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ABSTRACT

A method for computing the dynamic responses due to the interaction of two non-self-
adjoint systems: a linear, one-dimensional (1D) continuum and a linear, multi-degree-of-
freedom (MDOF) oscillator travelling over the continuum, is presented. The solution method
is applicable to a broad class of 1D continua, whose dynamics may be governed by various
linear operators and subjected to different boundary conditions. The problem is reduced to the
integration of a system of linear differential equations with time dependent coefficients. These
coefficients are found to depend on eigenvalues as well as eigenfunctions and eigenvectors of
the continuum and the oscillator. Two examples are included, representing bridge and railway

track vibrations, to demonstrate the application of the method and discuss its convergence.
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1. INTRODUCTION

The dynamic response of flexible structures due to moving loads is an important issue
in engineering. The problem is relevant in vehicle dynamics, studies of band and circular saw
blades, machine chain and belt drives, computer hard drives and many other applications.
Among civil engineering applications are analyses of dynamic response of railway, roadway
and pedestrian bridges due to traffic loads, and studies of roadway pavements, railroad tracks,
airport runways, cable railways, floors etc. A large amount of analytical research has been
devoted to the topic, e.g., [1]-[9]. In early studies, vehicle loads were represented as moving
constant or time-varying forces, a moving mass, or a moving sprung mass. Later, more
sophisticated multi-degree-of-freedom (MDOF) models were proposed, and the various linear
as well as non-linear stiffness and damping characteristics of vehicles were considered. The
development of fast computers also facilitated a much more detailed modelling of bridges and
other structures through the use of Finite Element Method (FEM). From the point of view of
computational effort, the modal based techniques are especially attractive. In the modal
analysis process, one can naturally truncate the number of modes and thus prevent excessive
computational burden, whereas FEM based modelling may lead to a large computational load,
especially when two or three-dimensional structural models need to be analyzed. Such
methods are also useful as a tool for checking and evaluating FEM solutions. However, most
of the studies using the modal approach have developed ad hoc solutions valid only for
particular types of structural and vehicle models considered. Little analytical work is available
on the development of a general modal expansion technique capable of resolving the
interaction problem for a broader class of models.

Pesterev and Bergman [10] considered the problem of the vibrations of a general

category of linear, conservative, one-dimensional (1D) continua carrying a moving, linear,



conservative, one-degree-of-freedom (1DOF) oscillator. They established the solution of the
interaction problem in the form of a series in terms of the eigenfunctions of the isolated
continuum. The time dependent factors of the expansion were demonstrated to obey a system
of linear differential equations with time dependent coefficients. These coefficients turned out
to depend on natural frequencies and eigenfunctions of the isolated continuum, mass of the
oscillator, and stiffness of the interaction spring. This method can be used to examine any 1D
linear conservative continuum, regardless of the governing equation of motion or boundary
conditions. Later, the authors expanded their method ([11]), which enabled the investigation
of the interaction problem for non-conservative, non-self-adjoint continua as well. However,
these derivations were limited to the conservative vehicle-structure interaction forces and
1DOF vehicle model, making the obtained method only of limited usefulness in practical
application to design and analysis. Omenzetter and Fujino ([12]) extended the work of
Pesterev and Bergman and obtained solutions for a moving MDOF oscillator, where both the
continuum and the oscillator were assumed to be self-adjoint, classically damped systems.
Their solution employed modal decomposition for both the continuum and the oscillator,
which was a unique approach compared to the existing previous studies.

The novel contribution of the present study is the consideration of a non-self-adjoint
continuum and a non-self-adjoint MDOF vehicle model, interacting with the continuum at
several contact points through linear elastic and viscous forces. The solution of the structure-
vehicle interaction problem is obtained in terms of a modal expansion using eigenfunctions
and eigenvectors of the isolated continuum and oscillator, respectively. The primary challenge
was that for non-self-adjoint operators the direct and adjoint eigenvalue problems yield
different sets of eigenfunctions or eigenvectors and these are furthermore complex valued.

The problem of computing the time dependent terms of the modal expansion is reduced to the



integration of a system of linear differential equations with time dependent real coefficients.
The coefficients of these equations are derived in terms of the complex eigenvalues as well as
eigenfunctions and eigenvectors of the isolated continuum and the MDOF oscillator, and
stiffness and damping of the interaction elements. The obtained analytical method is applied
to two numerical examples, i.e., bridge and railway track vibrations, which demonstrate its

use and study convergence.

2. THEORY

2.1. Problem Formulation

In a study of the vehicle-structure interaction, two equations of motion can be written
for the isolated continuum and the isolated moving oscillator, respectively. These equations
are coupled due to the presence of interaction forces at the contact points. A 1D continuous
system and a MDOF oscillator moving over it are shown Fig. 1. The part of the system that is,
for illustrative purposes, confined within dashed boundaries and consists of those masses,
springs and dashpots that are not in a direct contact with the continuum is referred to as the
vehicle model or oscillator. Those springs and dashpots that are in a direct contact with the
continuum are referred to as the interaction elements. The locations on the continuum are
described by variable x, and the continuum occupies the interval 0<x <L, where L is the
length of the continuum. The lateral deflections of the continuum at location x and time t are

described by a function u_(x,t), while u (x,0) and u_(x,0) are initial displacements and

velocities, respectively. Distributed external forces acting on the continuum are denoted

by f.(x,t). The displacements of the vehicle under the action of external forces, f,(t), are

denoted by a vector u,(t), while u,(0) and u,(0) are initial conditions. (Note that the



mathematical formulations presented herein treat both differential operators/matrices and
functions/vectors in the same way as operators and objects in their respective vector spaces.
To emphasize this, the more traditional notational convention of using bold characters for
matrices and vectors has been dispensed with.) The derivation of a continuum-vehicle
interaction governing equation of motion was described in detail in [12]; in this paper, a
shortened form of problem formulation is given. The equation of motion can be succinctly

expressed in the following form ([12]):

