups X79).
Conversely, if ¢ fixes all the z;’s, then it follows easily that all the
vectors in XP? for any p and ¢ are g-invariant, and therefore g induces
an action on the functor F : C; — Vecy, and then, by induction, also
on the functor F' : Cyy — Veckg. So G = GG, and we have the desired
result. O

Remark 6.9. Due to the construction of Cy, the field Ky must be
contained in every field over which W has a form. In case W has a
form over K itself, K is usually referred to as a field of definition for
W. However, there are cases in which W will not have a form over K|
(see Subsection [2.1]). We do see that even though W might not have
a form over Ky, the category of representations of the automorphism
group of W will always have one.

The above theorem shows us how we can reconstruct W out of Cy,
and some additional data. Indeed, we can think of W as the object
W of Cy, and the tensors z; can be considered as morphisms z; €
Homcw(l,W®p ® (W)®9). The equivalence Ciy ®x, K = Repx — G
gives us a fiber functor F' : Cyy ®g, K — Vecg, and this gives us the
structure (F(W),{F(z;)}), which is isomorphic with (W, {z;}). We
have used here the fact that K is algebraically closed, and therefore
there exists only one fiber functor on Cy ®g, K (up to equivalence).
We record our result in the following lemma:

Lemma 6.10. The structure (W,{x;}) can be reconstructed from the
following data: the category Cyy, the object W and the morphisms x; €
Homcw(l,W®p ® (W)®9).

The next result gives us the connection between forms of W and
fiber functors. It finishes the proof of Theorem
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Theorem 6.11. Let Ky C K' C K be an intermediate field. There
is a one-to-one correspondence between forms of W over K' and fiber
functors Cyy — Veckr.

Proof. Assume that F’ : Cy — Veck: is a fiber functor. Let W' :=
F'(W). Then W' is a vector space over K', and if z; is a tensor of
type (ps, ¢;), then we have the tensors y; := F'(z;) € W% (as men-
tioned earlier, we can think of the tensors z; as morphisms inside Cy).
We need to prove that (W’ {y;}) is indeed a form of (W, z;). We
thus need to prove that (W' @ K,{y;}) = (W, {x;}). The functors
F and F’ induce two fiber functors Cyy ®g, K — Veck. Since K is
algebraically closed, we know from Theorem that they are isomor-
phic. But an isomorphism between them will induce an isomorphism
(W' ek K, {y:}) = (W,{x;}) as required. In the other direction, as-
sume that (W', {y;}) is a form of (W, {x;}). Then we can construct the
fundamental category D of (W’ {y;}). But we have seen in Lemma
6.1 that this category depends only on the extension of scalars of W’
to K. Therefore, we have an equivalence of Kj-linear rigid symmetric
monoidal categories D = Cy,. Since W' induces a fiber functor from D
to Vecgr, we get a functor from Cy to Vecg: as required. U

7. CONSTRUCTION OF THE GENERIC FORM, AND A PROOF OF
THEOREM

By the work of Deligne we know that if K is an algebraically closed
field, then Cy, is necessarily the representation category of some alge-
braic group. However, K| is usually not algebraically closed. In this
section we will use Deligne’s theory, in order to deduce Theorem
and construct the generic form W.

In order to prove the theorem, we will follow the original proof
of Deligne. We will study algebras and modules inside the category
Ind(Cw ), and we will explain how we can use them in order to construct
fiber functors. Let then A be a commutative algebra inside Ind(Cw ).
As was mentioned in Section 2 we can talk about A-modules inside
the category Cy. We denote the category of all such modules (with
A-module homomorphisms) by A — mod. This is again an abelian
category.

We have a natural exact monoidal functor F4 : Cyy — A —mod given
by Fa4(X) = A® X, where the action of A is on the first tensor factor.
We have

HomA_mOd(FA(X), M) = HOch (X, M)

Let B := Homa_mea(A, A) = Home,, (1,A). This is a Ky-algebra.
However, we can also view it as a subalgebra of A. Indeed, the algebra
B®1 is an algebra inside Cy, and can be considered as a subobject (and
in fact a subalgebra) of A. Notice that if F': Cyy — Vecg is any fiber
functor, then F(B) will just be the extension of scalars B ®g, K'. Let
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us denote by B —mod the category of B-modules (when B is considered
as an algebra in Vecg,, not in Cy, and we also consider only modules
in Vecg,). We have the following lemma:

Lemma 7.1. Assume that W ® A s isomorphic in Cy with A™ for
some n. Then the functor Fg : Cyy — B — mod given by Fp(X) =
Home,, (1, Fs(X)) is a monoidal functor.

Proof. We have a natural morphism Fg(X)® Fg(Y) = Home,, (1, X ®
A) ® Home,,(1,Y ® A) — Home, (1, X ®Y ® A) = Fg(X ®@Y).
This morphism factors through Fp(X) ®p Fp(Y). We will write the
resulting morphism as Bxy : Fp(X) ®p Fp(Y) = Fp(X ® Y). Our
goal is to prove that By y is an isomorphism for every X and Y. We
will prove it by induction on the subcategories C;. Since W ® A = A"
we also have that W* ® A =2 A", and WP? ® A will also be a free
A-module of finite rank for every p and ¢. Since the functor

A — mod — B — mod

X — Home,, (1, X)

is a monoidal functor when restricted to the subcategory of A-modules
of the form ®A, we have that Sxy is an isomorphism for X,Y € ¢
(since the objects of C; are direct sums of the objects of Cp).

We now continue by induction. Assume that Sx y is an isomorphism
for every X,Y € obC;. All the objects in C;y; are formed as kernels of
morphisms in C;. We have already seen that every cokernel is a kernel
(and vice versa). So if X € ObC;;, then there exists an exact sequence
of the form

0=>X—->Q—>W

where Q,W € ObC;. Assume that Y is another object of C;. Then we
also have the exact sequence

0= XRY QY >WeY.

The functor —® A is exact, and the functor Home,, (1, —) is left exact.
By applying Fg, we thus get the following diagram, in which the rows
are exact:

00— Fp(X)® Fp(Y) — Fp(Q) ® Fp(Y) — Fp(W) ® Fp(Y)

lﬁx,y J{ﬁ@,y lﬁw,y

0 Fp(X®Y) Fp(QRY) Fp(W®Y)

By the induction hypothesis we know that 3gy and By y are isomor-
phisms. An easy diagram chase shows that Sx y is also an isomorphism.
In a similar way, we can now prove that Sy y is an isomorphism for
X,Y € 0bC; 1 and we are done. O

Notice, however, that the resulting functor F' : Cyy — B —mod might
fail to be exact. We have the following lemma:
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Lemma 7.2. Assume that every short exact sequence 0 - X — Y —
Z — 0 splits after tensoring with A. Then the functor Fp is exact.