(A+(:)*I:(:))U:F+P (1)

where the symbols introduced in Eq. (1) are as follows:

A: |:'% X }’ (:) - [A X[Xcv(t)] _TJ’ é* - |:AX[);EVT(t)]:| ? I: = Kcv +Ccv% (2a'd)

u=u(xt) ul®], F=[t.(xt) @), P=[P.(xt) PI@)] (2e-g)

The asterisk denotes an adjoint operator, and superscript “T ” a transposition of a vector or
matrix. Operators AC and AV govern the motion of the isolated continuum and oscillator,

respectively, and can be written as follows:

Au,(x,t)=M, S G K.u,(x,t) (3a)
Au,t)=M, d;‘ivz(t) +C, d“(;t(t) +K,u, (t) (3b)

M CC and Kc are spatial linear differential operators, whereas M, C, and K, are square

c

matrices. Operators M, and M, are positive definite. Operators Cc and C, describe the

effects of damping and gyroscopic forces, while Kc and K, these of stiffness and circulatory



forces. Operators ©, O and L describe the coupling between the continuum and oscillator.

A

Operators © and its adjoint ©" consist of the sensor operator, I1 [x,,(t)], and the effector

A

operator, A [x(t)], as well as matrix T that transforms the displacements of the oscillator

into the displacements resulting in interaction forces. The sensor and effector operators form

an adjoint operator pair and have the following forms ([13]):

1B 0= @] - A, O (42)

A b 0= 11, b 0= o=, 0] - Sc=x,,, 0] (4b)

7, (% J2(x) = 2(x, ) (5)
and o denotes the Dirac delta function. In Eq. (4), xcv(t) is the vector of contact point
locations of size N, . Operator L defined in Eq. (2d) accounts for the stiffness and damping
of the interaction elements, where K, and C, are their stiffness and damping matrices,

respectively.
Vector P describes the inputs to the coupled system due to the initial conditions and

can be found as

P =M&(t)u(x,0)+M8(t)u(x,0)+{C+0"[x, (0)]C.O[ x, (0) }[5(t)u(x.0)]  (6)

where

M= | Me 9,6: C. 0 (7a, b)
0 M, 0 C



2.2. Eigenvalue Problems

This study attempts to establish a solution for the interaction problem in the form of a
modal expansion using eigenvalues as well as eigenfunctions of the continuum and
eigenvectors of the oscillator. Therefore, to lay the ground for subsequent derivations in this
section the eigenvalue problems are formulated and the properties of the eigenfunctions and
eigenvectors important for this study are discussed.

The direct and adjoint eigenvalue problems associated with the equation of motion of

the isolated continuum can be written as follows:

(/ﬁ,kmc+lc,kéc+|{c c,k(x)zo’ k=i1,i2,... (83)
(2 M, +7 G +R Yy, (x)=0, k=21, £2, ... (8b)
where the overbar denotes complex conjugation, A, is the k-th eigenvalue, and ¢c'k(x) and

(//Cyk(x) are eigenfunctions of the direct and adjoint eigenvalue problem, respectively. It is

useful to extend the domain over which the eigenfunctions are defined to all real numbers,
—00 < X < 400, by assigning to the eigenfunctions values of zero outside the interval 0<x<L.
Having done so, all the formulas are the same irrespective of the current location of the
oscillator ([12]). The eigenvalues and eigenvectors possess the following properties:

Ao c=2rr b (X)=4 (x) and w, ,(x)=, (x). In general, the eigenvectors are

complex and nonorthogonal, however, the following normalization condition ([14]) for

¢, (x) and v, (x) holds:

O

_ n 1
c,k (X)Mc¢c,k (X)dx_//LT

Lk

J. _c,k (X)Kc¢c,k (X)dX =2 (9)



Likewise, the direct and adjoint eigenvalue problems associated with the equation of

motion of the isolated vehicle are:

(ﬂ'\zl,ka+ﬂv,ka+Kv»v,k :0 (IOa)
(ﬂ_\/z,ka+/Tv,kCJ+K\/T vk =0 (10b)
Among the eigenvalues which satisfy Eq. (10), there are non-zero-valued ones corresponding

to vibratory modes and denoted by A4, (k=+1+2,...,£N, ), as well as zero-valued ones
corresponding to rigid body modes and denoted by 4, , (k=1 2,..., N, ). The corresponding
eigenvectors are ¢, , and v, ., and ¢, and w, . The conjugate properties of the
eigenvalues and eigenvectors of the generally complex vibratory modes are the same as those
of the continuum modes, i.e., A, 4 =4y s B « =By aNd v, =¥, ,; Whereas the

eigenvectors of the rigid body modes are all real. The eigenvector normalization condition

takes the following forms:

_ 1 _
l//VTI,kMV¢W,k_2_l//V1\-/,kKV¢W,k:2 (lla)
A,k
for the vibratory modes, and
l//\-lrr,ka¢vr,k =1 (llb)

for the rigid body modes, respectively.