Proof. This follows from the fact that the functor Fy is exact, and that
any additive functor between abelian categories is exact when restricted
to split exact sequences. U

In the original work of Deligne, he constructed an algebra Ap which
satisfies the requirements of the two lemmas above. This algebra Ap
will be a tensor product of localizations of symmetric algebras. It might
be an infinite tensor product (see section 2.10-2.11 of [5]). The algebra
Ap gives rise to a fiber functor Fg : Cy — B—mod. If ¢ : B — K; isa
homomorphism from B to a field K7 of characteristic zero, then we can
compose Fp with the resulting functor ¢ : B — mod — Vecg, to get a
fiber functor from Cy to Veck, (since all the short exact sequence in
Cw split in B — mod, the resulting functor is still exact).

Definition 7.3. We say that a commutative algebra A inside Cy is a
classifying algebra if:

1. It satisfies the conditions of Lemmas [Z.1] and

2. Every fiber functor from Cy, to some extension field K, of K arises
from some homomorphism from B to K;

Proposition 7.4. Assume that A satisfies the conditions of Lemmas
(71 and[7-3, and that A is a tensor product of localizations of symmetric
algebras. Then A also satisfies condition 2 of the definition above, and
therefore A is a classifying algebra.

Proof. Let F': Cyy — Veck, be a fiber functor. Write A as
A= ® Sym(M;)

where M; are objects of Cy and f; are nonzero elements in Sym/(M;)
Then we have that F'(Sym(M;)ys,) = Sym(F'(M;)) g,y The second
algebra is a localization of a symmetric algebra over K;. We thus have
a K4-homomorphism Sym(F'(M;))pr sy — Ki. This is because K; is
infinite, and therefore almost all homomorphisms Sym(F'(M;)) — K,
will extend to any finite localization. By taking the tensor product, we
get a homomorphism ¢ : F'(A) — K;. This homomorphism restricts
to F'(B) = B ® K; and therefore to B. The resulting homomorphism
(which we denote by the same letter) ¢ : B — K gives rise to a fiber
functor F” : Cyy — Vecg,. Moreover, the two functors are isomor-
phic. Indeed, the equivalence is defined in the following way: We have
F"(X)= Home,, (1,X ® A) ®p K;. We have a natural map

Home,, (1, X®A) — Hompg, (K1, F'(X)®F'(A) = F/(X)oF'(A) "8 F'(X).

This map factors through Home,, (1, X®A)®p K, and we get a natural
transformation F” — F’. By Deligne (see Section 2.7 in [6]) we know



DESCENT VIA CATEGORIES 29

that any natural tensor transformation between two fiber functors is
an isomorphism, so we are done. O

Remark 7.5. In most cases which will be of interest for us the group
G will be reductive, and the category Cy will be semisimple. The
condition of Lemma will then be satisfied automatically.

We would like to construct a concrete example of a classifying algebra
in case GG is reductive. Assume that the dimension of W is n. We
take n copies of W, Wy, W, ..., W,, and n copies of W*, W/, ... . W}.
We write Id;; € W; ® W;‘ for the canonical element representing the
identity map. We write A = Sym(W, oWy @ --- oW, oW/ @ --- ®
W)/ (1d; ; — d;;)i; We claim the following proposition:

Proposition 7.6. If G is reductive then the algebra A is a classifying
algebra for Cyy.

Proof. For every ¢ = 1,...,n we have a map W — A given by the
inclusion of W as W, in A, and we have a map 1 — W ® A given by
the coevaluation of W, 1 — W @ W;. By extension of scalars we get
maps p; : W®A— Aand v; : A - W ® A. The direct sum of these
maps will give us maps p: W®A — A" and v : A" - W®A. Applying
the original fiber functor F' reveals the fact that these two maps are
mutually inverse to each other and that the algebra A is non-zero. (we
use here the fact that F' extends naturally to Ind(Cy ), and that it
is faithful). We thus see that A satisfies the condition of Lemma [7.1]
Since G is reductive, A satisfies the condition of Lemma trivially.
We notice that A can be seen as a localization of a symmetric algebra.
Indeed, A is equal to the localization of the subalgebra Sym/[(W;)* &
(Wa)* @ -+ @ (W,)*] by the determinant polynomial. More explicitly:
we have an identification of (W7)* ® (Ws)* ® -+ - ® (W,,)* with (W*)®".
The action of 5, on the last vector space gives us a one dimensional
sub-object inside (W))* @ (We)* ® --- @ (W,,)*. This sub-object will
correspond to the determinant polynomial. It follows from [[.4] that A
is a classifying algebra. It follows that B ®g, K is the subalgebra of
G-invariants of A @ K. The algebra B ®, K is a finitely generated
algebra, because G is reductive. It then follows that B itself is finitely
generated over K. O

Proof of Theorem[L.3. Let now A be a classifying algebra for Cy,. We
write By = Home,, (1, A). We then have a fiber functor F : Cyy —
By —mod. Consider the B-module W := F (W). Since W ® A = A™,
we have automatically that [ By, as By-modules. For every i,
x; can be considered as a morphism in Home,, ((¢;,0), (p;,0)). We can
therefore consider F'(x;) : W®% — W% This will give us the structure
on W. Now, if ¢ : By — K is a homomorphism of rings, then we can
consider the composition ¢Fz : Cyy — Veck, which is a fiber functor.
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We then have that ¢Fz(W) = W @p,, K; is a form of W. In the other
direction, every form W’ of W over K; will induce F’ : Cyy — Veck,.
By Proposition [7.4] this functor arises from a homomorphism By, —
K. In order to prove that By, has no zero divisors, it is enough to prove
that By ®g, K has none. But By ®g, K = F(By) is a subalgebra
of F(A). Since the algebra F'(A) is the localization of a symmetric
algebra, it is integral, and the same is true for By, as desired.

Finally, we need to prove that if the group G is reductive, then By,
is finitely generated. Since By = Home,, (1, A) we have By ®p, K =
F(Bw) = F(A)“. Since the group G is reductive and we can chose
A in such a way that the algebra F'(A) is finitely generated (it will
be the tensor product of finitely many finite localization of symmetric
algebras), we get that F(A)Y is finitely generated over K. From this
we can easily deduce that By itself is finitely generated. Therefore, if
m is a maximal ideal of By, then By /m is a finite extension field of
Ky (this follows from Hilbert’s Nullstellensatz), and we will get a form
over a finite extension of K. O

8. THE ACTION OF THE GALOIS GROUP, AND A PROOF OF
THEOREM [ 4]

In this section we study the case in which K /Ky is a Galois extension.
More generally, assume that L C K is a finite extension, and that
K/L is Galois. We write I' = Gal(K/L). Let (W,{x;}) be some
structure defined over K (as mentioned before, we assume now that K
is algebraically closed).