2.3. Solution by Reduction to Ordinary Differential Equations

The solution of the interaction problem [Eq. (1)] is given by the following formula:

u=(A+&C6) (F+P) (12)
The inverse operator appearing in Eq. (12) can be found as ([15]):

9



RN A A A A
(A+® L@) =AT-A'O FLOA! (13)
where the characteristic operator, 7, is given as
7=1+LOA™O (14)

The inverse of operator A describing the vibrations of the isolated subsystems is:
. At 0
At = . (15)
0 A
To evaluate the operators Ac‘l and N ! amodal expansion of the Green function ([14]) can be

used, leading to the following formulas:

fa_rrlal - _
At=[]2 2" 0, (7 (§) T (6,7)dgde (16a)
0 —0 & k=£1"%¢ k
AL (139 1 A,k (t=7) —T PR
A =I;Z—e 0 A2+ [ (=) g L (o) (16b)
0 k=+1 k 0 k=1

Introduce the notation for the following modal quantities: the modal external forces

Qu, ()= [ 70, ()1, (X0, k=41 52, (17a)
Qu )=, (f, (), k=21, £2,..., £N,, (17b)
er,k(t):y/\-/rr,kfv(t)’ k:l’27"" er (170)

the modal initial displacements and velocities

00

Goo.x = /12 Iwck( X) KU, (,0)dX, e, = ], (¥)Mli, (x,0)dx, k =+1, +2,...(18a, b)
c,k —

—00

G 1 =—%iv7x,kr<vuv(0), G =70 (OMU,(0), k=21 22, ., £N,, (I8¢, d)
k

10



quo,k =V/\-/rr,kauv(0)9 quo,k =l//\1-r,k(X)Mvuc(O)’ k :1' 2’ e er (186’ f)

and the modal inputs due to the initial conditions

(n.[x. ()7, () ©
1 . x| Vev (//c,k v 1 Too 1 .
RC,k (t) = ){'C,k (Z}k 900.7( +ch,k] + /’i,c'k |:E ]=ile I:XCV (O):|¢L.I (X)£Z qco,[ + ch,J
1 N, 1 . Ny,
_E j:z:ﬂT¢w,j jw_’jq\;vo,j +vi0,j - jz::lT¢vr,qur0,j §(t)’ k= il’ * 2’
(192)
1 . l/7\-,|*—v,kTTCcv 1 = ]- .
R (1) = A mqvvo,k + G0k +T > Fzﬂnx [%,(0)]¢. () zqco,; +0.0,
1 £Nyw 1 . Ny,
_Ejél-r(éw,j mqvvo,j +0.0, |~ jzzle¢vr,qurO,j 5(t), k=+1,+2,...,+ N,
(19b)
; ( —T T l & 1.
er,k (t) = quO,ké‘(t) + TQW‘O,I{ + (//vr, kT Ccv E ngnx |:Xcv (O):|¢c,[ (X) TQUO,[ + QCO,j
—+ -
1Ny 1 . Ny
_Ejgﬂ-r¢w,j ﬂVV_JgWO,j+QWO,j _J_E::lT¢vr,qur0,j 5(1:)’ k:]" 2’ ""er
(19¢)
Introduce the notation
FULOA(F+P)=y(t) (20)

Function —y(t) can be recognized as the vector of interaction forces acting upon the

continuum at the contact points with the oscillator ([12]). The modal interaction forces can

now be defined as

Yo (1) =={TL[ %, (1) ]7. « ()} y(t), k=+1,%2, ... (21a)

Yo )= TTy(t), k=21 +2,..., N (21b)

11

|



Yvr,k(t): V/\-/rrkTTy(t)a k :11 2! ce er (210)

New variables, or modal coordinates, are defined as
t
6., (1)= j%e”‘*k(”) [Qu(7)+ R (7)+Y, (7)]dr, k=41,42, .. (22a)
0 ¢k

t 1
()=
(=7

e Qu (£) 4Ry (7)+ Yy (7)]d7, k=21 42, £N,,  (22b)

qw'k(t)zi(t—r)[Qw’k(r)+Rwyk(r) e (0)]dr, k=12, N, (22¢)

Differentiating Egs. (22a, b) with respect to t once and Eg. (22c) twice, one obtains the
following first or second order differential equations, respectively, satisfied by the modal

coordinates:

qc,k(t)_/lc ch,k(t)_ Qc,k(t)+ Rc,k(t)+Yc,k(t)

= o k=11 +2, (23a)
G ()= 2, 1y ()= Quilt)+ R/ftv-k(t)”w'k(t), K=+1+2, .., +N,, (23b)
qu k() vr k()+er k() vr, k()’ k:l’21"" er (230)

Expanding Eq. (20) and using the modal coordinates yields the formula for the interaction

forces:

y(t) = Kcv {% S I: :|¢c k qc k ( ) ; T¢W kqw k )_2T¢vr,qur,k (t)}

%Z Hx |:Xcv (t):|¢c k ( )QC k ZT¢\I\/ kQW k ZT¢W )QVJ' k )} (24)

k=+1 k +1
l &= Hx I:Xcv (t):|¢c k(x)
C. = ' t
+ cv 2 “= dt qc,k ( )

12



Using Eq. (24), the modal interaction forces can be obtained [Eq. (21)] and substituted into
Eq. (23) yielding a set of linear ordinary differential equations with time dependent
coefficients for the modal coordinates. Additionally, the modal input terms due to initial
conditions [Eq. (19)] can be recognized to be equivalent to the initial conditions for the

unknown modal coordinates:

1
e, (0) = 7ok + Qugye» K=£1 £2,... (25a)
¢, k
1
G« (0)=—"—CGo +Gno x> K=2L+2, ..., N, (25b)
A,k
qu,k(o):quo,k’ qu,k(o):quo,k’ k :1' 21 e er (2509 d)

Thus, the final set of equations for the modal coordinates is as follows:

0| 7 !
qc,k(r)—ﬂ.c,ch,k(t)+{ X[XCV(;)]%‘k(X)} y(t)—Qlk(t), k=+L+2,...  (26)
Do i T Q. (1)
(T I : t)=—2* ) k=+1+2,..., N, 26b
G, ic () = Ao, i, (1) " y(t) A (26b)
qu,k(t)_l//\-/rr,kTTy(t):er,k(t)9 k :1’ 21 e er (260)

and the initial conditions are given by Eq. (25).
Expanding Eq. (12) and substituting into it Eq. (22), the solution for the interaction

problem, i.e., the response of the continuum and vehicle, can be found as:

0 (%8)=2 3 4 (¥ (1) @72
uv (t):%zw ¢W,kqw,k(t)+i¢vr,kqu,k(t) (27b)

13



Equations (26) and (27) represent an exact solution of the problem of the interaction of a non-
self-adjoint, MDOF oscillator moving over a non-self-adjoint, 1D continuum, and interacting
with it through linear elastic and viscous forces. For practical applications, the number of
equations in Eq. (26a) must always be truncated, and the problem is reduced to solving a

finite-dimensional set of differential equations.

2.4. Real Form for the Solution

Equations (26) governing the modal coordinates have complex valued coefficients. In

order to avoid complex arithmetic, a real form of the solution is desirable. The notation used

‘CI”

in this section is such that superscripts “R” and denote the real and imaginary part of the

superscripted complex quantity, respectively. The real form of Eq. (26) is

A e (2 0 -2 ([ 0w )

2

ch,k ([)_ﬂcR,chRjk (t)+/1cl,chl,k (t)+

ﬂc,k
AL ()+ 41,0 (1)
ﬂ“c,kz
k=1 2, ... (28a)
| | R R | A’clk Hx Xcvt l//ch X T+lchk Hx Xcv t Wclk X '
02 -0 0 L D LD O OOy
=ﬂ“cF?chl,k(t)_/1cl,k cF?k(t)
ﬂ’c,kz
k=1 2, ... (28b)

ﬂ\ﬁ,kl//vs/, kTTT _ﬂ\llv,kl//\:v, kTTT _ﬂxz,ka?/,k(t)"'ﬂvlv,k vlv,k(t)
y(t)_ ‘ﬂw ‘2

quv,k (r)_ﬂvs,kq\f/,k (t)_'_ﬂ‘vlv,kq\iv,k (t)_

(28¢)

14



j’vlv,k‘//\f/, kTTT +A\5,k‘ﬂ\:v, kTTT y(t) _ ﬂv':\a/,kQ\:v,k (t)_lvlv,kaF\{,,k (t)

| [
k=1 2, ..., N (28d)

Vv

q\iv,k ([)_/L/Iv,kq\z,k (t)_ﬂvs,kq\:v,k (t)+

qu,k( ) l//vr kTTy( ) er k( )’ k=1'21"" er (286)

The interaction forces y(t) are given in terms of the real and imaginary parts of the modal

coordinates as

y(t:Kw{ {11, [, (0] () (6)-T1, [, (0] ()t ()

k=1
N

ZW{T¢W kqw k T¢w kqw k )}_2T¢vr,qur,k (t)}

k=

+CCV{;{HX[XW )@ ()6, (=11, [, (1) ]@l (x)dl (1)) (29)

N

N

=

l{T¢w k‘Jw K ( ) T¢Jv,kg\1v,k (I)}—il—%,,qum (t)}
3 {dﬂx[xw O ) g, ) MLl 0 (t)}

= dt

7\_
Il

while the initial conditions are as follows:

ARGR =l g! AL 0B+ AR g
chk( ): c,k‘i‘co,; Zc,kli‘co,k cRO,k9 q;‘k(o): c,k‘ico,; 2¢,k9c0,k +q(I:0,k9 k=1 2, ...(30a,b)
¢, k c, k
ROGR gl ol LGR R
q:{v’k(o):/l\lv,k(JWO,k ;V,kIJW/O,k +l,]v|3/0’k, q\lv'k(o): Zvv,k‘i'wo,k Y, kgwo k +q\:\/0’k
[ i

k=12, ..., N (30c, d)

v

and external modal forces as follows:

jwck J(xt)dx, Q! (t fwck J(xt)dx, k=12, ... (3la,b)

15



QR (V) =wr (1), QL ()=-wh £ (t), k=12 .., N, (31c, d)

The solution for the interaction problem can now be written as follows:

0, (% 8) = 2[5 ()05 ()= (), (V)] (322)

DICACNORACING) S AU (32b)

2.5. Special Case: Proportionally Damped Systems
A special case of the interaction problem is concerned with proportionally damped

systems. For such systems, the following conditions hold ([14], [16]): 1) éc:é: and

~ A

K, =K, ii) C.M, 'K z(x) =K M, 'C.z(x) for any sufficiently differentiable function z(x),
iii) the boundary conditions of the higher order operator of éc and KC are derivable from a
compatible set of boundary conditions of the lower order operator, iv) C, =C] and K, =K/,

and v) C,M, K, =K, M,™'C,. As can easily be seen from Egs. (8) and (10), the solutions for

the direct and adjoint eigenvalue problems for proportionally damped systems coincide. The

eigenfunctions of the continuum and eigenvectors of the oscillator are real and will be denoted

by ¢, (x) (k=1 2, ...)and ¢, (k=1 2, ..., N,), respectively. Note that differentiating

the notation for the oscillator’s vibratory and rigid modes is now not necessary, and the total

number of oscillator’s modes is N, =N, + N, . The eigenfunctions and eigenvectors of the

proportionally damped systems are usually normalized as follows:

Icock Mo, (X)dx=1, k=1, 2, ... (33a)
o M, =1, k=12 .., N (33b)

16



To derive the equations for the modal coordinates one can substitute ¢, (x) and ¢, for

$.(X), by and g, . However, as shown by Pesterev and Bergman ([11]), except for
conservative systems, if the normalization conditions of Egs. (9) and (11a) are to hold,
. (x) and y,, , must be substituted for by c, ¢, (x) and c, @, ., Where complex

constants c_, and c,, , are as follows:

Co.x :if,*, k=1 2, ... (34a)

Cp =i k=12, ..., N, (34b)

where i denotes the imaginary unit. Differentiating Eq. (28a) and substituting into it Eq. (28b),
and performing the same procedure for Eqgs. (28c) and (28d) yields second order differential

equations for the real parts of modal coordinates (note that superscript “R” was dropped for

brevity):

qc,k(t)+2§c,kw05,k(;‘c,k( )+0)0C ch k { [Xcv ):I(oc,k (X)}T y(t):Qc,k (t)’ k :1’ 2’ (353')

\

qv,k( )"‘24 Doy, kqvk( )+(Uo» kqvk( ) QIkTTy(t):Qv,k(t)’ k=12, ..., N (35b)

with interaction forces:

Y(t) =K, {inx I:Xcv ]% k qc k )_2T¢v,kqv,k (t)}

+
O
ngE
=
—
O><
—
S
PF"

- ZT¢V kQV k ( )} (36)

external modal forces:

17



I(ock (xt)dx, k=1 2, (37a)

Q. ()=l £ (t), k=12, ..., N, (37b)

and initial conditions:

(o jgock X)M,u, (x,0)dx, d.;(0)= o, (x) Mz, (x,0)dx, k=1, 2, ...(38a, b)

—a0

A (0)=¢7  (X)Mu,(0), 6,,(0)=¢] , (x) M, (0), k=1, 2, ..., N, (38c, d)
Symbols @, , and ¢, represent undamped natural frequencies and damping ratios,

respectively, and can be defined for the continuum and the vehicle as follows:

ﬂ’ch
Ooe =\ Lok|> Gex =", K=1 2, ... (39a, b)
’ ’ ’ ﬂ“c,k
A for |4, ,]#0
Oonse =] Goe =1 Ak k=12 ..., N, (39c¢, d)
0  for|4,|=0

The solution for the interaction problem in the case of proportionally damped systems can be

found as

Z(Dc k qc k (403-)
= 00 (1) (40b)

The results for the proportionally damped systems described in this section have been
obtained previously by Omenzetter and Fujino ([12]) under more restricting assumptions.

Here they are presented as a special case of the general interaction problem considered.

18



3. NUMERICAL EXAMPLES

In order to explain the application of the introduced mathematical concepts and study
selected numerical aspects of the proposed method, such as convergence, two detailed
numerical examples are provided.

3.1. Example 1

The purpose of this example is twofold: i) to offer a “guided tour” explaining the
application of the theory to a particular system with the various operators explicitly shown for
the system at hand, and ii) to obtain insights about the rate of numerical convergence for
simple systems such as Euler-Bernoulli beams with uniformly distributed parameters.

The continuum is a proportionally damped, simply supported Euler-Bernoulli beam

studied previously by Green and Cebon ([4]), with length L=40m, constant bending

stiffness El =1.275x10" Nm?* and mass per unit length m=1.2x10* kg/m. Models of this

type are often use for analysis of vibrations in simple bridge structures.

The operator governing the motion of the isolated beam is

A d%u_(x,t) o* You,(x,t) _ 8%u (xt)
Acuc(x,t):mT+(alm+a2El vl +El v (41)
where the damping operator, C, = a;m+a,El 6*/6x*, was chosen to represent the Rayleigh

proportional damping ([17]), and the numerical coefficients, ¢, =0.6434s™ and

a, =0.0004 s, were selected in agreement with the example of Green and Cebon ([4]). The

eigenfunctions, undamped natural frequencies and damping ratios are as follows:

2 . kxx kz ? El a, Wy
X)=,—SIN—, @y, , =| — ’—, ok = + — ., k=1, 2, ...(42a-c
Coc,k( ) L Wy k ( L j m Cek Za)OC,k 5 ( )
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The external forces acting on the beam are ignored and the beam is assumed to be at rest
before the oscillator arrival.

The vehicle and interaction models are depicted in Fig. 2. The masses are
m, =3.6x10" kg and m, =m, =2.0x10° kg, the second-order mass moment of inertia is
I, =1.44x10° kgm?, the spring stiffness values are k, =k, =9.0x10° N/m, and damping
coefficients are ¢, =7.92x10* kg/s and c, =7.2x10* kg/s . The values of interaction spring
stiffness are k, =k, =3.6x10" N/m and damping coefficients are c, =c, =7.2x10" kg/s.
The distance between axles is 1 =1.0m. The vector of displacements of this 4DOF vehicle
model, u] (t):[uvl1 U, U, Uv,4], consist of sprung mass (vehicle body) displacement,

sprung mass pitch rotation and two tire displacements. The zero displacement vector

corresponds to the state when no forces exist in the vehicle and interaction model springs. The

mass, damping and stiffness matrices appearing in operator AV [Eq. (3b)] are as follows:

m 0 0 O c,+c, —(c,—c)l/2 - -,
I, 0 O 2 -

M. - . C.- (c,+¢,)17/2 cl/2 —c,l/2 (32, b)

m, 0 C, 0

sym. m, sym. c,

otk —(k—k)1/2 -k kK
2 p—
‘ (k +k, )12 /4 klII(/Z kzl/z 30
1

sym. K,
The above mass, damping and stiffness matrices describe, in a general case as well as for the
particular selection of mechanical parameter values considered here, a non-proportionally

damped system. The eigenvalues of the vehicle model are as follows: for the rigid body

modes 4, , =4, , =0rad/s, and for the oscillatory modes A, , =(—19.02+64.86i) rad/s and
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Aw»=(—21.02+67.2li)rad/s. The eigenvectors of the direct eigenvalue problem
corresponding to the rigid body modes are ¢VTr’1:[—O.500 1.000 -1.000 0.000] and
¢VTr’2 :[0.667 0.667 0.333 1.000]. These are, however, not uniquely determined and any
linear combination of ¢, , and ¢, , also represents a rigid body mode. The eigenvectors of
the direct eigenvalue problem corresponding to the oscillatory modes are
¢r,1 =[—0.093+0.025i 0.002+0.003i 1.000 0.674—0.456i] and
¢y, =[-0.015-0.023i -0.012+0.003i —0.730+0.416i 1.000]. Since the vehicle model

is non-gyroscopic and non-circulatory, i.e., C, =C/ and K, =K, the eigenvectors of the

adjoint eigenvalue problem can easily be found as w,, , =@, ., ¥, , =&, ,, V1 =9, and

V.2 = s, hOwever they need to be later normalized so that the conditions of Egs. (11a) and

(11b) are satisfied. The external forces acting on the vehicle are the gravity forces, i.e.,

f :[mlg 0 myg mgg] , Where g is the gravity acceleration. The initial displacements of

the vehicle due to the presence of gravity forces can be computed as

u,(0)

the initial velocities are assumed to be zero.

(K, +TTK,T )71 f,, where matrices K_, and T are shown in the following paragraph;

The stiffness and damping matrices that describe the interaction forces are as follows:
K, =diag(k;, k,) and C, =diag(c,, c,), whereas matrix T is as follows:
0 010
T= (44)
0 0 01

Assuming that the velocity of the vehicle, v, is constant and that the zero time corresponds to

the instant when the front axle enters the beam, the vector of contact point location is given as
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Xy (t)=[vt—1 vt] 7, and the action of the sensor operator IT,[x,, (t)] on an eigenfunction

@ (X) when I/v<t<L/v results in

[, (t) e (1) =\/%[sin k”(\l’_t_') sin kt"t} k=12 ... (45)

The integration of equations of motion was carried out using a Runge-Kutta method ([18]).
For practical applications, the number of modes of the continuum taken into account

must be finite and will be denoted by N, . The numerical example examines the convergence
of the solution with increasing N, . Figures 3 and 4 show the results of the simulations for an
oscillator travelling with a constant speed of v=25 m/s. In Fig. 3, mid-span deflections,

u.(0.5L,t), obtained with one, two or three beam modes considered are shown, whereas Fig.

4 shows the vehicle body displacements, uvyl(t). It can be seen that a very good

approximation is obtained for a small number of beam modes taken into account — the
addition of the third mode changes the maximum mid-span beam deflection by only 1.3%
compared to the approximation using two modes, and all maximum vehicle displacements by
less than 1.0%.
3.2. Example 2

The second example is concerned with a more complex continuum and a situation
where both the oscillator and the continuum are non-proportionally damped systems with
complex modes. The discussion focuses on the estimation of continuum complex
eigenfunctions and the rate of convergence of the solution to the dynamic interaction problem.
The vehicle model is the same as considered in Example 1 and all other parameters and

approaches are to be assumed unaltered unless indicated otherwise.
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The continuum is an Euler-Bernoulli beam on a Winkler-type viscoelastic foundation
shown in Fig. 5. Similar models are often employed to study response of railway tracks to
moving trains ([19, 20]). Numerical values were adopted from their respective typical ranges
discussed in [20]. The beam is assumed to be simply supported, its length is L=20m,
bending stiffness is El =1.22x10" Nm* and mass per unit length is m=120.7 kg/m. The
beam is assumed undamped, as for the typical values of rail and foundation damping the latter

is dominant. The foundation stiffness, k (x), varies along the beam length as follows:

k. =0.5x10° N/m? for|x-L/2|>a
k( )={ ' / x-L/2 (46)

k,=0.7x10" N/m* for|x-L/2|<a
i.e., the segment of length 2a located centrally in the middle of the beam has a larger stiffness
compared to the end segments, each L/2—a long. Foundation damping is assumed
proportional to its stiffness c(x) = ;/k(x), where » =0.001m™'s™. In the numerical analyses,
three cases of the stiffer middle segment length were considered, namely Case 1: a=L1/12,
Case2: a=L/6,and Case 3: a=L/4.

The operator governing the motion of the beam on viscoelastic foundation is ([20]):

2

Auc(x,t):mm+c(x)W+(Elaa—);+k(x)]uc(x,t) (47)

It can easily be verified that the proportional damping conditions of [14], also quoted in
Section 2.5 of this paper, do not hold, and consequently the continuum mode shapes are
complex. The Galerkin method was employed to approximate the complex modes of the
continuum. The theory and procedural steps of the method are presented in, e.g., [17] and

herein only a brief explanation and relevant details are included. The continuum
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eigenfunctions were resolved using the eigenfunctions of an undamped, uniform, simply

supported Euler-Bernoulli beam as comparison functions:

Z pie IsinX k=12, Ng (48)
where N is the number of comparison functions used in the Galerkin approximation, and

pﬁf“se) are approximation coefficients. N used as a superscript in parentheses emphasizes that

approximations themselves and coefficients involved in the related formulas depend on the
number of terms used in Eq. (48). Substituting Eq. (48) into Eqg. (8a) and minimizing the
residual error of the approximate eigenvalue problem solution discretises the eigenvalue

problem as follows:

C, c

2
((;t;ﬁG)) M§“G>+z(ﬁe>c<NG>+K§“G>) p") =0, k,5=12,...,Ng (49)

The entries of matrices M{™), C) and K™) are as follows:

M§$§>:m7L5ks, k,s=12,... N, (50a)
. kKzx . smX
Clhe) =Je(x )sstdex k,s=12...,Ng (50b)
0
K(Ne)—js kﬂX(EI O K(x )]sinsm(dx K,s=12,...,N (50¢)
c,ks ~ 4 - 9 O =4 &y .y
. L ox* L ©

where the Kronecker delta o,; equals 1 only when k =s, and 0 otherwise.