For v € T, we write YW for the following K-vector space: as an
abelian group "W = W and the twisted action of K is given by

r-w=y"2)w.

The tensors {x;} will give us tensors {7;} on "W. If {e;} is a basis for
W, then we can write every tensor as a K-linear combination of tensor
products of elements from the basis with elements from the dual basis.
The vector space "W will then have the same basis, and the tensors
{72;} will be the tensors given by the action of vy on the coefficients of
the original tensors.

It is possible that the two structures (W, {xz;}) and ("W, {"z;}) will
not be isomorphic. For example, if G is a finite group, and W =
K°G is a G-graded algebra, then "W will be the twisted group algebra
K"®@G. These two graded algebras need not be isomorphic. However,
it (W, {2:}) = (W' {y:}) then (W, {"a:}) = (W', {7y;}). We thus
have an action of I" on all isomorphism classes of structures (W, {z;})
where W is a vector space of dimension n and {z;} is a family of tensors
of types (p;, ¢i).

This action of the Galois group generalizes to categories. Indeed,
if C is a Kj-linear category (where Ky C K; C K) and v € I', then
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we can define a new (K )-linear category ?C in the following way: 7C
is exactly the same category as C, with the exception of the action of
v(K7) on the Hom-sets: if X, Y are objects of C, then we define

Homne(X,Y) = "Home(X,Y).
Notice that we have a natural equivalence of v(K)-linear categories
S, 7 Veck, = Vecyk,)

given by mapping W to "W.

Let now v € I'. We consider the structure "W, which is also defined
over K. Since Cy is a Kj-linear category, we can twist scalars, and
get the category "Cy which is y(Kj)-linear. We claim the following
lemma:

Lemma 8.1. We have an equivalence of categories I, : "Cy = Chy
which takes W to YW . Moreover, the two functors

Sy("Fw) : "Cw — "Veckg — Veck and
F—YWEA/ : Cw — Chw — Veck
are equivalent.

Proof. The proof follows directly from the universal property of the
categories Cvy and Cy from Theorem [L1] O

Proof of Theorem[1.4, We will prove that v € I' fixes K, pointwise
if and only if it fixes the isomorphism type of W (by using Galois
Correspondence, this proves the theorem). Assume first that v fixes
Ky pointwise. This implies that the identity functor Id : "Cy = Cyy, is
an equivalence of Ky-linear categories. By the previous lemma we have
an equivalence between Cyy and Chy which sends W to "W and z; to
Tx;. This implies that W = YW, as desired (since K is algebraically
closed).

On the other hand, assume that ¢» : W = 7W is an isomorphism
of the two structures. The idea is that any x € K is an invariant of
the isomorphism type of W. The corresponding invariant for "W will
be y(x). But if W = YW then it must hold that © = ~(z). More
precisely, the isomorphism % induces an equivalence of fundamental
categories W : Cyyy = Cy. When this equivalence is composed with
the equivalence £, from the previous lemma, we get an equivalence
H, : "Cyy — Cw. We have functors 7 Fyy and Fyy from "Cyy and Cyy into
Vecg, and we have an isomorphism of functors p : H, Fyy = 7Fy,. This
implies that the two homomorphisms of rings induced by the functors
Fw, 7 Fy and H, (bl : ’y(K()) = E’I’Ldvcw(l) — Endcw(l) — EndK(l) =
K and ¢y : Endye,, (1) — Endg(1) are equal up to conjugation by an
element in Endg (1) = K. But since K is commutative, this means
that ¢; = ¢. The homomorphism ¢, is given by the natural inclusion
followed by v~!. The homomorphism ¢, is just the natural inclusion.
This implies that Kj is fixed under v, and we are done. ([l
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The classical descent theory gives us a description of all the forms of
W over Ky, where L C K; C K in the following way: let H; < I be
the stabilizer of K. If W has a form over K; then W has a basis with
respect to which all the structure constants are in K5, and so "W = W
for every v € H;.

An additive map ¢ : W — W is called ~-linear if it satisfies

Vee K o(y(x)-w) = z(w).

We consider the group H of all invertible additive maps ¢ : W — W
which are 7-linear for some v € H;, and which satisfy Vi ¢(x;) = z;.
Assuming that H; stabilizes the isomorphism type of W, we have a
short exact sequence

1-G—H—H —1 (2)

where G is the automorphism group of the structure W. This sequence
splits if and only if W has a form over K;. Moreover, the different
forms of W correspond to different splittings (where two splitting are
considered to be equivalent if they differ by conjugation by an element
of G).

We thus see that we have two conditions for W to have a form
over K;: firstly the group H; should stabilize the isomorphism type
of W, and secondly the above short exact sequence should split. The
discussion we have here, together with Theorem [[L2] shows us that if
the first condition holds then we already have a form of the category
Repyx — G over K;. However, the form we get over K; might not have
a fiber functor. The obstruction to the existence of a form of the fiber
functor is exactly the splitting of the sequence in (2)), by Theorem

9. RELATION TO POLYNOMIAL IDENTITIES

In this section we assume that our object W is an associative al-
gebra or an H-comodule algebra, where H is some finite dimensional
Hopf algerba. We mention that the results of this section can also be
applied to identities of non-associative algebras (e.g. for Lie algebras
or Jordan algebras). The formulation will just be more complicated.
A polynomial identity of an associative algebra W is a noncommuta-
tive polynomial f(X;, X5 ..., X,,) such that f(v,vy...,v,) = 0 for any
v, V. ..,0, € W. For example, if W is a commutative algebra, then
f(X71, Xo) = X1 X5 — XX is a polynomial identity of W. Another ex-
ample for polynomial identity is the famous Amitsur-Levitsky identity:
if W = M, (K), then the polynomial

f(Xh <o 7X2n) = Z <_1)0Xa(1)Xa(2) e XU(Qn)
o€San

is an identity, and W does not have polynomial identities of lower
degree then 2n. Notice that both the Amitsur-Levitsky identity and
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the commutation identity are multilinear polynomials (that is- in all
monomials every variable appears exactly once). In characteristic zero
it is possible to prove that all polynomial identities are derived from
multilinear identities, and therefore we will focus on them.