Table 1 lists the undamped natural frequencies (in unit of Hz) and damping ratios for
the first 10 modes for foundation stiffness Case 1, 2 and 3, approximated by the Galerkin

method with N; =12. (It will be demonstrated later that these choices of the number of modes
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and Galerkin terms, respectively, assured satisfactory accuracy for all considered numerical
cases.) It can be seen that those frequencies are closely spaced, e.g., there are as many as 10
modes between 30 Hz and 130 Hz. The large number of closely spaced frequencies can be

explained as follows: Assuming for convenience no damping and uniform foundation stiffness

k(x)=k, the natural frequencies are, after [20], given by :\j(n47z4El/L“+k)/m,

n=1 2, .... For the chosen order of stiffness values, the contribution of foundation, which

does not depend on mode number, dominates over that of the beam for lower modes. Also, it
can be seen from Table 1 that damping ratios are of the order of 8-12% for the lowest five
modes, and for higher modes gradually decrease to about 3% for the tenth mode. Figures 6
and 7 show, respectively, the real and imaginary parts of the first three right mode shapes.
Note that for easier comparison the modes have been scaled such that the largest value of real
part is one. It is interesting to notice that increasing the length of the stiffer foundation part
between Case 1 and 2 leads to a switch of mode order and the lowest antisymmetric mode
becomes the lowest mode overall. The first symmetric mode shape appears to be particularly
strongly affected by the non-uniform stiffness distribution. For a uniform foundation stiffness
distribution, this mode would have a half-sine shape but for all considered cases it is now M-
shaped. Comparing the magnitudes of the real and imaginary parts it can be seen that the latter
never exceed 10% of the former. A general trend of some small increase in the magnitudes of
the imaginary parts can also be observed as one moves from Case 1 through to Case 3.

Tables 2 and 3 demonstrate the rate of convergence of eigenvalues and eigenvectors,

respectively, with increasing number of terms, Ng, in the Galerkin solution for Case 1 of

foundation stiffness. The reported errors were calculated as relative percentage differences

between approximations using N; +2 and N terms. (The comparison between the Ng +1
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and N term approximations would not be meaningful as the addition of another symmetric

comparison function does not affect antisymmetric modes and vice versa.) The formulas for

eigenvalue and eigenfunction errors are respectively as follows:

Zei™ = ey
/’i(NG +2)

c,k

Ng+2)

el'\ x100% (51)

L
(02 (x) %) () (72 (x) - 42 (x) ) i
e;?‘ke ) _ |0 x100% (52)
gD (x) e (x) dx

O e

It can be seen that with N, =12 the errors are small, not exceeding 0.005% and 0.56% for

the lowest 10 eigenvalues and eigenvectors, respectively. Similar conclusions were drawn for
the two remaining foundation stiffness cases and also for the adjoint eigenvalue problem. This

confirms that the choice of N, =12 provides satisfactory accuracy for the first 10 modes.

Table 4 illustrates the convergence of time history numerical integration with

increasing numbers of modes, N, retained in the system of equations of motion [Eq.(28)] for

Case 1 of foundation stiffness. The maximum mid-span beam deflections are listed in the
second row, and the third row shows relative percentage differences, or errors, between

approximations using N. +1 and N. modes. This point-wise convergence is non-monotonic

and relatively slow as compared to Example 1 — 10 modes are required to reduce the error

between subsequent approximations to below 1% (where it later stays, although this is omitted

from the table). Figure 8 shows the full time histories of mid-span deflection, u,(0.5L,t), for

N. =1,3,5,7,9and 10 modes taken into account for Case 1 of foundation stiffness. It can be

seen that, unless at least five modes are used, the shape of time history plot in the middle
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portion of the figure (approximately from 0.27s to 0.57s) cannot even be qualitatively
captured, as solutions with less modes indicate two peaks. With five or more mode shapes, the
correct, single peak shape is obtained, and convergence to the maximum value becomes
clearly visible. It is also noted that the parts of the time histories just after the vehicle enters
the beam, before approximately 0.27s, and just before it leaves it, after approximately 0.57s,
show large variations with the number of modes. Using five modes, predicts that those
displacements will be both negative and positive, whereas using more modes show them to be
only negative. However, those displacements are not the extreme values and so this slower

convergence is more tolerable from the point of view of practical applications.

Figures 9 and 10 examine the contribution of real, g, (t), and imaginary part, q_ , (t),

respectively, of modal coordinates (see Eq.(32a)) of the first three modes to the response in

the middle of the beam, u_ (0.5L,t), for the three cases of stiffer foundation length. It can be

seen that the maximum magnitudes of the imaginary parts are about 10% of the maximum
magnitudes of the real parts, a proportion that is similar to that of the real and imaginary parts
of mode shapes themselves, shown in Fig. 6 and 7. Some small decrease in the magnitudes of
the real parts and increase in the magnitudes of the imaginary parts can also be observed as

one moves from Case 1 through to Case 3.

4. CONCLUSIONS

A method for computing the response of a 1D elastic continuum induced by a MDOF
oscillator travelling over it has been proposed. The continuum and the oscillator are both non-
self-adjoint systems and the interaction between them is through linear elastic and viscous

forces. An exact solution has been obtained in the form of a series using eigenfunctions and
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eigenvectors of the isolated continuum and oscillator, respectively. It is noted that when exact
eigenvalues and eigenfunctions of the continuum are not available their approximations can
be used. The time dependent terms of the series are solutions of a system of linear differential
equations with time dependent coefficients. The coefficients of these equations depend on
eigenvalues as well as eigenfunctions and eigenvectors of the isolated continuum and the
oscillator, and stiffness and damping of the interaction elements. The method has been applied

to two numerical examples which demonstrate its use and study convergence.
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Table 1. Lowest 10 undamped natural frequencies (f) and damping ratios (&) for Euler-

Bernoulli beam on viscoelastic foundation in Example 2.

Case 1 (a=L/12) Case 2 (a=L/6) Case 3 (a=L/4)
Mode No.

f(Hz) & (%) f(Hz) & (%) f(Hz) & (%)
1 33.1 10.0 335 10.1 33.9 10.0
2 33.3 10.2 34.0 10.1 35.5 10.5
3 36.5 10.5 38.6 11.4 39.2 11.7
4 38.7 8.9 39.7 9.3 41.0 10.1
5 46.1 8.0 46.9 8.3 47.7 8.6
6 55.9 6.2 56.6 6.6 57.1 6.8
7 69.8 5.1 70.4 5.4 70.9 5.7
8 86.6 4.0 87.0 4.3 87.4 4.5
9 106.6 3.3 107.0 35 107.2 3.7
10 129.2 2.7 129.5 2.7 129.7 3.0
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Table 2. Convergence of lowest 10 eigenvalues for Galerkin method in Example 2, Case 1

(a=L/12).
Error (%)
Ng Mode No.
1 2 3 4 5 6 7 8 9 10
3 4.12 - - - - - - - - -
4 - 0.06 - - - - - - - -
5 0.03 - 0.92 - - - - - - -
6 - 0.02 - 0.06 - - - - - -
7 0.00 - 0.08 - 0.06 - - - - -
8 - 0.01 - 0.02 - 0.02 - - - -
9 0.00 - 0.01 - 0.01 - 0.01 - - -
10 - 0.00 - 0.01 - 0.01 - 0.01 - -
11 | 0.00 - 0.00 - 0.00 - 0.00 - 0.00 -
12 - 0.00 - 0.00 - 0.00 - 0.00 - 0.00
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Table 3. Convergence of lowest 10 eigenvectors for Galerkin method in Example 2, Case 1

(a=L/12).
Error (%)
Ng Mode No.
1 2 3 4 5 6 7 8 9 10
3 | 6237 - - - - - - - - -
4 - 5.68 - - - - - - - -
5 3.21 - 17.65 - - - - - - -
6 - 1.30 - 3.41 - - - - - -
7 0.50 - 2.51 - 3.10 - - - - -
8 - 0.43 - 0.96 - 1.87 - - - -
9 |0.077| - 0.51 - 0.62 - 0.91 - - -
10 - 0.16 - 0.35 - 0.56 - 1.02 - -
11 | 0.01 - 0.08 - 0.15 - 0.25 - 0.53 -
12 - 0.06 - 0.13 - 0.20 - 0.30 - 0.56
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Table 4. Convergence of maximum mid-span beam deflection with increasing number of

modes N in Example 2, Case 1 (a=L/12).

N 1 2 3 4 5 6 7 8 9 10
Max. 0.0018 | 0.0022 | 0.0099 | 0.0093 | 0.0121 | 0.0121 | 0.0128 | 0.0128 | 0.0130 | 0.0131
uc(0.5L,t)

(m)

Error - 2088 | 77.44 | 573 | 22.74 | -0.30 5.90 0.17 1.52 0.15
(%)
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Figure captions

Fig. 1. Interaction of 1D continuum and moving MDOF oscillator.

Fig. 2. Four-degree-of-freedom vehicle model in Examples 1 and 2.

Fig. 3. Mid-span deflection of the beam in Example 1.

Fig. 4. Vehicle body displacement in Example 1.

Fig. 5. Euler-Bernoulli beam on viscoelastic foundation in Example 2.

Fig. 6. Real part of the first three continuum right mode shapes in Example 2.

Fig. 7. Imaginary part of the first three continuum right mode shapes in Example 2.

Fig. 8. Time histories of mid-span deflection for different number of modes in Example 2,
Case 1 (a=L/12).

Fig. 9. Time history of real part of modal coordinates for the first three modes in Example 2.

Fig. 10. Time history of imaginary part of modal coordinates for the first three modes in

Example 2.
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Figures 1-4
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Fig. 1 Interaction of 1D continuum and moving MDOF oscillator.
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Fig. 2 Four-degree-of-freedom vehicle model.
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Fig. 3. Mid-span deflection of the beam.
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Fig. 4. Vehicle body displacement.
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Figures 5-10
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Fig. 5. Euler-Bernoulli beam on viscoelastic foundation in Example 2.
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Fig. 6. Real part of the first three continuum right mode shapes in Example 2.
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Fig. 7. Imaginary part of the first three continuum right mode shapes in Example 2.
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Fig. 8. Time histories of mid-span deflection for different number of modes in Example 2,
Case 1 (a=L/12).
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