We can think of a polynomial identity in the following way: Let
us denote by m : W ® W — W the multiplication on W. We write
m"L . Wen — W for the iterated multiplication. The symmetric
group S, acts on Home,, (W®", W). We can therefore look on the
sub S,-module of Home,, (W®™ W) generated by m™~'. A polynomial
identity of degree n will then be the same as a relation of the form

E ago - m" !

O'ESn

where a, € K. Indeed, such a relation corresponds to the polynomial
identity ZaeSn aJXU(l) s Xa(n) = 0.

Let now H be a finite dimensional Hopf algebra defined over a sub-
field k C K. An H-comodule algebra can be thought of as an algebra
W together with an action of H*, such that

Vfe H" fa-b) = fi(a) - fa(b),

where we use here the Sweedler Notation

A(f) = [ ® fa

We recall here the definition of H-identities from [12] (this definition
is slightly different from the one in [3]). For every i, let X/ be a
copy of the vector space H. We will denote the element in X which
corresponds to h by X!. The tensor algebra T = T(®;X) is an
H-comodule algebra, where the coaction is given on the generators by:

p(X7) = X{" @ ho.

an element P € T is a graded identity of W if for every homomorphism
¢ T — W of H-comodule algebras it holds that ¢(P) = 0. We
would like to write the identities as linear relations on morphisms in
our category. Since H is finite dimensional, it is known that H is
isomorphic with H* when considered as a left H*-module (or a right H-
comodule). A canonical choice of a basis element will be the left integral
¢ of H, which is unique up to a nonzero scalar. Any homomorphism
of H-algebras T — W is uniquely defined by its restriction to @; X .
Its restriction to X/ will be a map of H-comodules, and therefore it
will be uniquely defined by the image of X!. Let us write {f/} for a
basis of H*. An identity will thus be a noncommutative polynomial P
in the variables f7 - X, which will vanish upon any instance of X!
v; € W. A multilinearization shows that this identity is equivalent to a
noncommutative polynomial in the variables {7/ - X{}, in which every
monomial contains X! exactly once.
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The algebra ((H*)?)®™ acts on Home(W®™, W) by its action on the
tensor factors of W®", The group S,, acts on the same space as before-
by permuting the tensor factors of W®™. Together, we get an action of
the crossed product algebra H, := ((H*)?)®" % S,, where the action of
S, is by permuting the tensor factors of ((H*)??)®™. We conclude this
discussion in the following lemma:

Lemma 9.1. Let {t;} be a basis for H, over k. An H-polynomial
identity of W of degree n is equivalent to a linear relation of the form

Z aiti : m"_l =0.

i
The conclusion of this is that both regular polynomial identities and
H-polynomial identities can be understood as linear relations between

morphisms in the category Cy,. We are now ready to prove Theorem
.ol

Proof of Theorem [1.J. Assume that W is an H-comodule algebra over
a field K, and that the Hopf algebra H is defined already over a subfield
k of K. We have seen that H-polynomial identities correspond to the
vanishing of linear combinations of morphisms in Cy, over K. We have
proved in Lemma [5.4] that if morphisms in Cy are linearly dependent
over K, then they are linearly dependent already over K. This finishes
the proof. O

Notice that polynomial identities give us in general less information
on the algebra than the category Cy . Indeed, the polynomial identities
of W and of W & W are the same, and therefore the polynomial identi-
ties cannot define the isomorphism type of the algebra. The polynomial
identities do define the algebra if one makes some extra assumptions
on the algebra. In [I] Aljadeff and Haile proved that if W is a simple
H-comodule algebra where H = kG is a group algebra, then the iden-
tities of W determine W. In [12] Kassel proved that H-identities can
be used to distinguish between isomorphism classes of different Hopf
Galois extensions of the ground field for the Taft algebras H,2 and for
the Hopf algebras E(n).

We give here an example: Let n be a natural number, and let G =
C, x C, be generated by g and h. Let a be the two-cocycle on G
defined by a(g'h’, g*h') = (7% where ( is a primitive n-th root of unity.
Then the polynomial identity X, X, = (X,X, is defined over Q((),
and we will prove in Section [[3 that Q(¢) = K,. In Section [I] we will
see an example for an associative algebra in which all the polynomial
identities are already defined over a proper subfield of K.

10. FIRST EXAMPLES

We begin with the example (W, {z;}) in which the set of tensors
{z;} is empty. In this case, the group G is the entire group GL(W),
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and the objects in the category C; are all direct sums of objects of the
form WP4. The only nontrivial endomorphisms of W?? will be those
arising from the action of the symmetric group on W7 by permuting
the tensor factors. One can show that in this case the Karoubian en-
velope (a.k.a. idempotent completion) of C; will already be an abelian
category, where the Karoubian envelope is the category we get of C; by
adding to it only kernels and cokernels of idempotent morphisms (for
this, we use the fact that the finite group S, acts on W4 in a semisim-
ple way). This implies that the Karoubian envelope of C; is equivalent
to Cyy in this case. We then recover the well known Schur-Weyl duality,
which says that the endomorphism ring of W?° as a GL(W)-module is
generated by the action of the symmetric group. We also recover the
fact that all the finite dimensional rational representations of GL(W)
can be constructed from the canonical representation W by taking ten-
sor products, subrepresentations, quotients, and duals.

We continue with the case where the set {z;} contains exactly one
element of type (1,1). Let W then be a finite dimensional vector space
over K, and let T : W — W be an endomorphism. We consider the
structure (W, {T'}). If we identify Endx (W) with W @ W*, then the

linear functional
Endg(W)=2WeoW* "X W ew 3 K

is the trace function (it is easy to prove this, for example by choosing a
basis for W). We thus see that the field K, will contain all the elements
tr(T),tr(T?),.... The coefficients of the characteristic polynomial can
be written as polynomials over Q in ¢r(7%). We thus see that the field
of invariants Ky contains all the coefficients ¢; of the characteristic
polynomial. In case T is semisimple, it is easy to show that Ky = Q(¢;),
(W,{T'}) has a form over K; and it is in fact unique. In case T is not
semisimple, the field Ky might be bigger. However, by studying the
possible Jordan decompositions one can prove that it is still true that
(W,{T}) has a unique form over K. For example, if K contains v/2,
W = K* and

then the characteristic polynomial of T is (2* — 2)?, and all the coeffi-
cients are in Q. However, the image of T? — 2 is the one dimensional
space spanned by e3. The action of T" on that space will be by mul-
tiplication by —+/2, and therefore /2 € K (and since W has a form

over Q(v/2) we get that Ky = Q(v/2)).
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11. EXAMPLE: THE FIELD OF DEFINITION OF AN ASSOCIATIVE
ALGEBRA

Let W be the following three dimensional algebra defined over Q(a)
(where a # 1,0 can be algebraic or transcendental over Q):

W= span{x, Y, Z}
rr=zx=yzr=2y=2"=0
z:x2:y2:xy:a’1y:c
Notice that W does not have a unit, and that it is nilpotent of rank 3.
We will construct certain objects and morphisms in the category Cy,
and we will prove that a € K. This will prove that Ky = Q(a), since

the algebra W has a form over that field.

We denote the multiplication map by m : W @ W — W. Consider
first the subobject W? = Im(m) = span(z). The multiplication in-
duces a map W/W? @ W/W? — W?2. This gives us two morphisms
W/W? — W?2@ (W/W?)*. If we denote the dual basis {Z,§} of W/WW?
by {e, f}, we get that these maps are invertible and given by:

T(z)=e®z+ fRz

Ti(y) =ae®z+ f®z
and

ThZ)=e®@z+af @z

Thy)=e®z+ fR® 2.
The composition T, 'T} will give us a morphism W/W? — W/W?2. A
direct calculation shows that the trace of this morphism is @ + 1. This
implies that a € K as desired.

The element a cannot be seen via the polynomial identities of W.
Indeed, since W is a nilpotent algebra of rank 3, any monomial of
rank > 3 will be an identity, and in degree 2 there is no b such that
the polynomial f(X;, Xs) = X7X5 + bXoX; is an identity. All the
polynomial identities are therefore already defined over Q.

12. EXAMPLE: CENTRAL SIMPLE ALGEBRAS

12.1. A splitting field for a central simple algebra. Let D be a
central simple algebra of dimension n? over a field k of characteristic
zero. The algebra D splits over an algebraic extension L of k if and only
if D®y, L has a representation of dimension n over L. Assume then that
L is such an extension, and that V' is such a representation. For every
d € D, we have a tensor x4 € V ® V* which gives the action of d on
V. We construct the fundamental category for (V. {z4}). The field K,
must include & (since the traces of the tensors x4 are in Kj), and will in
fact coincide with it. The group G will be G,,,, the multiplicative group,
since the only elements in GL(V) commuting with all the x; tensors
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will be scalar multiplications. The resulting short exact sequence we
will get (see Section [§ here I' = Gal(L/K))

1—>Gm%(§’—>1“—>1

will correspond to an element in H*(T', G,,) which is the class of [D] in
Br(L/k). As a classifying algebra we can take

A=k[VeaeV]/(flv)=1).
The invariant subalgebra will then be
B = Home(1,A) = k[D]/(tr(d) = 1,rank(d) = 1).

A point B — K; will give us an element e in Dy, which is an idem-
potent and for which dimy, (Dg,e) = n. The representation Dy, e will
then be the desired representation. In particular, if D does not split
over k = Ky, then we will not have a fiber functor Cy, — Vecy.

12.2. Central simple algebras and generic division algebras.
Let n be a natural number, and let W = M, (Q) be the n x n matrix
algebra over Q. Let us denote by m the multiplication map m : W &
W — W. The fundamental category of (W, {m}) will give us a generic
form of the matrix algebra. This will in fact give us a localization of
the generic division algebra which appears in the work of Procesi (see
[9]). The group G here will be PGL,, which is reductive. We will
therefore receive a finitely generated commutative Q-algebra B, and a
B-algebra W which is free of rank n? as a B-module, with the following
property: for every homomorphism ¢ : B — K from B into a field K of
characteristic zero the algebra W, = W ®p K will be a central simple
K-algebra of dimension n?, and every central simple algebra will be
received in this way.

Before constructing explicitly the generic division algebra, let us look
on some morphisms in Cy,. The multiplication m is an element in
Home,, (W @ W,W) C W @ W*® W*. By pairing W with one of
the copies of W* we get an element in Home,, (W, 1) C W*. A direct
calculation shows that this element will be the trace of the (left or
right) regular representation of W (this will be true for any algebra).
By multiplying by % we get the usual trace. Now, if ¢ is a natural
number, and o € S, is given by o = (i1, 2, ...%.)(j1, j2, - - -, Js)... then
we have the morphism T, € Home,, (W®', 1) given by

TU(XI X X2 C 7Xt) = tT<XZ'1XZ'2 .. er)tr(leng .. st)

By the work [I7] of Procesi we know that these are all the PGL,-
invariants.

We would like to construct a classifying algebra for W. We will take
the classifying algebra to be a localization of Sym[W* @ W*|. The
algebra Sym[W™* @ W*| will not be a classifying algebra itself, because
it has too many points. However, it will be a classifying algebra after
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we localize by a specific polynomial. We begin with recalling Lemma

14 from [§]

Lemma 12.1. Let M, M,, ... M,> be n? nxn matrices over a field K
of characteristic zero. Then they will form a basis for M,(K) if and
only if

f(My, ..., M) =

Z (—1)UtT‘(M0(1))tT(MJ(Q)MU(3)MJ(4)) . -tT(MJ(n2_2n+2) cee Ma(n2))
o€S, 2
1S NONZEro.

This enables us to construct a classifying algebra. Indeed, We can
take Sym[W* @ W* & --- @ W*|; (the coordinate algebra on the space
of n? matrices, localized at the polynomial which says that they form
a basis). We can also get a smaller classifying algebra: we consider
Sym[W* & W*], the coordinate algebra for the space of two n x n
matrices which we shall denote X and Y. We write M,;;; = X tyd
for 0 <i,j <n—1 and we define D(X,Y) := f(My,..., M,2). The
localization A := Sym[W* & W*|p will thus give us a classifying al-
gebra. The reason for this is the following: The algebra A will have
W* @ W* in degree one. These two copies of W* will give us two
morphisms ¢x, ¢y : 1 — W ® A by the coevaluation of W. By using
the multiplication in W, we get n? maps ¢xiy; : 1 — W ® A. We
can extend scalars, take the direct sum and get a map A™ S W e A.
The fact that D is invertible implies that this map is invertible, and
therefore A is a classifying algebra for Cy. The resulting algebra
W = Home,,(1,W ® A) is an Azumaya algebra which is free of rank
n? over its center, Home,, (1, A) = Q[W @ W]5¢E». This algebra will
specialize to any central simple algebra of dimension n? over any field
of characteristic zero. This algebra is a localization of the algebra R in-
troduced by Procesi. See the paper [9] by Formanek for more details.

13. EXAMPLES: COMODULE ALGEBRAS

Let H be a finite dimensional k-Hopf algebra where £ C K is a
subfield. An Hg := H ®; K-comodule algebra over K is a K-algebra
W equipped with a right coaction of Hx: p: W — W &k Hk which is
also an algebra map. For example, if H = kG is a group algebra, then
an H-comodule algebra is a G-graded algebra. If H = (kG)*, then an
H-comodule algebra is an algebra W equipped with an action of G by
algebra automorphisms. Comodule algebras play an important role in
the theory of Hopf algebras. Of particular importance are comodule
algebras of the form “H, where av: H ® H — K is some (convolution
invertible) two-cocycle on H. These algebras are identical with H as
H-comodules, and their multiplication is given by the formula

Ty = 04@1, y1)$2?/2-



DESCENT VIA CATEGORIES 39

The two-cocycle condition on « is equivalent to the associativity of the
algebra. It is known that any comodule algebra which is isomorphic
with H as an H-comodule is of this form.

We will now use the fundamental category to study comodule alge-
bras. We will consider the following three cases: Group algebras, Taft
algebras, and product of Taft algebras. All our constructions can be
generalized easily to the Hopf algebras E(n) and to the monomial Hopf
algebras. We will explain, for H a Taft algebra or a product of Taft
algebras, how can one classify all the cocycles on H by using the funda-
mental category (this classification is known. See for example [16] for
the classification of two-cocycles on Sweedler’s Hopf Algebra, which is
the Taft Hopf algebra in dimension 4). In [3] Aljadeff and Kassel have
constructed an algebra A%, which is a generic form of “H (they have
proved that it specialize to any form of “H and the results of [I3] show
that it specialize only to forms of *H). In [I0] Iyer and Kassel have
studied the algebra B = (A%)« for Taft algebras, monomial Hopf
algebras and the F(n) algebras. The construction we present here will
give us a generic form over a basis of smaller Krull dimension (for the
case of Taft algebras).

So let a be a two-cocycle on H with values in K. The fundamental
category Cy of W = “H will thus be constructed from the following
tensors:

1. The multiplication m : W @ W — W.

2. For every f € H* the action Ty : W — W.

In terms of the map p: W — W ® H, the map T} is given by Ty =
(Id® f)p. Let us determine first the fundamental group of the category.
Since W = H = H* as an H*-module, the only maps W — W which
commute with the tensors Ty will be of the form h — g(hq)hy (where we
identify W with H). Now, such an element g € H* will commute with
the multiplication if and only if g is a group like element in the dual
of the twisted Hopf algebra affe™t So Cy is a Ky-form of Repyk —
G((*H*™')*). Notice in particular that this group is finite. Because
we consider all tensors arising from the action of H*, we will have
in particular the action by all the scalars in k. This shows that £ is
necessarily contained in Ky, the field of invariants of Cy,. The field K
might be bigger though.

13.1. Group algebras. Let G be a finite group, and let H = QG.
A two-cocycle on H with values in K will be the familiar object from
group cohomology, namely a function o : G x G — K* such that
alz,y)a(zry, z) = aly, z)a(z,yz) for every x,y,z € G. Two two-
cocycles a and [ are equivalent (or cohomologous) in case there is
a function A\ : G — K* such that a(z,y) = Bz, y)M\2)A(y)X " (zy)
for every x,y € GG. The twisted group algebra W = K*G has a basis
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{U,}4ec and the multiplication is defined by the formula
U, U, = a(z,y)U,, for x,y € G.

The coaction of KG is given by p(U;) = U, ® g. In other words, the
action of e, € (KG)* is the projection e, : U, — 0§, ,U,.

We begin by describing some objects and morphisms in the category
Cw. We will denote the image of e, in W by W,. We have an iso-
morphism 1 — W) given by sending 1 € K to the identity of W. We
will identify 1 and W; henceforth. For every g € G, the restriction of
the multiplication map W, ® W, — 1 will give us an isomorphism
between W7 and W,-1. The coevaluation will then be

coevg : 1 — W, @ Wy
1= U,@U; "

So for every g, h € GG, we have the following map in Cy:
dg,h 1 — Wg®Wg—1®Wh®Wh—1 — Wg®Wh®Wg—1®Wh—1 — Wghg—lh—l

which sends 1 to w,;, = UgUhUg_lU,;1 = cgnUgpg-1p-1 for some ¢, €
K>. This gives us an isomorphism in Cy between 1 and Wyp,g-15-1.
This means that w,, must be contained in any form of . This also
means that if

gihagi 'hi 't gahags thyt - goheg tht =1 € G,

then the product wg, p, Wy by - = - Wy, n, € K™ will be a scalar which will
be an invariant of W, and will thus be contained in Kj.

We can understand this invariant by the Hopf formula and the uni-
versal coefficients theorem (see Section 2 of [2] for more details). Let
F' be the free group with generators z,, and let R be the kernel of the
homomorphism F' — G x4, — g. Then the Hopf formula says that the
Schur multiplier M(G) := Hy(G,Z) is isomorphic with

([F, FIN R)/[F, R],
and the universal coefficients Theorem implies that
H*(G,K*) = Homz(M(G), K*)

(we use here the fact that K is algebraically closed). The cocycle a thus
induces a homomorphism « : [F, F]NR — K* which vanishes on [F, R].
Ift =[xy, x| -+ - [2g,, T, ] € [F, F]NR then a direct calculation shows
that a(t) = wg, p, -+ Wy, -

We thus see that the image of a is contained in Kj. Since G is finite,
« is equivalent to a cocycle whose values are roots of unity. The image
of av is therefore generated by some root of unity pu.

We will now describe the generic form of W. We will show that W
has a form over Q(u) and therefore Ky = Q(p). Notice that already
in Cy we can write W = (©geq )Wy @ (BggarWy), and the first direct
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summand is isomorphic in Cy with 1/, The group G/G’ is finite
abelian, and we can therefore write

GG = (i) (Z,).

We write n; for the order of z;. We consider the object M = W} @
W, @®---@& W, . Welet f; be a basis element for W for every i. We
consider the localization A = Sym(M); where f = fifs--- f.. Then
A is a classifying algebra for W. Indeed, A = A ® W,, for every i. We
also have that W, = 1 for every g € G', and therefore A ®@ W, = A for
every g € GG'. Since the elements z; and the elements of G' generate G,
we can use the multiplication in W to get an isomorphism A®@ W, = A
for every g € G, and therefore A ®@ W = Al¢l as desired. Since the
category Cy is semisimple, A is a classifying algebra.

For every i, we can write Uyl = ¢;wgi i -+ Wi i for some elements
g§,h§ € G, ¢; € K*. We can change U,, by a scalar and we can

therefore assume that ¢; = 1 for every ¢. The generic form W will
then be generated by the elements U,U,U,-1Uy-1 and the elements
fiUs,. The base ring will be By, = Ko[(f")*']. By taking the algebra
generated by U,, and w,; we get a form for W defined already over
Q(p). This shows that Ky = Q(u).

In [2] Aljadeff Haile and Natapov have defined an algebra Ug which
they call the universal GG-graded algebra. They have defined the algebra
using the polynomial graded identities of W, and have described it as
the subalgebra of W @y K [t;tl]geg generated over Q by the elements
Uy ® ty. The algebra Ug will be the generic form associated to the
classifying algebra Sym(W*); where f = [], f,- The resulting base
ring will be bigger though. Since we choose M instead of W*, we get a
smaller base algebra of smaller Krull dimension: the rank of the abelian
group G /G’ instead of |G].

13.2. Taft Algebras. We begin by recalling the definition:
H,=k<gux>/(g"—1,2" grg ' — ()

where ( is a primitive n-th root of unity. The comultiplication is given
by A(g) = g® g and A(z) =z ® 1 4+ g ® x. The Hopf algebra H is
defined over k := Q(¢). Let W = “H be defined over K. We have an
isomorphism of H-comodules H = W. We write the image of h € H
by h € W. We are going to use the fundamental category of W in
order to classify all two H-cocycles over K up to equivalence.

We will do the following: we will use the maps we have in the cate-
gory Cy in order to decompose W as the direct sum of weight spaces
with respect to some commutative subalgebra of H* and another com-
mutative subalgebra of W. This decomposition will give us an invariant
b € K. We will then show that b already defines the isomorphism type
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of W, and that the assignment W > b gives us a one-to-one correspon-
dence between the field K and the different possible isomorphism types
of cocycles (in case K is algebraically closed). We will then construct
a generic form and describe the different forms.

We begin by considering the element v € H* given by

v(g'2’) = ('5j0.
The element v generates the group of group-like elements in H*. In
particular, v : W — W is an algebra map. We thus write W = &W,,

where W; is the subspace upon which v acts by ¢?. Since the action of
v does not depends on «, we see that

W; = span{gflyzzzj}j.

Notice that the decomposition W = @,;W; takes place in Cy,. We now
consider another element in H*, namely £ which is given by
§(g'a’) = bj1.

Then one can show that A(¢) = 1@£+£@vy~! and that vy~ = (€. But
this implies that £(W;) € W;,1. We consider now also Ker(§) =T;. It
is easy to see, again, since the action of H* does not depend on «, that
this is just the space spanned by the powers of §. Since vy~ = (¢,
we have that y(Ty) = Ty and W; N1} = Kg'. Now for every i we have
the map (bz W — (WlﬂTl)*®(W1ﬂT1)®W — (WlﬂTl)*®W
which is the composition of coevy,nr) ® 1 with the map a ® b ® ¢ —
a® (be— C'eb) (the multiplication here is the multiplication in W). We
have that Ker(¢;) = {y|gyg~' = 'y} (we have used the coevaluation
and the dual of W; N7} so that Ker(¢;) will be a subspace of W).
Since ¢g" € K*, conjugation by g" is trivial, and all the eigenvalues of
conjugation by g are of the form (* for some i. We therefore have a
second direct sum decomposition,

Wi = @;W,;;
where W; ; = W; N Ker(¢;) (to see that this is a direct sum we need
to check that conjugation by ¢ stabilizes W;, but this is immediate).

A direct calculation shows that we have {(W; ;) € Wity ;1. We claim
now the following:

Lemma 13.1. We have dimyg (W, ;) =1 for each i and for each j.

Proof. We know that the kernel of £ is spanx{g};, We have that
g € W;o. Also, we know that as an H-comodule, W is isomorphic to
H. This means that W is isomorphic to H as an H*-module. But this
means that there are elements ¢, € W such that £(¢;1) = g°. Now, t;
will be a sum of an element s;; € W;_1; and an element in 73. Since
Ty NW;_11 = 0, the element s;; is well defined. We thus have, without
loss of generality, that ¢;; € W;_11. We can now continue in a similar
fashion: assuming that n > 2, there are also element ¢;5 € W such
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that £(t;2) = t;1 (we use here the fact that for every j < n we have
that Ker(&7) = im(£"77)). Again, t;5 will be the sum of an element
in W;_35 and an element in 77. Since T7 N W;_29 = 0, this element
is uniquely defined. We thus assume, without loss of generality, that
tia € Wi_gao. We continue up to n — 1 in this way. We thus got, for
every ¢ =0,...,n—1,7=0,...,n—1, anonzero element t,,;; € W, ;
(indices are modulo n). So for each 7, j we have that dimy(W; ;) > 1.
But then the dimensions already sum up to n?, which is the dimension
of the algebra W, so we must have an equality. O

Notice that the last lemma says something stronger. We can deduce
that the restriction of § to W;; gives us an isomorphism & : W;; —
Wi j—1 for every j # 0. In particular, consider 1 € Wy,. There is a
unique element ¢ € W_; ; such that {(¢) = 1. Since the multiplication
respects the double grading on W we have that t" € Wy o = spang{1}.
So t is an invariant vector, and t" = b € K is an invariant of the H-
comodule algebra W. We have that t* € W_, ; for every i < n. We claim
that t* # 0 for every i < n. We have that £(t') = (14+¢+-- -+,
so this follows easily by induction. This already implies that for every
i =0,...,n—1, t" spans W_;;. The restriction to the subalgebra
generated by ¢ will give us that §g" = a € K is non zero (because
this is a two-cocycle on the group C,). We thus have that for every
i=0,...,n—1andevery j =0,...,n— 1 §’t’ spans Wi

It follows that our algebra W has a basis given by {g't/}, ; subject
to the relations

J"=a,t" =0,

gtg~' = (t.
The coaction of H is given by:

p(g)=g®g

pt) =t@g ' +1®g 'z
Since g and z are generators of W, this determines p. This shows that
the isomorphism type of W depends only on the pair (a,b). Moreover,
it is not hard to show that for any pair (a,b) we get an H-comodule
algebra in this way. It is possible, however, that different values of a will
give us isomorphic algebras (we have already seen that b is an invariant
of the algebra). Indeed, if we change g to be xg for some x € K, then
we replace a by az™. Since K is assumed to be algebraically closed, we
can assume without loss of generality that a = 1. Thus, over K the
equivalence classes of cocycles on H are in one-to-one correspondence
with elements of K, and the field of invariants for the cocycle which
corresponds to b is Ky = Q((,b).
We construct now a generic form for the algebra W which corre-

sponds to (1,b). We take A = Sym((W1,)*)s, where f is a basis ele-
ment of (W;)*. The resulting base algebra will be By, = Q(¢, b)[f*"]
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(so it will be a Laurent polynomial ring in one variable a := f™). The
generic form will then be generated over By by ¢ and t, subject to the
relations written above and with the H-coaction written above. The
only difference is that now a will be a generic (invertible) element, and
not a specific element of the ground field. It is easy to see that for any
extension field Q(¢,b) C K; the forms correspond to (a,b) and (d’,b)
will be isomorphic if and only if a/a’ € (K{*)", and thus the different
forms are in one-to-one correspondence with the group K{*/(K{)"

13.3. Products of Taft Hopf algebras. We shall study now the
same question for the tensor product of Taft Hopf algebras. Assume
that for every i = 1,...,2, H; is a Taft Hopf algebra of dimension n?.
Let n = l.c.m(n;), and let ¢ be a primitive n-th root of unity. Then H; is
generated by g;, 7, subject to the relations g/ —1 = 2" = 0, g;w;9;, ' =
(“x; where (“ is a primitive n;-th root of unity. The comultiplication
in H; is given by A(g;) = ¢; ® g; and A(x;) = 2; @ 1 + ¢; ® x;. We
write H = @;_, H;. We shall classify all algebras of the form *H and
describe the generic forms.

So let a be a two-cocycle on H. To begin with, the restriction of
a to each of the algebras H; will give us an H; comodule algebra. By
the results of the last subsection, we can assume that this algebra is
generated by the elements g; and ¢; subject to the relations ¢ = b;,
Gi" = a; and Git;G;"' = (%t;. The only thing that we need in order
to understand “H as well, is to understand how the subalgebras “H;
commute with one another.

We begin by looking on the restriction of o to the group algebra of
G ={(91,92,---,9.). This is a finite abelian group, and we understand
well the elements in H?(G, K*). The invariants of a|g will be given by
the scalars (% such that g;g; = ("7 g;g;. Notice that (9 must be an
n; and n; root of unity. In other words, n|c;b;; and n|c;b;;. Notice also
that b“ = bij + bji = 0 mod n.

The cocycle alg is completely determined by giving these scalars
together with the scalars a;

We have that p(t;) =t; ® g;l +1® gj’l:cj and p(g;) = §; ® g; and
therefore

P NP o | —1 1, -1 _
p(gitiGi ) = git;Gi - ®g; +1®@gig; 79, =
Gitigi ' @ 1+1® g5 'a;
So if we write ¢;; = git;G; ' —t; we have that p(t;;) = t;; ®gj_1 and there-
fore t;; € K - g;~'. By conjugating t;; with g; we see that g;t;;g;”* =
¢%t;;. But since t;; € K - g}»*l we also have that g}»tijg}*l = t;;. This
implies that ¢;; = 0 and therefore g;t; G = t;.
The last thing we need to understand is the commutation relations

between ¢; and t; for ¢ # j. Consider the element ¢;t; — ¢;t;. A direct
calculation shows that p(t;t;—t,t;) = (tit;—t;t;)®g; 'g;~* and therefore
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tit; —tit; = )\i,jg}*lg}*l. We call the indices ¢ and j connected, and we
write 7 v~ 7 if A;j # 0. The fact that ¢ and j are connected has some
consequences:

Lemma 13.2. Let i and j be connected indices. Then it holds that
bij = —c; = ¢; mod n and by, + b, =0 mod n for every third index k
which 1s not © nor j.

Proof. We conjugate the equation t;t; —t;t; = )\Z-jgi_lg}_l by gi, g; and
gr- The result follows from the fact that A;; is a nonzero scalar. O
We can now write the algebra W and the coaction explicitly: W is

generated by the elements g;, t; subject to the following list of relations:

SN

gi" = ai, G =0bi, Gitigi ' = (%
Gigs = C*9G;Gi,  Git;gi "t =t; for i # j
tit; — tit; = Nijgi g
p(gi) = Gi ® gi
pt) =t @ g +1® g ;.

As we have seen in the study of cocycles over group algebras and over
Taft algebras, the cohomology class of the cocycle o determines the
scalars b; and ¢%i. The presence of the scalars );; makes it harder to

understand what are the other invariants of the cocycle. To do this,
notice first that if ¢ «~ j then

Aij = (tzt] — t]tl)nl = i)\"?a.*la;l

ij

is an invariant of «. Second, if 7; v~ 49 -+ v~ 4, v~ i then

_ —1 m-+1
Niviz- i = MirisAigly Ao i)
is also an invariant of « (notice that the only possibility in which m is
odd is if ¢; = n/2 for i =iy,...4,,). It is possible to show that over an

algebraically closed field we can find a cocycle equivalent to o which
can be written in terms of the invariants b;, (%7, A;; and A; 4, 4. (by
altering g; by a nonzero scalar). We summarize our discussion in the
following proposition:

Proposition 13.3. The cocycle a is determined (up to equivalence)
by the scalars a;, b, C*, N;;. The cocycle o determines the scalars b;,
¢l Aij and A, ... These scalars satisfy the relations: ¢ is an n,
root of unity, ¢ttt =1, ¢% =1, and if N\;j # 0, then (birtbic =1
and (% = (%. Moreover, any collection (b;, (%, N\;;) of scalars which
satisfy the above relations will give us a cocycle on H.

Proof. The fact that b; and (% are invariants of the cocycle a follows
from our discussion on group algebras and on Taft algebras. Since
we wrote the algebra in terms of the scalars in the proposition, the
collection of scalars b;, a;, (%, Aij determines the equivalence class of
the cocycle « (also over a nonalgebraically closed field).
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In the other direction, if we have such a collection of scalars which
satisfies the condition of the proposition, it is possible to construct an
algebra with these relations and coaction. The only nontrivial part is
to show that this algebra is really of the form ®H (a priori, it is possible
that the relations we have will define the trivial algebra, for example).
The algebra can be constructed by Ore extensions and crossed prod-
ucts, and we can prove by induction on the number of factors z that
the algebra is really of the form “H. O

We will now construct the generic form of “H. As before, we will
take M = @;(K - g;)* and A = Sym(M); where f = [[fi. (fi is
the dual basis for g; for the space K - g;). Then the base algebra
will be B = @(C,bi,Aij,Ail___imﬂCLitl,CL;tl, ...aFl], where a; = £, and
the generic form will be exactly the algebra written above (the only
difference is that now a; are generic elements, and not elements of the
ground field). Notice that we can take even a smaller algebra: indeed,
if i «~ j then the vector t;t; —t;t; = )\ijgfljfl will be contained in any
form. We can then take M = &,(K - §;)* where we take only one index
1 from each equivalence class of the equivalence relation generated by
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